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Cohomology of Hopf Algebras
Introduction

Motivation

@ Homological algebra has a large number of applications in
many different fields

@ Hopf algebra structure

@ The finite generation of the cohomology of Hopf algebra
makes it easier to compute and able to apply algebraic
geometry/commutative algebra in the study
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Bialgebra

A bialgebra over a field k is a k-vector space B endowed with
algebra and coalgebra structures:

an algebra structure:

m:B®B — B u:k—B
satisfying:
@ mo(m® id) = mo (id @ m)
@ mo(u® id) = 1y.idg
° mo(id®u) = jdg.1y
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Hopf algebra

Bialgebra

A bialgebra over a field k is a k-vector space B endowed with
algebra and coalgebra structures:

a coalgebra structure:
A:B—-B®B e:B—k
satisfying:
0 (id®A)oA=(A®id)oA
o (id®e)o A =idg® 1y
0 (e®id)oA=1;R®idg
Notation: A(b) =) b1 ® by,Vb € B.

\
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Bialgebra

Definition

A bialgebra over a field k is a k-vector space B endowed with
algebra and coalgebra structures:

such that either (A and ¢ are algebra morphisms) OR (m and u
are coalgebra morphisms).
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(Co)commutativity

@ An algebra (B, m,u) is said to be commutative if
ab = ba,Va,b € B.

@ A coalgebra (B, A,¢) is called cocommutative if
S b ®@by=3Y by® b, Vb € B.
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Hopf Algebra

Definition
A Hopf algebra is a bialgebra H with a linear map S : H — H,
such that Vh € H:

D S(h) k= e(h)iy = > h S(h)

The map S is called the antipode of H.
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Chain Complex

Definition
Let R be a ring. A chain complex {C,,d} = {Cs,dp: C, — Ch1}
is a family of R-modules C,, and R-module homomorphisms dp,:

n+1 dn—l
o = n+1—>C n—1— "

such that d,ody11 =0, Vn € Z.

Definition
The nth homology of the complex {C,, d,} is the quotient

Hn(G) = Ker(dp)/Im(dn+1)
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Cochain Complex

Definition
Let R be a ring. A cochain complex is a family
{C,,d} ={C",d": C" — C"1}:

n n—1 n—2
et @ en AT en1 470

such that d" o d""! =0,Vn € Z.

Definition

The nth cohomology of the cochain complex {C", d"} is the
quotient

H"(Ce) = Ker(d™)/Im(d" 1)
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Projective resolution

Definition
Let B €rM, a projective resolution of B, denoted by
Pe = {Pn,dyn}, is an exact sequence of R-projective modules

d, d;
o = n+1L1>Pni>---—l>P0i>B—>O

Recursively, choose Py projective and € : Py — B surjective map
Choose P; projective and ¢ : P; — Ker(g) surjective map
Choose P, projective and 3 : P, — Ker(e1) surjective map

etc.

Let d, = vy 0 ep, where ¢ : Ker(e,) < P,_1 is inclusion map.
Since Im(d,) = Ker(d,—1), by this way, for any left R-module B,
we can construct a projective resolution of B.
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Homological algebra

Ext

Definition
Extf: Let C egM, apply Homg(—, C) to projective resolution P,
of B and drop the last term Homg(B, C), we get:

dx *
0 Hom(Py, C) — Hom(Py, C) — -+ — Hom(P,, C) b,
Hom(Py41,C) — - -
where d*(f) = f o d;,i # 0.
The nth homology of this complex is isomorphic to

Extp(B, C) = Hp(Homg(P,, C)) = Ker(d,1)/Im(d;)
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Examples

Augmented Algebra

Definition
An augmented algebra over a commutative ring k is a k-algebra A
together with an algebra homomorphism ¢ : A — k.

Example

A = k[x1,x2,...,Xn|, where k is a field

e(x;) =0,Vi e(r) =r,Vr € k.
k is an A-module via ¢, i.e. for a € A,r € k, then r.a = ¢(a)r.
Let M eaM:  H"(A M) = Extl(k, M)

H*(A, M) = @D H"(A, M) = @ Extz(k, M)

n>0 n>0
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Special case: M = k, H*(A, k) turns out to be a (graded) algebra
under a cup product.

