Contents

Introduction 1 Chapter 1. Embedding Theorems 5 Chapter 2. Martin’s Theorem 15 Chapter 3. The Upper Bound for δ^1_5 21 Descriptions 21 The Main Lemma 27 The Main Theorem 34 A Rank Computation 36 Chapter 4. Results on Uniform Cofinalities 40 Chapter 5. Analysis of Measures on δ^1_3 51 Chapter 6. The Strong Partition Relation on δ^1_3 63 Chapter 7. The Lower Bound For δ^1_5 70 Chapter 8. Analysis of Measures on (δ^1_5)^− 74 Chapter 9. The Weak Partition Relation on δ^1_5 91 Bibliography 94

vii

A Computation of δ^1_5

Steve Jackson

Department of Mathematics, University of North Texas, Denton, TX 76203-5116 E-mail address: jackson@unt.edu

Key words and phrases. determinacy, projective ordinals

Abstract. Assuming AD, the axiom of determinacy, the value of the fifth projective ordinal is computed, the result being δ^1_5 = ℵ_ωωω_{+1}. The strong partition relation on δ^1_3 and the weak partition relation on δ^1_5 are also established, thereby giving the complete first step in the inductive analysis of the projective ordinals.

Key Words: determinacy, projective ordinals.

viii

Introduction

We work throughout this paper in the theory ZF + AD. AD, the axiom of determinacy, is the assertion that every two player integer game is determined, that is, one of the players has a winning strategy. By “real” we mean an element of the Baire space ω^ω. The projective ordinals are defined by: δ^1_n = the supremum of the lengths of the Δ^1_n prewellorderings of the reals (a prewellordering is a well-ordering of equivalence classes). The projective ordinals are absolute between V and L(R), so all the arguments of this paper may be viewed as taking place in L(R), in which case our determinacy assumption is AD^{L(R)}. We mention that results of Woodin [13] and Martin-Steel [9] show that AD^{L(R)} is a consequence of large cardinal axioms, namely ZF C + ∃ω many Woodin cardinals with a measurable beyond.

Beginning with the work of Martin, Moschovakis, Solovay in the late 60’s, and later others, a structural theory for the projective sets of reals (the Π^1_n, Σ^1_n sets) was developed assuming projective determinacy–the weakening of AD to games with projective payoff. This provided a powerful extension of the ZF C theory of Π^1, Σ^1 sets developed by the “classical” descriptive set theorists (Novikov, Lusin, Sierpinski, Suslin, etc.) from the 20’s to the 40’s.

This theory was developed largely in terms of the projective ordinals. It was also shown that δ^1 = ω_1, δ^1_3 = ω_{ω+1} (Martin-Solovay), δ^1_{2n+2} = (δ^1_{2n+1})^+ (Kunen-Martin). Martin established the strong partition relation on δ^1 (that is, δ^1 → (δ^1)^{δ1} , see §1 for the definitions), and Kunen the weak partition relation on δ^1_3 (∀λ < δ^1_3 δ^1_3 → (δ^1_3)^λ). Kechris and Martin independently formulated the important concept of a homogeneous tree (c.f. [6]), which was inspired by earlier particular instances of the construction due to Kunen and Martin-Solovay. Using this concept, Kunen also proposed a program for computing the δ^1_n. The program stalled, however, and the problem of computing δ^1_5 remained open, although its computation was reduced to the computation of the ultrapowers of δ^1_3 by certain measures on δ^1_3. We refer the reader to Moschovakis’ book [10] and Kechris [5] and [6] for a more detailed exposition.

In the early 80’s Martin [7] obtained some important results on the ultrapowers of δ^1_3 by the normal measures on δ^1_3 (see theorem 2.1). Building on this and some joint work with Martin, the author then computed δ^1_5 = (ℵ_{ω(3)})^+, where ω(1) = ω, and ω(n + 1) = ω^{ω(n)} (ordinal exponentiation). It was subsequently shown that δ^1_{2n+1} = (ℵ_{ω(2n−1)})^+.

In [2] the upper bound for δ^1_{2n+1} is computed assuming certain inductive hypotheses. A second forthcoming part is necessary to verify the hypotheses at the next level as well as to give the lower bound. The goal of this paper is not only to

Received by the editor February 25, 1997

give the complete computation of δ^1_5, but to provide the complete first stage of the inductive analysis of the projective hierarchy.

