Summary of topics covered in course:

Open/closed subsets of R

Metric spaces

Countability and uncountability

Cantor set

Topological spaces

Bases

Interior, Closure

Continuity

Separation axioms

Product, subspace topologies

Connectedness

Compactness

Density (this came up in a few exercises; you should know the definition - it’s
in homework 7, problem 6 - that particular problem was not required for 4500,
but you should still be comfortable with the definition).

Review Problems - I may add some more over the next few days

On Thursday, Steve will discuss (1) any questions that you have on the ma-
terial and/or related exercises from homeworks or whatever; (2) a selection of
these problems. I doubt there will be time to discuss them all so you should
give the questions a look over and think about which ones you would prefer
to discuss on Thursday, and in general, any questions that you want to ask.
(The problems focus more on more recent material; all material covered will be
examinable but you should look more at the older reviews/midterms and/or in
Munkres for more problems on that material. There are a few problems here
on the older material though, but some of them you’ve seen before.)

1. Let 7 be the topology on R with base 7q U {{q}|q € Q}. Let (R2,p) be
the product of the spaces (R,7) x (R, 7). How does the closure of a subset of
R?, with respect to p, relate to its closure with respect to the standard topology
on R2??

Solution.
Let A C R%. Then for any x € R2, x € Cl(A) iff for every open set W such that
x € A, we have ANW # (). (Here “open” means W € p.)

Let Tsta,1 be the standard top on R and 74q,2 the standard top on R2. Then
Tstd,2 is the product of T4q,1 with itself.

Claim 1: Tgq2 € p. Proof: Let W € 7yq2. Given x € W, there are
Wi, Wy € Tgq,1 such that x € Wy x Wy € W, but 74q,1 € 7 by the definition
of 7, so Wy, Wy € 7. But then W, x Wy € p. Since x € W was arbitrary, we
have that W is a union of elements of p, and since p is a topology, W € p, as
required.

Claim 2: Cl(A) C Clga,2(A), where Clgq,2(A) is the closure of A with respect
to the standard topology on R?. Proof: Suppose z € CI(A). Let W € 7sa2
such that x € W. By Claim 1, W € p. Since ¢ € Cl(A) and z € W € p, we
have W N A # 0.

Now let z € Clgq,2(A); we will determine under what conditions z € C1(A).



Case 1. x € A. Then z € Cl(A) as we always have A C CI(A) (since Cl(A)
is the smallest closed set which is a superset of A).

Case 2. x ¢ A and z € Q2. Then z ¢ Cl(A).

Proof: Note that {z} € p, since if z = (¢,r) we have ¢,r € Q, and {q} € 7
and {r} € 7, so {z} = {q} x {r} € p. But since z ¢ A, we have {x} N A = 0,
and since z € {z} € p, this implies so x ¢ CI(A).

Case 3. z¢ Aand z € (R— Q) x (R—Q). Then = € CI(A4).

Proof: Let W € p be such that z € W. Since x € W € p, we have
Wi, Wy € 7 such that x € W x Wy CW and Wy, Wy € 7. We have x = (y, 2)
with y, 2 € R — Q. Since y € W; € 7, we have some W7 in the given base for 7,
such that y € W] C Wj. But since y ¢ Q, this implies W{ € 7ytq,1. Similarly, we
have W} € Tyqa,1 such that z € Wi C Wy, But then z = (y,2) € W] x Wi C W
(C W since W{ C Wy and W C Wy and Wy x We C W). And W{ x W3 € Tyq,2.
Since € W{ x W3 and x € Clgq,2(A), this implies W{ x WjN A # 0, and since
W{ x W§ C W, this implies W N A # ), as required.

Case 4. z¢ Aand z € Q x (R—Q).

In this case, we don’t have enough information to determine whether x € C1(A).
But let © = (g, 2), so we have ¢ € Q and z € R— Q. Let 4, = A(N{¢} x R).
Then Claim: z € Cl(A) iff x € Clgq2(A,)-

Proof: Suppose = € Cl1(A). Let W € 7yq,2 such that x € W. We must show
that W N A, # 0. We have Wy, Wy € 74,1 such that 2 € W, x Wy C W. Note
that {¢} x R € p and Wy x W5 € p, and since z € Wy x Wy, we have ¢ € Wi.
And also z € {¢} xR. So

z e ({g} xR) N (Wr x Wa) = {q} x W2 € p.

Since z € CI(A), this implies {g} x Wan A # 0, but {q} x Wa C {q} x R, so
{g} xWanA, #0, and ¢ € Wy and Wy x Wy C W, so WN Ay # 0, as required.

Now suppose z € Clga2(Aq). Let W € p with « € W. We must show
W nNA#(. There are Wi,Wy € 7 such that © = (¢,2) € Wy x Wy C W.
So there are Wi, W} in the given base for 7 such that ¢ € W] C W; and
z € W5 C Ws. Since z ¢ Q, we must have W3 € 7yq. Therefore R x W) € Tyia,2.
Since = € Clgq,2(Aq), this implies A, N (R x W3) # 0. Since A, C {¢} x R,
this implies 4, N ({g} x W) # 0. But ({g} x W3) C (W] x W3) since ¢ € W/
since z = (¢, z) € W{ x Wj. Therefore A; N (W] x W3) # 0. But A; € A and
W{ x Wj C Wy x Wo C W, so therefore ANW # (), as required.

Case 5. x ¢ Aand z € (R—Q) x Q).
By symmetry, this is the reflected version of Case 4.

This completes all cases.

(So for example, in the case that A is the open unit disk, then Cl(A) consists
of all points = such that either: (1) x € A, or (2) x is on the unit circle, and
x ¢ QxQ.

But for example, if A is the unit disk subtract the vertical line x = 0.1 (note
that the points (0.1, £+/0.99) lie on the unit circle and 1/0.99 is irrational), then
Cl(A) consists of all points p such that either: (1) p € A, or (2) p is on the
unit circle, and p # (0.1, ++/0.99), or (3) p is on the vertical line = 0.1, with
p = (0.1,7) for some irrational r, such that —v/0.99 < r < +/0.99 (i.e. so that p
is in the interior of the unit disk).)