Example

In particular, let A = k[x]. Consider k to be an A-module on which
x acts as multiplication by 0.

Let € : A — k be evaluation at 0, i.e. f(x) — f(0).

Consider projective resolution of k:

0-ASAS k-0
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Apply Homa(—, k) and delete the term Homa(k, k), we get:

0 — Homa(A, k) 2 Homa(A, k) — 0

which is equivalent to
0
0—-k—k—0
since Homa(A, k) = k. Thus:

k n=0,1
0 VYn>2

Extl(k, k) = {
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Example

Let A = k[x,y]: Note that k = A/(x,y). Consider k to be an
A-module via the quotient map (i.e. x,y act as 0 on elements of k.
Consider projective resolution of k:

0-ASAeAl A k=0

where o = <—yx> and = (x y).

Similar computation as before, we get:

k@ k n=1
Exta(k, k) =< k n=0,2
0 Vn > 2
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Examples

Example

Note: A = k[x,y] is a Hopf algebra via:
Ax)=x®1+1®@x

Aly)=y®1l+1l®y

Ext;(k, k) is graded commutative, i.e. ab = (—1)9e8(2)deg(b) p,.
We showed above that Ext(k, k) = A(V), where V is a vector of
dimension 2.
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Example

In general, let A = k[x1,x2,..., x|, we get:

Extiy(k, k) = k() vi > 0

H*(A, k) = Exti(k, k) = €D Exta(k, k) @k =~ A*(V)
i>0 i>0

where V is a vector space of dimension n.
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Group algebra

Let G be a (multiplicative) group and k is a field, then
kG = {Z agg: ag € k} is the associated group algebra.

geG
kG is a Hopf algebra:

o [ a2 .(thh> = > (aghn)(gh)

geiG heG g,heG
Vag,bn € k;Vg,h e G.

o A(g)=g®g, and e(g) =1,Vg € G.

@ since every g € G is invertible, define the antipode
S € Homy(kG, kG) by S(g) =g~ 1,
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Cohomology of finite groups

Notation: the group cohomology

H*(kG, M) = H*(G, M) = P Extj(k, M)
n>0

Common example: M = k, look at H*(G, k).

Example

Let G = (g), cyclic group of order m. kG-projective resolution:
kG 5D, 46 T kG D, kG S k0
where T=1+g+g°+g3+...+gm!

e(g)=1vg'€G
e(l-g')=0,Vg' € G

y
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Case 1: k is a field, char(k) | m

H™(G, k) = k,¥n >0

Case 2: k is a field, char(k) t m

k =0
H(G, k) = "
0 Vn>0
Case 3: k=7
Z n=20
H"(G,Z) =< Z/(mZ) n>0,nis even
0 n > 0, nis odd

v

Van Nguyen Cohomology of Hopf Algebras




Cohomology of Hopf Algebras
Finite generation of cohomology of Hopf algebra

Theorem (Golod '59, Venkov '59, Evens '61)

If G is a finite group and k is a field of positive characteristic ,
then H*(G, k) is finitely generated as k-algebra.

And it’s also graded commutative since kG is a Hopf algebra.
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Theorem (Friedlander-Suslin '97)

If G is a finite group scheme and k is a field of positive
characteristic, then H*(G, k) is finitely generated.

Equivalently,

If R is a finite dimensional cocommutative Hopf algebra, then
H*(R, k) is finitely generated.
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Theorem (Ginzburg-Kumar '93, Bendel-Nakano-Parshall-Pillen '07)

The cohomology ring of finite dimensional (Lusztig’s) small
quantum group uq(g) over C is finitely generated.

Theorem (Mastnak-Pevtsova-Schauenburg-Witherspoon '10)

More generally, if H is finite dimensional “pointed” Hopf algebra
(under some assumptions), then H*(H, k) is finitely generated.
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Conjecture: The cohomology ring of a finite dimensional
Hopf algebra, H*(H, k), is finitely generated.

OPEN QUESTION!
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Thank You!
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