Our plan is to assume the strong partition relation on δ^1 and the weak partition relation on δ^1_3, compute δ^1_5, and then prove the strong partition relation on δ^1_3 and the weak relation on δ^1_5, thereby completing the induction. The methods of this paper are essentially self-contained. We could, in fact, use them to obtain direct proofs of the strong partition relation on δ^1 and the weak on δ^1_3 (see for example [3] and the forthcoming [1]), but to save space we will start from these known results. In addition, to keep our starting point convenient, we assume familiarity with the following two items.

First, we assume that the reader is familiar with the homogeneous tree construction of [6]. Actually, some of the arguments of §2 will recall this construction (c.f. the discussion following remark 2.2), so the reader with only a vague recollection of this construction should get by.

Secondly, we assume knowledge of the Kunen result that there is a Δ^1_3 coding of the subsets of ω_ω (c.f. [11]). By this we mean precisely as follows. There is a Δ^1_3 prewellordering of the reals with associated norm ρ: ω^ω → ω_ω (that is, ρ(x) = the rank of x in the prewellordering), and a map π : ω^{ω onto}→ P(ω_ω) such that the relation A(x, y) ↔ ρ(x) ∈ π(y) is Δ^1_3. By Martin’s theorem on the closure of Δ^1_3 under < δ^1_3 length unions and intersections, this is equivalent to saying that for all α < ω_ω that {y : α ∈ π(y)} ∈ Δ^1_3. We will also use small variations of this, such as a Δ^1_3 coding of the subsets of ω_ω × ω_ω. This assumption is really only for convenience, as we will be establishing higher level analogs of this result in this paper (the reader might also consult [1] where the existence of a Δ^1_3 coding of the subsets of ω_ω is established using methods akin to those of this paper).

The methods of this paper can be pushed considerably beyond the projective hierarchy as well. Indeed, the ultimate goal is obtain a complete analysis of the model L(R) assuming AD. The arguments of this paper should represent the successor case for the general L(R) induction. Exactly how far the current methods extend is not clear at the moment. It seems they extend past the first inaccessible cardinal in L(R), but not yet to the first real admissible for L(R) (= the ordinal of the inductive sets). We refer the reader to [4] for further discussion.

In §1 we define three canonical families of measures which we denote W^m_1 , S^m_1 , and W^m_3 , measures on ω_1 , ω_ω, and δ^1_3 respectively. We prove they dominate the more general measures from the homogeneous tree construction in a suitable sense. In §2 we prove Martin’s theorem on the normal measures, and in §3 we compute the upper bound for δ^1_5. Here the main technical concept of description is introduced. §4 introduces the important concept of uniform cofinality, and proves some results which are necessary for converting the analysis of functions in §3 to an analysis of measures on δ^1_3, which is carried out in §5. In §6 we use the results of §5 to prove the strong partition relation on δ^1_3. §7 uses the strong partition relation on δ^1_3 to prove the lower bound for δ^1_5. In §8 we analyze the measures on (δ^1_5)^−, and using this we prove the weak partition relation on δ^1_5 in §9.

We have attempted to make the different sections as independent as possible. The reader interested only in seeing the upper bound for δ^1_5 may read the statements of the theorems in §1, 2, and then read §3.

By a measure μ on a set X, we always mean a countably additive ultrafilter on X (usually X is an ordinal, or product of ordinals). We frequently write μ(A) = 1 for A ∈ μ, and μ(A) = 0 for X − A ∈ μ. Recall that (from AD) every ultrafilter on a set is countably additive. If f : X → Y and μ is a measure on X, then f(μ) is the measure on Y defined by: f(μ)(A) = μ(f^{−1}(A)). If μ is a measure, then j_μ denotes the ultrapower embedding corresponding to μ (identifying always the ultrapower with its transitive collapse).

Throughout this paper we adopt the (slightly non-standard) convention that “lexicographic ordering” refers to the reverse lexicographic or Kleene-Brouwer ordering on ON^{<ω}. That is, ⃗α <_{lex} ⃗β iff there is a least i such that α_i ≠ β_i, in which case α_i < β_i, or else ⃗β is a proper initial segment of ⃗α.