2. Let C C Rand A = {(zy,y/sin(x)) | (z,y) € [7/4,37/4] x C}. Show
that if C'=[0,5] then A is both compact and connected. Show that if C' is the
Cantor set then A is compact but not connected.

Solution.

The product of closed sets is closed in the product topology. (This was in a
problem in midterm 2; but here there’s less to verify: if C; C Xy and Cy C X5
are both closed sets w.r.t. (X;,7) and (Xg,72) respectively, and (z1,22) €
(X1 x X2) — (Cy x C3) then since X1 — Cy; € 74 and Xo — Cy € 79, then
W = (X; — C1) x (Xo — Cy) € p, where p is the product topology given by
71,72, and (O] x Co) "W = @, and (z1,x2) € W. Therefore C; x Cs is closed
w.r.t. p.)

So for either C' the Cantor set or C' = [0, 5], it follows that C' x [r/4, 37 /4]
is closed in R?, since both C and [r/4,37/4] are closed (recall the standard
topology on R? is identical to the product of Tetd,1 With Tga.1)-

Moreover, C x [r/4,37/4] C B((0,0),10), so this set is bounded.

Since a subset of R? is compact iff it is closed and bounded, we have that
this set is compact.

Now suppose C' = [0,5]. Then both C and [r/4,37/4] are connected since
intervals C R are connected. Since the product of connected sets is connected,
C x [w/4,3m/4] is a connected subset of R?.

Let A = C x [7/4,37/4]. Since A is a connected set w.r.t. (R? 7sq2), it
follows that the subspace (A, Tstq,2 [ A) is a connected space. It is also a compact
space, i.e. A is a compact subset of this subspace. This is a general fact:

Lemma. Let (X, 7) be a top space and B C X. Then B is a compact set
w.r.t. (X,7) iff B is compact w.r.t. (B,7[B).

Proof. Suppose B is compact w.r.t. (X, 7). Let (U;),.; be an open cover
coming from the subspace topology. Then for each ¢ € I there is V; € 7 such
that U; = V; N B. Fix such V;’s. Then since B C U;c;U; and U; C V;, we have
B C UierVi. So (Vi),c; is an open cover of B. Since B is compact w.r.t. (X,7),
there are finitely many ¢’s in I, 41,...,%,, such that B C V;, U...UV; . But
then

BnBC(V;,u...UuV;,)NB
and BN B = B so
BC(V;,nB)U...U((V;, NB)
and U; = V; N B so
BCU,U...uU,.
Therefore {U;,, ..., Us, } is a finite subcover of B from the family (U;),.;. There-
fore B is compact w.r.t. (B, 7[B).
Conversely, suppose B is compact w.r.t. (B,7[B). Let (V;),.; be an open

cover of B w.r.t. 7,ie. V; €1 foreachi €l and B C U;c;V;. Let U; = V; N B.
Then U; € 7| B for each i € I, and since B C U;c1V;, we have

BnBC(Jvi)nB
el

BcJwinp) =Ju.

el iel



Therefore by compactness w.r.t. (B, 7 [ B), there are finitely many i1,...,4, € I
such that
BCU,U...uU;

n?

but U; C V; for each i, so
BCV,U...uV,,

so {Vi,,..., Vi, } form a finite subcover of B from (V;),.;, as required.

This proves the Lemma. So (4, 7wa2 | 4) is a compact space (i.e. A is
a compact subset of this space), and is also a connected space. Therefore it
suffices to show that the function f : A — R2, given by f(z,y) = (zy,y/sin(z)),
is continuous, since the continuous image of a connected set is connected, and
the continuous image of a compact set is compact, and the set in question is
feA.

The continuity of f can be shown directly with the e-0 definition, or as
follows. By a homework exercise (from the homework on product topology), it
suffices to show that each component is continuous into R; i.e. that f; : A - R
by fi(z,y) = xy is continuous, and that fy : A — R by fo(x,y) = y/sin(x),
are both continuous. And by a fact given in class, we can combine continuous
functions by the arithmetic operations, and produce more continuous functions,
as long as we don’t divide by 0. So, if we know that f11: A = R, fi1(z,y) =
z and fi2 : A - R, fis(z,y) = y, are both continuous, then so is their
product fi(z,y) = vy = fi1(z,y)f12(z,y). But if we define f; : RZ - R
by f{’l(x,y) = x, then by the same homework on the product topology, f{,l
is continuous. And I think by another homework problem, this implies f ;
is also continuous. (That is, we have the following: Lemma: if h : X — YV
is continuous w.r.t. the topological spaces (X, 7) and (Y,0) and B C X, then
(fIB): B—Y iscontinuous w.r.t. (B,7]B) and (Y, 0); this is straightforward
to prove, much like the lemma above on compactness.) Since f{,l is continuous,
the lemma stated in parentheses implies that f;; is also continuous. Similarly,
fi,2 is continuous. Therefore f; is continuous. We similarly have that fy is

continuous, using also that fa(x,y) = %, and that sin : R — R is
continuous, and that compositions of continuous functions are continuous, and
that sin(x) # 0 for z € [r/3,3n/4]. So finally, f is continuous, as required.
Now suppose C' is the Cantor set. Then as discussed earlier, A = C x
[w/4,3w/4] is compact. So again using the continuity of f, we have that
the set in question, f“A, is compact. However, C is not connected: the
sets C'N (1/2,00) and C' N (—o0,1/2) form a separation of the Cantor space
(C,Tsta,1 [C). And in fact f“A is also not connected. (But the continuous im-
age of a non-connected set can be connected, so we need to establish this.) For
yeC,let A, = ANRx{y}, and B, = f“A, = {(zy,y/sin(x))|x € [7/4,37r/4]}.
Then if y = 0 then B, = {(0,0)}, and if y > 0 then the vertically lowest point
of By is ((7/2)y,y/sin(n/2)) = (ym/2,y), since sin(z) reaches its maximum
value 1 over the interval [r/4,37/4] at @ = w/2. Likewise, B, has its verti-
cally highest points at the endpoints ((7/4)y,y/sin(r/4)) = (yr/4,yV/2), and
((3m/4)y,y/sin(3m/4)) = (3ym/4,y/2). Therefore if y < 1/3, then every point
in By, has vertical height < the highest points of By/3, i.e. height at most
(1/3)v/2. So if we let U; = R x (—o0, @ + 0.000001) then for y < 1/3 we have
B, C U; and U; is open in R2. And if y > 2/3, then every point in B, has