By a tree on a set X we mean a set T ⊆ X^{<ω} closed under initial segments. For us, X will always be of the form λ_1 × · · · × λ_n, where λ_1, . . . , λ_n ∈ ON. As is customary, we identify (λ_1 × · · · × λ_n)^{<ω} with the set of (s_1, . . . , s_n) ∈ λ_1^{<ω} × · · · × λ_n^{<ω} such that lh(s_1) = · · · = lh(λ_n). If T is a tree on λ_1 × · · · × λ_n and f ∈ (λ_1)^ω, then T_f = {(s_2, . . . , s_n): (f ↾ lh(s_2), s_2, . . . , s_n) ∈ T } denotes the section of T along f. Also, T ↾ α .= T ∩ (α × · · · × α)^{<ω} denotes the restriction of T to ordinals < α. If T is a tree on ON (or, more generally, any set X equipped with a well-ordering) then the tree T is linearly ordered by the Kleene-Brouwer order, which by our convention just means the restriction to T of lexicographic ordering. This is a well-order of T iff T has no infinite branches. In this case, we let |T | denote the rank of T in the Kleene-Brouwer ordering. If, in addition, s ∈ T , then |T (s)| denotes the rank of s in the Kleene-Brouwer ordering on T .

We introduce a notational convention that we will use throughout the paper, and which simplifies the presentation of many arguments. If θ ∈ ON, μ_1, . . . , μ_n are measures, and P ⊆ ON, then we write ∀^∗_{μ1} α_1 ∀^∗_{μ2} α_2 . . . ∀^∗_{μn} α_n P (θ(α_1, . . . , α_n)) to abbreviate the following: if we fix a function α_1 → θ(α_1) representing θ with respect to μ_1, then for μ_1 almost all α_1, if we fix a function α_2 → θ(α_1)(α_2) representing θ(α_1) with respect to μ_2, then for μ_2 almost all α_2, . . ., if we fix a function α_n → θ(α_1)(α_2) · · · (α_n) representing θ(α_1) · · · (α_{n−1}) with respect to μ_n, then for μ_n almost all α_n, P (θ(α_1) · · · (α_n)). We also extend this convention to pairs of ordinals, etc. For example, given two ordinals θ_1, θ_2, and measures μ_1, . . . , μ_n, we might write ∀^∗_{μ1} α_1 · · · ∀^∗_{μn} α_n [cof(θ_1(α_1, . . . , α_n)) ≤ θ_2(α_1, . . . , α_n)]. If the measures are understood, we may suppress writing them, and just write ∀^∗α_1, . . . , α_n P (θ(⃗α)). Lastly, we catalog some of the known facts about the projective ordinals (mainly about δ^1, δ^1_3) that we will use as our starting point. As we mentioned above, this is mainly for convenience, as we will be establishing higher level analogs of these results here. First, all of the δ^1_n are regular (in fact measurable), δ^1_{2n+2} = (δ^1_{2n+1})^+, and δ^1_{2n+1} is the successor of a cardinal of cofinality ω. Also, δ^1 = ω_1, and δ^1_3 = ω_{ω+1}. Proofs of these facts may be found in [5]. Next, δ^1 has the strong partition property (defined at the beginning of §1), a result due to Martin. The reader may also consult [3] where a different proof (though still using Martin’s general method) is given; in fact, this might serve as an introduction to the “analysis of measure” arguments that we will be carrying out (in a more complex form) in §§5, 8. An easy consequence of this (in fact, of the weak partition property) is the existence of a unique normal measure on ω_1, namely the one generated by the c.u.b. filter (see the discussion at the start of §1). Let W^1_1 denote this normal measure on δ^1, and W^n_1 the n-fold product of the normal measure (we extend this terminology in §1). There is also a Kunen tree K ⊆ (ω × ω_1)^{<ω} for δ^1 (we construct this tree in §2). That is, K has the property that for all f : ω_1 → ω_1, there is a x ∈ ω^ω with K_x well-founded and such that |K_x ↾ α| > f(α) on a c.u.b. set. From the Kunen tree and the strong partition property on δ^1 it follows that j_W n_1 (ω_1) = ω_{n+1}. [The weak partition relation on ω_1 shows that for any f : (ω_1)^n → ω_1, there is a g : ω_1 → ω_1 such that f(α_1, . . . , α_n) < g(α_n) for W^n_1 almost all ⃗α. Let x be such that |K ↾ α| > g(α) on a c.u.b. set. This defines a map from [id_n]_W n_1 onto [f]_W n_1 , where id_n(α_1, . . . , α_n) = α_n. The weak partition property shows that if h < id_n almost everywhere, then almost everywhere h depends only on (α_1, . . . , α_{n−1}), that is, [id_n]_W n_1 = j_W n−1_1 (ω_1). Thus, j_W n_1 (ω_1) ≤ (j_W n−1_1 (ω_1))^+ and hence j_W n_1 (ω_1) ≤ ω_{n+1} follows. The lower bound can be obtained as a consequence of theorem 7.1.] Kunen (see [11]) established the existence of a Δ^1_3 coding for the subsets of ω_ω, mentioned above. From this and Martin’s argument, the weak partition property for δ^1_3 follows. Another consequence of this analysis is the fact that for any α < δ^1_3 and measure μ on ω_ω, j_μ(α) < δ^1_3. We refer the reader to [11] for proofs (see also [1]). We also recall a theorem of Martin (see [5]) that the Δ^1_{2n+1} sets are closed under < δ^1_{2n+1} length unions and intersections. We will make frequent use of this fact in our definability computations later.

Finally, the homogeneous tree construction [6] produces, assuming the strong partition property of ω_1 and the weak partition property of δ^1_3, a homogeneous tree T ⊆ (ω × δ^1_3)^{<ω} with p[T ] a complete Π^1_3 complete set. This shows that every Σ^1_4 set is weakly homogeneous (see §2) via a tree on ω × δ^1_3, and thus every Π^1_4 (and hence also every Σ^1_5) set is λ-Suslin, where λ is the supremum of the ultrapowers j_ν (δ^1_3), where ν ranges over the homogeneity measures for T . The Kunen-Martin theorem (see [5] or [10]) then gives that every Σ^1_5 well-founded relation on ω^ω has length < λ^+. Thus, δ^1_5 ≤ λ^+. This, in fact, is the Kunen reduction mentioned earlier, and shows the significance of the homogeneous tree construction. In §1 we will define and analyze these homogeneity measures ν more carefully (we will call them the special homogeneous measures in W_3) and obtain a simpler family of measures (which we call W_3) whose ultrapowers are also cofinal in λ.

CHAPTER 1

Embedding Theorems

We introduce several families of measures. We define three families W_1, S_1, W_3 of canonical measures, and three families W_1, S_1, W_3 of more general measures which we call special homogeneous measures. The letters W , S refer to the fact that the definitions of these measures use the weak or strong partition relation on δ^1 or δ^1_3. We prove two theorems to the effect that the canonical measures dominate the special homogeneous measures. This will allow us to use just the canonical measures at several places in the following analysis, a considerable simplification. Before doing this, we introduce some general notions that we will use frequently in this paper.

Definition 1.1. Let <_S be a well-ordering of a set S. We say f : S → ON having range in the limit ordinals is of the correct type if f satisfies:

(1) f is order-preserving.

(2) f is everywhere discontinuous, i.e., ∀x ∈ S f(x) > sup_{y<S x}f(y).

(3) f has uniform cofinality ω, that is, there is a g : ω × S → ON which is increasing in the first argument (i.e., g(n, x) < g(m, x) whenever n < m) which induces f. That is, f(x) = sup_{n∈ω}g(n, x) for all x ∈ S.

Recall that κ → (κ)^λ if for every partition P : (κ)^λ → {0, 1} of the increasing functions from λ to κ into two pieces, there is a homogeneous set H ⊆ κ of size κ. That is, ∃i ∈ {0, 1} ∀f ∈ (H)^λ P(f) = i. We say κ has the strong partition property if κ → (κ)^κ, and say κ has the weak partition property if ∀λ < κ κ → (κ)^λ.

We (temporarily) define κ^{c.u.b.}→ (κ)^λ if for every partition P of the functions f : λ → κ of the correct type into {0, 1}, there is a c.u.b. C ⊆ κ which is homogeneous for P. That is, ∃i ∈ {0, 1} ∀f : λ → C of the correct type, P(f) = i.

The essential equivalence of these two formulations of the partition property is well known, and an easy exercise. Specifically, we have:

Fact . For all regular cardinals κ and ordinals λ ≤ κ we have: κ^{c.u.b.}→ (κ)^λ ⇒ κ → (κ)^λ and κ → (κ)^{ω·λ} ⇒ κ^{c.u.b.}→ (κ)^λ. In particular, for all regular cardinals κ, the two notions of strong (or weak) partition property agree. For all purposes in this paper, however, it is the c.u.b. version which is relevant, and we henceforth adopt the c.u.b. version of the partition property as our official definition.