vertical height > the lowest point of By/3, i.e. height at least (2/3). So letting
U = R x ((2/3) — 0.000001, 00), then for y > 2/3, B, C Us. But B = f“A
is the union of the various sets B, for y € C. And each y € C is such that
either y < 1/3 or y > 2/3. Therefore B = U, cc y<1/3 By U Uyec y>2/3 By

which is C U; U Uy. And % + 0.000001 < % —0.000001, so Uy NUs = 0, and
Ui,Us € Tgtd,2. Therefore Uy, U, separate B. So B is disconnected.

3. (a) Let X = C([0,1]) with “max difference” metric topology. Let A C X
be the set of quadratic functions (with domain [0, 1]) and linear functions (with
domain [0, 1]). Show that A is connected.

(b) Give an example of a non-connected subset of C([0, 1]).

(¢) Same topology, show that it’s T'4.

Solution.

(a) (Originally I had written just quadratic functions, but I should have said
quadratic functions together with linear functions.)

We will in fact show that A is path-connected. This suffices since every path-
connected set is connected.

Let f,g be two quadratic or linear functions, mapping [0,1] — R. Then
there are constants ag, a1, as such that

f(2) = ap + a1z + az2*
and constants bg, by, b such that
g(z) =bo+ b1z + byz2.

Since R is path connected, we can let hg : [0,1] — R be continuous and such
that ho(0) = ag and h(1) = by, and hy : [0,1] — R continuous such that
h1(0) = ay and hy(1) = by, and hs : [0,1] — R continuous such that hy(0) = as
and ha(1) = be. Let h: [0,1] — A be the function

h(x) = ps

where p, is the function
P2 [0,1] = R,

pe(2) = ho(x) + hi(z)z + ho(x)22.

Then Claim: h is well-defined (mapping into A), h is continuous, h(0) = f and
h(l) =g.
Proof. Let z € [0,1]. Then for any z € [0,1], the formula given for p,(z)
defines a specific value, so the function p, is well-defined. And p, is in A since
the formula for p,(z) in terms of z is the standard form for a quadratic (if
ha(x) # 0) or linear function (if he(x) = 0).

h(0) = f since

h(0)(2) = po(z) = ho(0) + h1(0)z + ha(0)2?

(by definition of pyp)
=ag+ a1z + a222
(by choice of hg, hqy, ho)
= f(2).



Likewise h(1) = g.
Continuity: let € [0,1] and € > 0. Since hg, h1, ha are each continuous
there are &g, 1,92 > 0 such that for all 2’ € [0,1],

|z —2'| <8 = |hi(z) —hi(2')| <e/3
for each i = 0,1,2. Let 6 = min(dp, d1,02). We claim that for all 2’ € [0, 1],
|z —2'| <§ = dpax(h(z), h(z))) <e.
For let 2’ € [0,1] with |z — 2’| < §. We have
dinax (h(x), h(z")) = max{|h(z)(2) = h(z')(2)| | z € [0,1]}.
So let z € [0,1]. Then
h(2)(2) — h(2")(2)]
= |ho(z) + h1(x)z + ho(2)2% — ho(z') — hi(z)z — ho(2')2?|
= |(ho(z) = ho(a")) + (ha(z) — ha(2"))z + (ha(z) — ha(z"))2?|
By the (version of the) triangle inequality |a + b+ ¢| < |a| + |b] + |¢|:
< [ho(z) = ho(a")| + [z]|h1(z) — ha(2')] + [2%||ha(z) — ha(2")]
And since |z — 2’| < §, we have |h;(x) = h;(z")| < /3 for each i = 0,1,2, so
< (e/3)(A+ 2] +12%))
And since z € [0,1], |2| <1 and [2?| < 1:
<(e/3)3) =,
S0

h(2)(2) = h(2)(2)] <,

and since h(x) and quadratic/linear functions they’re continuous, so the absolute
difference function |h(x)—h(z')| is also continuous, so attains its maximum value
over the closed interval [0, 1], so

dmax(h(z), h(z")) < &,

as required. Therefore h is continuous.

(b) Any set of the form {f, g} with f # ¢g € C([0,1]) is disconnected, since
if &€ = dmax(f,g), then € > 0, so Uy = B(f,e/2) and Uy = B(g,e/2) separate
{f,g} (since f € Uy and g € Us, so both Uy N {f,g} # 0 and Us N{f, g} # 0,
and {f,g} C Uy UUs, and Uy NUy; N{f,g} = 0 since in fact U3 N Us = 0
since if h € Uy NUs then d(f,h) < /2 and d(g, h) < £/2 which by the triangle
inequality implies d(f,g) < d(f,h) + d(h,g) < (¢/2) + (¢/2) = €, contradicting
that d(f,g) =¢€). So e.g. let f be the constantly 0 function and g the constantly
1 function, with domain [0, 1]. Then f,g € C([0,1]) and f # g and so {f, g} is
disconnected.

(¢) The max-metric topology is the topology of the max metric. The topol-
ogy of a metric space is always T4. So this topology is T4.