If κ, λ are regular cardinals with λ < κ, then the partition relation κ → (κ)^λ implies that the λ-c.u.b. filter on κ is a normal measure (i.e., a set A ⊆ κ has measure one iff there is a c.u.b. C ⊆ κ such that all α ∈ C of cofinality λ are in A). Since every normal measure on κ gives every c.u.b. set measure one, it also follows that if there are countably many regular λ < κ, then every normal measure on κ is the λ-c.u.b. measure for some regular λ < κ. In particular, there is a unique normal measure on δ^1 = ω_1, and there are exactly three normal measures on δ^1_3 = ω_{ω+1} (since there are three regular λ < δ^1_3, namely, λ = ω, ω_1, ω_2).

If (S, <_S ) is a well-ordering of length κ (or < κ), and κ has the strong (weak) partition property, then we have a partition property for functions f : S → κ of the correct type. This follows simply from identifying (S, <_S ) with an ordinal. Suppose, in addition, μ_1, . . . , μ_n are measures on S. We define a measure ν on ntuples of ordinals which we refer to as “the measure induced from the strong (weak) partition relation on κ, functions f : S → κ of the correct type, and the measures μ_1, . . . , μ_n.” Specifically, ν(A) = 1 iff ∃ c.u.b. C ⊆ κ ∀f : S → C of the correct type ([f]_{μ1} , . . . , [f]_{μn} ) ∈ A. Later in this paper, we will also consider measures induced from functions having “types” other than the “correct type” (in particular, the functions will have different uniform cofinalities, that is, not necessarily uniform cofinality ω).

We now introduce the families of canonical measures. Recall again our starting assumptions that δ^1 = ω_1 has the strong partition property, and δ^1_3 = ω_{ω+1} has the weak partition property. Again, Note that the λ = 1 c.u.b. partition property on ω_1 immediately implies that the c.u.b. filter on ω_1 is the unique normal normal measure on ω_1, a well-known consequence of AD.

Definition 1.2. W^n_1 is the measure on increasing n-tuples (α_1, . . . , α_n), α_1 < · · · < α_n, given by the n-fold product of the normal measure on ω_1. We also identify this with a measure on ω_1 by ordering the tuples (α_1, . . ., α_n) first by α_n, then α_{n−1}, etc. We let W_1 denote the collection of measures W^n_1 , n ∈ ω.

The finite (c.u.b.) partition property on ω_1 implies that W^n_1 is generated by taking increasing n-tuples from c.u.b. subsets of ω_1. That is W^n_1 (A) = 1 iff ∃ c.u.b. C ⊆ ω_1 ∀α_1 < · · · < α_n ∈ C^n (α_1, . . . , α_n) ∈ A.

Remark 1.1. We usually consider W^n_1 as a measure on increasing n-tuples. Whether or not we are identifying it with a measure on ω_1, however, should be clear from context.

Viewing dom(W^n_1 ) as the increasing n-tuples permits a useful notational convention; we may write the ordinals in the tuple in any order. For example, if S = {(α_1, α_2, α_3): α_2 < α_3 < α_1 < ω_1}, then we may regard W^3_1 as a measure on S as well.

Recall from our discussion in the introduction that j_W n_1 (ω_1) = ω_{n+1}. We use this fact implicitly below.

Definition 1.3. S^n_1 is the measure on ω_{n+1} defined as follows. Let <_n be the ordering on increasing n-tuples of countable ordinals defined by: (α_1, . . . , α_n) <_n (β_1, . . . , β_n) ↔ (α_n, α_1, α_2, . . . , α_{n−1}) <_{lex} (β_n, β_1, β_2, . . . , β_{n−1}), where <_{lex} denotes lexicographic ordering. Then, S^n_1 is the measure induced from the strong partition relation on ω_1, functions f : dom(<_n) → ω_1 of the correct type, and W^n_1 .

Thus, A ⊆ ω_{n+1} has measure one with respect to S^n_1 iff there is a c.u.b. C ⊆ ω_1 such that for all f : dom(<_n) → C of the correct type, [f]_W n_1 ∈ A. We let S_1 denote the collection of measures S^n_1 , n ∈ ω.

Using the weak partition relation on δ^1_3, we define also the canonical family W_3. We use here the fact mentioned in the introduction that for any of the measures ν = S^n_1 (actually, for any measure on ω_ω) we have ∀α < δ^1_3 j_ν (α) < δ^1_3. This is a consequence of the existence of a Δ^1_3 coding of the subsets of ω_ω (c.f. [11]; we will carry out some similar computations in §6).

Definition 1.4. W^n_3 is the measure on δ^1_3 induced by the weak partition relation on δ^1_3, functions f : ω_{n+1} → δ^1_3 of the correct type, and the measure S^n_1 on ω_{n+1}. We let W_3 denote the collection of measures W^n_3 , n ∈ ω.

The following simple lemma is a special case of a “sliding lemma.” It shows that functions which are of the correct type almost everywhere with respect to <_m can be extended to functions which are of the correct type everywhere. More general versions will be introduced later.

Lemma 1.1. Let f : (ω_1)^m → ω_1 be of the correct type almost everywhere. That is, suppose C ⊆ ω_1 is c.u.b. and for all pairs ⃗α, ⃗β of increasing m-tuples from C we have f(⃗α) < f(⃗β) iff ⃗α <_m ⃗β. Suppose also, f ↾ C^m has uniform cofinality ω and is discontinuous. Then there is an f^′ : (ω_1)^m → ω_1 of the correct type such that ∀^∗_W m_1 ⃗α f^′(⃗α) = f(⃗α), and ran(f^′) ⊆ ran(f).

Proof. Let l : ω_1 → ω_1 be defined by: l(α) = α^{th} element of C. For α_1 < · · · < α_m < ω_1, define f^′(α_1, . . . , α_m) = f(l(α_1), . . . , l(α_m)). This easily works. □

We define now some families of some somewhat more general measures, which we denote by W_1, S_1 and W_3. The reader familiar with the homogeneous tree construction (see [6]) should have no trouble verifying that without loss of generality, the measures occurring in the homogeneous tree representations for Π^1, Π^1_2, Π^1_3 sets are contained in the families W_1, S_1 and W_3 respectively. For this reason, we refer to the measures in these families as special homogeneous measures.

We first define the family W_1. Suppose π = (i_1, i_2, . . . , i_n) is a permutation of (1, 2, . . . , n). If i_1 = n, we call π a standard permutation. We say an n-tuple of ordinals ⃗α = (α_1, . . . , α_n) is of type π if it is order isomorphic to π, that is, α_k < α_l iff i_k < i_l. If π is a standard permutation, this requires α_1 > α_2, . . . , α_n. For π a standard permutation of length n, let <_π be the lexicographic ordering on the n-tuples of type π. Note that <_π has length ω_1. For such π, let W^π_1 be the measure on the tuples of type π induced by W^n_1 . Thus, W^π_1 (A) = 1 iff ∃ c.u.b. C ⊆ ω_1 ∀(α_1, . . . , α_n) ∈ C^n of type π, (α_1, . . . , α_n) ∈ A. Let W be the family of measures W^π_1 .

In view of our notational convention, there is little difference between W^π_1 and W^n_1 , and we will frequently identify the two. For example, if f : dom(<_π) → ω_1 is order-preserving, we will usually write [f]_W n_1 in place of [f]_W π_1 to denote its equivalence class with respect to the measure W^π_1 .

If π_1 = (i_1, . . . , i_n), π_2 = (j_1, . . . , j_m) are permutations and m > n, we say π_2 extends π_1 if (j_1, . . . , j_n) is order-isomorphic to π_1. If, in addition, m = n + 1, then we say π_2 is an immediate extension of π_1. For example, (3, 1, 2) is immediately extended by the standard permutations (4, 2, 3, 1), (4, 1, 3, 2) and (4, 1, 2, 3). If π_2 extends π_1 as above, then then is a natural projection π : dom(<_{π2} ) → dom(<_{π1} ). Namely, π(α_1, . . . , α_n, . . . , α_m) = (α_1, . . . , α_n). Clearly π(W^{π2}_1 ) = W^{π1}_1 .

The following notational convention will be used throughout the paper.