4. Let (X, 7) be a Ty topological space such that X is compact. Show that
the space is T5.
Solution.
Let z € X and C C X such that C is closed and z ¢ C. Since C is closed,
C C X and X is compact, we have (by a theorem from class) that C is compact.
For each c € C, let U,,V, € 7 be such that 2 € U,, c € V,,, and U, NV, = 0
(they exist b/c (X,7) is T2). Then C C |J .. Ve and each V, € 7, so (Vo) ..
forms an open cover of V.. Since C' is compact, there is a finite subcover from
the open cover: we have ¢1,...,¢, € C such that {V,,,..., V.. } is a (finite)
subcover of C. Now let U = N, U,,, and let V = |J_; V,. Then: C C V,
by choice of the finite subcover. And z € U, since z € U, for each ¢ € C; in
particular z € U, foreachi =1,...,n. And UNV = (), since if for some x € X
we have © € UNYV, then z € V,,_ for some k € {1,...,n}, and z € U,, for
every | = 1,...,n But then in particular, x € U,,. But then x € U, NV,
contradicting that U, NV, = () for every c € C.

So U and V are as required for T3-ness with respect to z,C. This shows
(X, 1) is T3.

5. Let C' be the Cantor set.
Is there
(a) an onto function f: N — C?
(b) an onto function f: R — C?
(c) an onto function f: C — R?
(d) a continuous onto function f : N — C? (where it’s the discrete topology on
N and restriction of standard on C)
(e) a continuous onto function f: R — C?7 (standard topology on R)
(f) a continuous onto function f: C — R?

a) No, C is uncountable.
b) Yes. Since C' C R and C # (), we can just let f : R — C be defined by
() =z for z € C and f(x) = 0 for z ¢ C (note 0 € C). Then f is onto.
(¢) Yes. There was a homework problem which constructed an onto function
f:C —=10,1]. (E.g. for x € C, let © = 0.t1¢at5 ... be the base 3 representation
of z which uses only 0’s and 2’s, i.e. each t; € {0,2}; this representation exists
by one of the definitions of C. Then let f(z) = 0.(%)(%)(%)..., in base 2. One
can show that f: C'— [0,1] is onto.)

Now there’s an onto function g : [0,1] — R: let g(0) = 0, g(1) = 0, and let
g(x) = tan(—n/2 + mz) for x € (0,1). This is onto.

Then go f: C'— R is onto.
(d) No, by (a).
(e) No. R is connected but C' is not connected (e.g. (—o0,3) and (3,00) form
a separation of C'). But the continuous image of a connected set is connected.
So there cannot be a continuous function R — C' whose range is C.
(f) No, since (C,Tsq,1 [ C) is a compact space (since C is closed and bounded
C R, C is a compact subset of R; this implies that (C, 7q,1 [ C) is a compact
space, i.e. C' is a compact subset of this space, as proved in the Lemma in
Problem 1), but R is non-compact, and the continuous image of a compact set
is compact, there is no continuous function from C' to R.

6. Let (X, d) be a metric space. Recall that a subset D C X is dense iff for



every non-empty open set U, U N D # (). Show that X has a countable dense
subset iff X has a countable base.

Solution. Suppose there is a countable dense subset D C X. Let b = {B(d, q)|d €
D, q € Q}. Then since D, Q are both countable, so is D x Q, and the function
f:DxQ — b given by f(d,q) = B(d,q) is onto, so b is countable. And b C 74
since it consits of open balls.

Claim. b forms a base for 74.

Proof: Let W C X be such that W € 74. Let z € W. Then there is € > 0 such
that B(z,e) € W. Then B(z,¢/2) is a non-empty set (z is in it) and is in 74.
Therefore D N B(z,e/2) # 0, since D is dense. Let d € D N B(z,£/2).

Then Subclaim: z € B(d,e/2) C B(z,¢). For d € B(z,¢/2) so d(d,z) < /2
so z € B(d,e/2), giving the first part of the Subclaim. And if w € B(d,e/2)
then d(d,w) < €/2, and d(d, z) < /2 since d € B(z,&/2). Therefore d(w,z) <
d(w,d) 4+ d(d,z) < (¢/2) + (¢/2) = €, using the triangle inequality. Therefore
w € B(z,¢), finishing the proof of the Subclaim.

Now d(d,z) < ¢/2. Let ¢ € QN (d(d,z),e/2]. Then B(d,q) € b, and by
the Subclaim, since ¢ < ¢/2, B(d,q) C B(d,e/2) C B(z,¢), and by choice of
g, B(z,e) C W, so we have B(d,q) C W. And since ¢ > d(d,z), we have
z € B(d,q). Since z € W was arbitrary, it follows that W is a union of elements
of b. So b is a base for 74 as required.

Since b is countable, the Claim completes the proof that there is a countable
base.

Now for the converse. Suppose there is a countable base b. For each U € b
such that U # 0, let dy € U. Let D ={dy | U € b, U # 0}.

Claim: D is countable and dense.

Proof. Since b is countable, and the function f : b — D, given by f(U) = dy,
is onto, we have that D is countable. D is dense, since if U € 74 is non-empty,
then let x € U. Then there is W € b such that x € W C U, since b is a base.
Then dyw € W C U, so dw € U, and dy € D, so DNU # (), as required.

7. Let X3, X5 be top spaces and A; C X;, As C X5. Show that Cl(4; x
AQ) = Cl(Al) X CI(AQ)

Solution. This was in midterm 2; see solution on website.

8. Let A C R be an open set. Show that there is some J C N and a family
(Ii) ;5 of pairwise disjoint open intervals (i.e. i # j € J = I;NI; =) such
that A = U;enI; (note the family is required to be countable).

Solution. An early homework problem showed that any open subset of R is
the union of a family of pairwise disjoint non-empty open intervals (U;); It
follows that the family is countable. For given i € K, choose ¢; € Q NU;. Then
the function K — Q by ¢ — ¢; is 1-1, since if ¢ # j then U; NU; = 0 (they’re
pairwise disjoint), but ¢; € U; and g; € Uj, so g; # g; (since ¢; = ¢; implies
¢; € U; NUj, but this intersection is empty, contradiction). It follows that K
is countable (a 1-1 function into a countable set has countable domain; by a
homework problem). So either K is finite or countably infinite. If K is finite,
let J C N have the same number of elements as does K, and if K is infinite,
let J = N. Let f:J — K be a bijection. Then for i € J let I; be Uy(;.
Then if ¢ # j with 4,5 € J then Usy N Uy = 0, since the family (Us), .,



consists of pairwise disjoint intervals. So the family (I;),.; is a collection of
pairwise disjoint open intervals (and the index set is J C N, as required), and
A = U;e1I;, as required.

9. (a) Using the original definition of “closure” (i.e. the closure of a set A is
the intersection of all closed sets B such that A C B), prove the characterization
of closure given in class, i.e. prove that a point x is in the closure of A iff for
every open set W such that x € W, we have that W N A # 0.

Solution.

If © ¢ Cl(A) then since CI(A) is closed, W = X — Cl(A) is open, and we have
2 € W. Therefore there is an open set W such that x € W, but Wn A = 0. If
there is an open set W such that z € W, but WNA =0, then X — W is closed,
and A C X — W, and therefore Cl(4) C X — W (since Cl(A) is the smallest
closed set C' such that A C C'). The characterization follows.

(b) The boundary of a set A is B = Cl(A) — Int(A4). Is it possible for the

boundary to have non-empty interior, i.e. for Int(B) # (7
Solution.
Yes, e.g. A =Q CR. Then CI(A) = R (since by the characterization, x € C1(A)
iff for every open W C R such that z € W, we have W N Q # ), and this is true
for any open W # (), since Q is dense in R). But Int(A4) = 0, since if U C A =Q
is open, and if U # (), then U contains some irrational, by the density of R — Q,
contradicting that U C Q.

10. Show that if A is connected subset of a topological space, and A C B C
Cl(A), then B is also connected.
Solution.
By contradiction, let U, V be a supposed separation of B; so we have B C UUV,
UnvVnB=0,UNB#0,and VNB # 0, and U,V € 7, where 7 is the topology
we're dealing with. Since A C B, it follows that ACUUV and UNVNA =0,
and we have U,V € 7. Since A is connected, we must have either UN A = 0 or
VNA=10. Suppose VN A=10. Now let z € VN B. Then since B C CIl(4)
we have z € Cl(A), and therefore since z € V € 7, we have V N A # (). This
contradicts that we deduced VN A = (). The case that U N A = () is just the
same, by symmetry. This shows there’s no separation of B, so B is connected.

11.(a) Prove that in R™, every open ball is connected.
Solution.
We can in fact show that every open ball is path-connected (which implies it’s
connected).

For given = € B(p,e) € R", let f{ : [0,4] — R" be the linear function
satisfying f(0) = x and f{’(1) = p. (Le., ff(a) = 2(3 — a)x + 2ap.) Then f{
is continuous (like proof of continuity of function in problem 1); (in fact every
polynomial function R™ — R" is continuous).

Claim: f{“[0, 1] C B(p, ¢).

Proof. For convenient notation, for y, z € R™, note that

d(y,z) =+ (y—2) (y—2)



where the - is the usual dot product, i.e. yz = " | y;2;, since

Also recall that for scalars a,b € R and y, z € R", (ay) - (bz) = (ab)(y - 2); this
follows directly from the definition of -.
So let a € [0, 1] = dom(f{). Then

d(p. f7(a)) = \/(p— F (@) - (p — i (a)

=2} a2 -2} -
= V020G 1) (0~ 20)p )
= V(1 -2a)*(p—2) - (p— )

= |1 —2a|\/(p—2)-(p—z)

= |1 — 2a|d(p, )

)x — 2ap)

Since a € [0, 1]:

<d(p,z) < e.

So ff(a) € B(p,¢), as required.
This proves the Claim.

For z € B(p,¢), define f§ : [1,1] — R" to be the linear function such that
fF(A)=pand f(1) =2. (Le. f§(a) =2(1—a)p+2(a— 3)z.) Then similarly
to f{, we also have f§ is continuous, and f§“[3,1] C B(p,e).

Now given z,y € B(p,e), let f:[0,1] — R" be defined by f [0, 3] = f{" and
f113,1] = fJ. (Note that this is well defined as f{'(3) = p = f3§(3).) Then
f is continuous: for a € [0,1], if @ € (3,1] and € > 0 then there’s § > 0 as
required for continuity of f, since just let § = min((a — %), 0"), where ¢’ is such
that for all b, |b — a| < ¢’ implies d(f(b), f3(a)) < e (exists by continuity of
f3). Then if [b— a| < 6, then b € (3,1], so f(b) = f¥(b), and [b—a| < &', so
d(f3(b), f3(a)) <&, and f;(b) = f(b) and f3(a) = f(a), so d(f(b), f(a)) <&, as
required. Similarly if a € [0,3). If a = £ and & > 0 then choose § = min(&’, §"),
where §’ are as required for continuity of f¥ w.r.t. %, e, and 0" as required for
13 wr.t. %,5. Then § is as required for f w.r.t. %,5. (Note again here that
) =r=fr(z) = £(3))

And we have f{(0) = z and fY(1) = y, so f(0) = z and f(1) = y. And
£40,1] = f£40, %] ufy “[%, 1] € B(p,e). So f is as required for x,y.

Therefore B(p, €) is path-connected, as required.

(b) Now if you did (a) by showing that every open ball is in fact path-
connected, then do it again, without using path-connectedness. (Hint: show
first that [a, b] X [c, d] is connected for any reals a < b and ¢ < d. Combine this
with Munkres’ §23 exercise 2.)

Solution.
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There are actually a couple of ways to do this; one follows the hint, and one
directly uses the theorem on the union of a family of connected sets, where the
family’s intersection is non-empty.

Method 1 (not following hint):

Claim 1. Let p € R” and € > 0. Let z € B(p, ). Then there is a set of the
form W = [a1,b1] X ... X [an,by] such that p,z € W and W C B(p, ¢).
Proof. For each i < n, let

a; = min(pia zi)a

b; = max(p;, 2;).