Definition 1.5. Let π = (n, i_2, . . . , i_n) be a standard permutation of length n, and <_π the associated ordering. Suppose f : dom(<_π) → ω_1 is order-preserving. The k^{th} invariant of f, for 1 ≤ k ≤ n, denoted f(k), is defined as follows. Let π ↾ k = (n, i_2, . . . , i_k). For limit ordinals (α_n, α_{i2} , . . . , α_{ik} ) of type π ↾ k, define f(k)(α_n, α_{i2} , . . . , α_{ik} ) = sup{f(α_n, α_{i2} , . . . , α_{ik} , β_{ik+1} , . . . , β_{in} ): (α_n, α_{i2} , . . . , α_{ik} , β_{ik+1} , . . . , β_{in} ) has type π}. If δ < ω_{n+1} is representable by an order-preserving f : dom(<_π) → ω_1, we let δ(k) = [f(k)]_W k_1 .

It is easy to check that δ(k) is well-defined. Also, the permutation π such that δ is representable by an order-preserving f : dom(<_π) → ω_1 is unique, if it exists (for more discussion see §4).

In particular, if π = (n, 1, 2, . . . , n − 1) is the permutation defining S^n_1 , and f : dom(<_π) → ω_1 is order-preserving, this becomes: for limit ordinals α_1 < · · · < α_k < α_n, f(k + 1)(α_1, . . . , α_k, α_n) = sup{f(α_1, . . . , α_n): α_k < α_{k+1} < · · · < α_{n−1} < α_n}. We now define the family S_1.

Definition 1.6. A type-1 tree of measures is a function C with domain dom(C) = T ∪ {∅}, where T is a non-empty finite subtree of ω^{<ω}, satisfying:

(1) C(∅) = (1), the unique permutation of length 1.

(2) If t_2 immediately extends t_1 (i.e., t_2 = t^⌢_1 i for some i ∈ ω), then C(t_2) is a standard permutation which immediately extends the standard permutation C(t_1).

By the size of C we mean the size of T . We say C has depth n if n is the maximal length of a sequence in dom(C).

For each such C, we define a corresponding ordering <_C .

Definition 1.7. Let C be a type-1 tree of measures of depth n. Then <_C is defined to be lexicographic ordering on sequences ⟨α_1, i_1, . . . , α_k, i_k⟩, k ≤ n, satisfying:

(1) (i_1, . . . , i_k) ∈ dom(C).

(2) (α_1, . . . , α_k) has type C(i_1, . . . , i_{k−1}).

Remark 1.2. For ⃗i of maximal length in dom(C), the value C(⃗i) is not used in defining <_C. We require C(⃗i) to be defined in this case only for notational convenience.

Note that if ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ ∈ dom(<_C ), and l ≤ k, then ⃗s ↾ l = ⟨α_1, i_1, . . . , α_l, i_l⟩ ∈ dom(<_C ) as well. Note also that α_1 > α_2, . . . , α_k, so <_C has length ω_1.

Definition 1.8. Let C be a type-1 tree of measures. Then ν(C) is the measure on tuples (. . . , β^{⃗i}, . . .)_{⃗i∈dom(C)}, defined as follows (note: we only consider ⃗i ≠ ∅ here). A has measure one with respect to ν(C) if there is a c.u.b. C ⊆ ω_1 such that for all f : dom(<_C ) → C of the correct type (. . . , β^{⃗i}, . . .) ∈ A, where β^{(i1 ,...,ik )} is represented with respect to W^π_1 , where π = C(i_1, . . . , i_{k−1}), by the function f^{(i1,...,ik )} defined by: f^{(i1 ,...,ik )}(α_1, . . . , α_k) = f(⟨α_1, i_1, . . . , α_k, i_k⟩). We let S_1 be the collection of measures of the form ν(C), for C a type-1 tree of measures.

Note that if C has size m, then ν(C) is a measure on m-tuples. If f : dom(<_C ) → ω_1 is of the correct type, we frequently write [f] for the tuple (. . . , β^{⃗i}, . . .)_{⃗i∈dom(C)} represented by f.

If C_1, C_2 are type-1 trees of measures with domains T_1∪{∅}, T_2∪{∅} respectively, and T_1 ⊆ T_2, then we say C_2 extends C_1 provided C_2 ↾ dom(C_1) = C_1. In this case, dom(<_{C1} ) ⊆ dom(<_{C2} ), and any f : dom(<_{C2} ) → ω_1 of the correct type induces (by restriction) an f^′ : dom(<_{C1} ) → ω_1 of the correct type. Thus, if we define π(. . . , β^{⃗i}, . . .)_{⃗i∈dom(C2 )} = (. . . , β^{⃗i}, . . .)_{⃗i∈dom(C1)}, that is, we delete the appropriate components of the tuple, then π(ν(C_2)) = ν(C_1). If size(C_2) = size(C_1) + 1, then we say C_2 immediately extends C_1.