Note then that for each 4,
Q; S Dis Zi S biv

and therefore
p,z €W =la1,bi] X ... X [an, byl

So we just need to see that W C B(p,e).

Note that z,p are at opposite corners of the prism W. (That is, if a; # b;
then either [p; = a; and z; = b;] or [p; = b; and z; = ¢;], and if a; = b; then
pi = z; = a; = b;.) We have d(p, z) < €. Let y € W; we’ll show d(p,y) < d(p, 2),
so d(p,y) < € too, so y € B(p, ), as required.

Well,

and for each 4, y; € [a;, b;]. So |y;—a;| < |b;—a;| and |y; —b;| < |b; —a;|. We have
that either [p; = a; and z; = b;] or [p; = b; and z; = a;] (evenifp; = z; = a; = b;)
so in any case, we get |y; — pi| < |b; — a4, so |y; — pi| < |z; — pi|- Therefore
(yi — pi)? < (2; — pi)?. Therefore

n

D (pi—yi)® < 3 (= —pi)’.

i=1
Therefore
d(p,y) = Z(pz —¥i)? < Z(Zz —pi)? = d(p, 2).
i=1 i=1
So

so d(p,y) < €, as required.
This proves Claim 1.

Claim 2. W is connected C R".

Proof. First [a1,b1] X [a2,bs] is connected in (R? 7sq2), since [a;,b;] is
connected C R, and the product of connected sets is a connected subset of the
product topology, and (R?, 75q42) = (R x R, p), where p is the product topology
of (R, Tyta,1) with itself.
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Now (R3,7gq3) is the 3-fold product of (R, 7a,1) with itself. (Le. the
product of (R x R, p3) with (R, 74a,1), where py is the product of (R, 7ga,1) X
(R, Tsta,1)- Since [a1,b1] X [az, bo] is connected C R? and [ag, bs] connected C R,
we therefore get that [a1,b1] X [ag, b2] X [ag,b3] is connected C R3.

And so on, by induction: R™ is the n-fold product of (R, 7ytq,1) with itself,
n times:

(R™, Tsta,1) = (R x ... xR, pp).

By induction, one proves that [a1,b1] X ... X [an,bs] is a connected subset of
(Rna TStd,l)'

This proves Claim 2.

Now for z € B(p, ) let W, be the set [a1,b1] X ... X [an, by] described above.
Then the family (W), cp(, . is such that:

U Wz = B(p,E),

z€B(p,e)

since by Claim 1, for each z € B(p, ), we have z € W,, and W, C B(p, ¢)); each
W, is connected, by Claim 2;

mZGB(;),E)VVZ 7é 0

since p € W, for each z, by Claim 1.

Therefore by the theorem from lectures on unions of families of connected
sets, where the intersection of the family is non-empty, we have that | J ) W,
is connected, so B(p, ) is connected.

zEB(p,e

Method 1 (following hint, sketch):

Now we want to use Munkres’ §23 exercise 2. So we would like to come up
with a countable family (U,), y of connected sets Uy, such that for each n,
Un NU;—, Ui is non-empty, and B(p, ) = {J;cy Ui- Then the Munkres exercise
implies that B(p, ) is connected.

For each m € N*, let X,;, = {rp1,...,7mk, } enumerate all points of the
form p 4 x, such that p 4+ x € B(p, ), and x has the form (%7 RN zﬁ), for some
integers i1, ..., 4,. Note that since B(p, ¢) is bounded, m is a fixed denominator,
and iy, ...,1, are required to be integers, there are only finitely many such points
p+ . Note X,, # () since p € X,,,. Note that for each such z, there is a finite
sequence p + xo,p + T1,p + Z2...,p + x;, such that zy = (0,0,...,0), z = z;,
each p+ z; € X,,,, and for each ¢ < j, d(p + z;,p + xi+1) = 1/m. (Each “step”
from p + x; to p + ;41 is given by changing just one coordinate by 1/m.

Eg ifn =3and p = (0,1,2) and e = 0.5 and m = 5 and p + = =
(0.4,0.8,2) = p+(2, %, 2) (which is in X5 then; note d(p, p+x) = 1/(0.4)2 + (0.2)2 <
0.5), then we'd get such a path by first stepping 2 times up along the first co-
ordinate, then down once along the second coordinate:

1 2 2 -1
p:p+(05070)3 p+(g7070)7 p+(ga070), p+(ga?70) :p+.'13

Now let
X, ={re X, |dpr)<e—(2n/m)}.

Given r € X/ | there is always a finite sequence of steps p = p+xzq, p+21,...,p+
xj = r from p to r, like discussed above, but such that each p+z; is in X,. Now
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enumerate X,, in an order qo,...,q;,, , without repetitions, such that gy = p,
and for each i < jy,, there is j < i such that d(g;,gi+1) = 1/m (s0 gi41 is just a
single “step” from some already enumerated ¢;). (This is always possible - after
enumerating qo, . . . , ¢;, if there are still some elements of X/, left to enumerate,
choose ¢;4+1 to be a point p + x a minimal number of “steps” away from p -
i.e. minimal distance in the taxicab metric - which is yet to be enumerated.
Then if the sequence p = p + x9,p + #1,...,p + £; = p + z has this minimal
number of steps, then the second last element, p 4+ x;_1, is in X,, and there
is a shorter sequence of steps to reach p 4+ x;_; than the shortest sequence to
reach p+ x (since throwing away p + x from the given sequence already reaches
p~+x;_1). Therefore p+ x;_; must already have been enumerated, by choice of
p+a. Le p+x;_1 = g for some j' <i. So g; is a single step away from ¢;;1,
as required.)

Now let V;,, ; be the closed box, centered at g;, with sides of length 2/m. Note
that if z € V,,; then d(z,¢;) < n/m; this this can be shown from the triangle
inequality, since we’re working in R™. Then again using the triangle inequality,
since ¢; € X/, d(g;,p) <& — (n/m), one can show that V;,, ; C B(p,¢).

Now enumerate {V,, ;/m € N*,0 <i < j,,} as Uy, Us, Us, ..., in the order

‘/1,17 Vl,Za Vl,?n RS ‘/1,j17‘/2,17 V2,25 ) ‘/2,j2a ‘/3,17 s

Then Claim: the family (U,), .y has the right properties.
Proof of this is omitted.

12. Let (X1,71), (X2, 72) be two topological spaces such that X7 N Xy = (.
Fix z; € X; and x5 € X5. We'll describe a way to “join” these two spaces,
to form a single space, in which x; and zs represent the same point. We are
joining the spaces “at” the points 1 and x2. Let a be some object such that
a ¢ X1 U XQ.

Define a topological space (X{,7]) to be essentially the same as (Xi,7),
except that we replace the point x1 with a. That is, first define X as:

X1 = (X1 —{z1}) U{a}.

Let f : X] — X1 be the map given by f(z) = z for x € X| —{a}, and f(a) = ;.
Now define 7{ by:
m={f"YW) | W en}.

This defines (X{,7{). Similarly, let (X}, 74) be the space given by replacing
ro € Xo with a.

It’s straightforward to check that (X7, 1) and (X}, 75) are topological spaces,
and X; N X, = {a}.

Now define a new topological space (X, 7) by “joining” the two spaces at
their common point a. That is, let

X = X|UX},

and given W C X, let W € 7 iff both (W N X7) € 7{ and (W N X)) € 7.

So (X, 7) is the result of “joining” (X7, 71) to (X2, 72), “at” the points x; and
z9. (Remark: in terms of the topologies, it doesn’t matter what the underlying
points actually are, it just matters what the topological structure is. Although
we’ve changed the identities of z; and z2 to a, we've preserved the topological
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structures of the original X; and X5, on each of their “sides” of the space X.
Now for the problems:

(a) Show that (X, ) is a topological space.

(b) Describe the interior and closure operations of X in terms of those for
X1 and XQ.

(c) Show that X is compact (or connected, or path-connected) (w.r.t. 7) iff
both X; and X5 are compact (or connected, or path-connected) (w.r.t. 7, and
TQ)

(d) Suppose X; =R and X, = R?, 21 = 0 and 25 = (0,0). Give a subset of
A C R3, and a bijection f : X — A, and f is continuous, and f~! is continu-
ous. (This is a homeomorphism, a bijection which exactly preserves topological
structure; i.e. U is open iff f“U is open.)

Solution.
(a) We have ) € 7 since PN X| = 0 € 7 and likewise for “2” in place of “1”.
We have X € 7 since X N X{ = X7 € 7y and likewise for “2”.

Let VW € 7. Then (VNW)NX|{ = (VNnX)N(WnXj) € 7{ since
VNX{er and WNX{ € 7{ and 7 is a topology. Likewise for “2”. So
Vnwer.

Let (Va),e; be a family of sets V,, € 7. Let U be the union of the family.
Then UN X} = U,e;(Va N X7), and each V,, N X7 € 71, so the latter union is
in 7{. Likewise for “2”. Therefore U € T, as required.

This shows (X, 7) is a topological space.

(b) First note that if A C X, then Int(A) C Int; (AN X7) U Int2(A N XY),
where Int; is the interior operation on X7, and likewise for “2”. For W =
Int(A) is open w.r.t. 7,80 WNX; € 7y, and W C A so WNX] C AN Xj.
Therefore W N X{ C Int;(A N X7). Likewise W N X} C Inta(A N X3). But
W=WnX{uUWwnXj.

Now note that a € Int(A) iff a € Int1 (AN X7) and a € Inta(AN X}). Proof:
if a € Int(A) then there’s W € 7, such that a € W C A. But then WNX]{ € 74,
and a € WNX], soa € Inty(A). Likewise for “2”. Now suppose a € Int; (ANX])
and a € Inta(A N X}). Let Wi € 7p such that a € W7 C X and likewise for
Ws. Then W = Wy UWs is in 7 (since W N X] = W and likewise for “2”) and
aeW. Soa € Int(A).

Now suppose z € X1, and x € Int; (AN X]). We want to determine whether
x € Int(A).

Case 1. a € Int(A) (note we’ve already described this condition in terms of
Int; and Inty).

Then = € Int(A). For let U € 7, such that a € U C A, and let U’ € 79, such
that € U/ C AN X{. Then U'UU € 7, since

U'uU)N X, = U"NX5)U(UNX))
but U' N X, C {a} and {a} C U N X}, so in fact
U'uU)NX,=UnNX}
and U N X4 € 74 since U € 7. And
U'uU)NX;=UNX)uUUNX))
=U'UUnXy)
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and U’ € 71, and UN X] € 74 since U € 7,50 U' U (U N X}) € 71.
Case 2. a ¢ Int(A).

Subcase 1. There’s V € 71 such that z € V and a ¢ V.
Then x € Int(A). For Verand VC Aand z € V.

Subcase 2. For every V € 71, if € V then a € V (including the case that
x =a).
Then z ¢ Int(A). For if x € Int(A) then there’s W € 7 such that x € W C A.
But then W N X{ € 7{ and x € W N Xj, but then a € W N X{ by subcase
hypothesis, so a € W, but W € 7 and W C A, and therefore a € Int(A), con-
tradicting case hypothesis.

Things work symmetrically when “1” is replaced by “2”.

This gives a description of Int in terms of the interior operations for X| and
X/, but these translate directly to the interior operations for X; and X, just
replacing “a” with “x,” for X7, and likewise for “2”.

This completes the description.

Remark: Note this implies that if X7, Xo are both 77 (and therefore X7, X}
are both T1), then for z € X|, € Int(A4) iff © # a and z € Int1 (A N X7), or
z=aand a € Int; (AN X7{) and a € Inta(4A N X3).

The closure operation works similarly. (It can be inferred from the interior
operation, in fact, since closed sets are just complements of open sets.) Further
detail is omitted.

(c) First X; is compact w.r.t. 7 iff X| is compact w.r.t. 7{, since these
spaces are identical except for the replacement of x; with a, essentially just
a renaming of that point; the open sets are preserved through this renaming.
Likewise for “2”.

Suppose X; and X, are both compact. So X| and X} both are.

Let (Ui);c; be an open cover of X. Then V; = U; N X € 71 for each i, so
(Vi);er forms an open cover of X7, since also X| C X, so X{ = X N X7, and
X = U,e; Ui By compactness of X; w.r.t. 71, there is a finite subcover, so we
have V;,,...,V;, such that

X{CV;,U...uV, .

Similarly, if we set W; = U; N X3, then there are finitely many W;,,..., W,
such that
X, CW;,U...UW;,

(using compactness of X3). But then
X=XUX;CV,U...UV;, UW; U...UW;_.
But V; C U; and W; C U; for each i, so
XCU,U...uU;, UU;,U...UUj,.

Therefore the list of sets U;,,...,U;,,Uj,,...,U;, form a cover of X, there are
only finitely many of them (there are n + m of them), and each is one of the
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sets from the original family (U;);.;. So this is is a finite subcover of X from
this family, as required. So X is compact.

Now suppose X7 is not compact; so X7 is not compact either. We will show
X is not compact. (By symmetry then, if X5 is not compact, then X is not
compact either.)

Let (U;),c; be an open cover of X| which admits no finite subcover of X1; i.e.
for any finite list U;,, ..., U;, of sets from this family, we have X € U;,U...UU;,,,.

For i € I, define V; € 7 as follows: if a ¢ U; then let V; = U;. If a € U; then
let V; = U; U X}. Note that in either case, V; € 7 (we have V; N X} is either §) or
X5, which is in 75, and V; N X{ = U;, which is in 71). So (V) is a family of
sets each in 7. This family is also a cover of X, since there is ig € I such that
a € Us, (exists since (Us),.; is a cover of X| and a € X1), and therefore we have
X5 C Viy, 50 Uiy € U;er Vi, and U; C 'V for each i, so X| = U;c; Ui € U Vi
So the union of the V;’s covers both X{ and X}, so covers X.

We claim there is a no finite subcover of X from the family of (V;), ;. For
let Vi,,..., Vi, be a finite list of sets from that family. We must show these sets
do not form a cover of X.

We know Uj,,...,U;, does not cover X7, by choice of the family (U;),.;.
Let € X] such that « ¢ U;, U...UU,, . By definition of V;, V;, N X| = U;
for k=1,...,n. But x € X7, and therefore z ¢ V;, U...UV, , but z € X, so
these sets V;,,..., Vi, do not cover X, as required.

So the family (V;),.; is a cover of X with no finite subcover of X, so X is
not compact.

n’

The connectedness is a similar type of argument (except that it deals with
connectedness instead of compactness). Further detail is omitted.

For path-connectedness, here is an outline. If X| and X} are both path-
connected, and z,y are points in X, if x # a and y # a, then one can path-
connect x to a in X{, and then path-connect a to y in X}. Conactenate these
two paths to path-connect z to y. If X is path-connected, prove that X/ is
path-connected as follows: given z,y € X7, let f : [0,1] — X be a function
as required for path-connecting = to y. One must show that you can replace
f with a function whose image is contained with Xj. We have f(0) = 2 and
f(1) = y. Suppose f¥[0,1] € X1. Let zp = inf{z € [0,1]|f(2) ¢ X{}. Similarly,
let z; = sup{z € [0,1]|f(2) ¢ Xi}. Now define g : [0,1] — X] by: given
z €[0,1], if zg < z < z1 then let g(z) = a; if z < zg or z > 21 then, if f(2) € X7
let g(z) = f(z), whereas if f(z) ¢ X/ let g(2) = a. (Note that if z < z or
z > z1 then certainly f(z) € X7 so g(z) = f(#); the last clause is only relevant
when z = zp or z = 2.)

Prove that g is continuous from [0, 1] to X7, in particular ¢g“[0,1] C X7,
9(0) =z and ¢g(1) = y. The main issue is to see that g is continuous at zp and
at z;. Consider zg. Suppose first that f(zy) € X1, so then g(z0) = f(20). Note
then that zg < z1, since if zg = 21, since f(z9) € X and then f(29) = f(z1), it
follows that f“[0,1] C X from choice of zg, z1, contradiction. Now let U € 7{
such that f(z9) € U. We claim that a € U. For otherwise U € 7, and therefore
f7Y(U) is open in [0, 1], and 2y € U, but therefore (z0 — €, 20 +¢&) C f~(U) for
some ¢ > 0, which implies f“(zp — ¢, 20 +¢) C U C X7, contradicting the choice
of zp. So a € U. So let § be such that 0 < § < z; — 2o and for all z € [0, 1],
|z — 20| < 0 implies f(z) € U. Then if z € [0,1] and |z — 2| < 0 then g(z) € U,
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as required for continuity at zg.

Now suppose that f(z9) ¢ X1. So g(z0) = a. Let U € 71 such that a € U.
Then W =U U X} € 7 and f(z9) € W. Therefore there is § > 0 such that for
z €10,1], |z — 20| < ¢ implies f(z) € W. But then if |z — 29| < § then: if z < 2
then g(z) = f(z) € W and f(z) € X1, so in fact g(z) € U; likewise if z > zy;
if z9 < z < z; then g(z) = a € U; and if z = 2 then either g(z) = a € U, or
g(z) = f(2) € W, and f(z) € X1, so again ¢g(z) € U.

(d) Let A C R?® be the union of the xy-plane with some line through the
origin, which does not lie in the zy-plane. Let p be some non-origin point on the
line. We have X; = Ry and Xo = R; we have 1 = (0,0) and 25 = 0; we have
a ¢ R? UR replacing z1,72. Let f: X — R3 be: given (x,y) € R? — {(0,0)},
let f(z,y) = (z,9,0); given z € R — {0}, let f(x) = zp; and let f(a) = (0,0,0).

We omit the proof that A, f have the required properties.
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