If C is a type-1 tree of measures, we say a tuple of ordinals (. . . , β^{⃗i}, . . .)_{⃗i∈dom(C)} is of type C if there is an f : dom(<_C ) → ω_1 of the correct type which represents ⃗β (i.e., β^{(i1 ,...,ik )} = [f^{(i1,...,ik )}]_W π_1 , where π = C(i_1, . . . , i_{k−1})). Thus, ν(C) concentrates on tuples ⃗β of type C.

Lemma 1.1 generalizes to orderings <_C for type-1 trees C.

Lemma 1.2. Let C be a type-1 tree of measures, and C ⊆ ω_1 be c.u.b. Let E be the subset of dom(<_C ) consisting of sequences ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ with α_1, . . . , α_k ∈ C. Suppose f : E → ω_1 is of the correct type. Then there is an f^′ : dom(<_C ) → ω_1 of the correct type such that ran(f^′) ⊆ ran(f) and [f^′] = [f].

Proof. Define l : ω_1 → ω_1 by l(α) = α^{th} element of C. For ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ ∈ dom(<_C ), define f^′(⃗s) = f(⟨l(α_1), i_1, . . . , l(α_k), i_k⟩). This easily works. □

Finally, we define the family W_3.

Definition 1.9. A type-2 tree of measures T is a function with domain a non-empty finite subtree of ω^{<ω} satisfying:

(1) For (i_1) ∈ dom(T ), T (i_1) is a minimal type-1 tree of measures, that is, T (i_1) has size 1.

(2) If t_2 immediately extends t_1, then T (t_2) is a type-1 tree of measures which immediately extends the type-1 tree T (t_1).

We define depth, size, extension, and immediate extension as for type-1 trees. If ⃗j = (j_1, . . . , j_{l−1}) ∈ dom(T ), then ν(T (⃗j)) is a measure on l − 1 tuples (. . . , β^{⃗i}, . . .)_{⃗i∈dom(T (⃗j))}. Moreover, the sequence T (j_1), T (j_1, j_2), . . ., T (j_1, . . . , j_{l−1}) determines an order of enumeration of the components β^{⃗i} of these tuples (namely, β^{⃗i} is the p^{th} component if ⃗i ∈ dom(T (j_1, . . . , j_p)) − dom(T (j_1, . . . , j_{p−1}))). We say a sequence (β_1, . . . , β_{l−1}) is of type T (j_1, . . . , j_{l−1}) if it enumerates, according to this order, a tuple ⃗β of type T (j_1, . . . , j_{l−1}).

We also associate to each type-2 tree of measures T an ordering <_T .

Definition 1.10. Let T be a type-2 tree of measures. Then <_T is lexicographic ordering on sequences ⟨j_1, γ_1, . . . , γ_{k−1}, j_k⟩ satisfying:

(1) (j_1, . . . , j_k) ∈ dom(T ).

(2) (γ_1 . . . , γ_{k−1}) is of type T (j_1, . . . , j_{k−1}).

Note that γ_1 < ω_2, and all the γ_i are less than ω_ω. Using the weak partition property on δ^1_3, we now associate to the type-2 tree T a measure ν(T ) on (δ^1_3)^{<ω} as follows.

Definition 1.11. Let T be a type-2 tree of measures, and <_T the corresponding ordering. Then A has ν(T ) measure one iff ∃ c.u.b. C ⊆ δ^1_3 ∀f : dom(<_T ) → C of the correct type, ⃗δ = (. . . , δ^{⃗j} , . . .)_{⃗j∈dom(T )} ∈ A. Here, for ⃗j = (j_1, . . . , j_l) ∈ dom(T ), δ^{⃗j} is represented with respect to ν(T (j_1, . . . , j_{l−1})) by the function f^{⃗j} where for (γ_1, . . . , γ_{l−1}) of type T (j_1, . . . , j_{l−1}), f^{(j1 ,...,jl)}(γ_1, . . . , γ_{l−1}) = f(⟨j_1, γ_1, . . . , j_{l−1}, γ_{l−1}, j_l⟩). If f : dom(<_T ) → ON, we will usually write [f] for the tuple of ordinals (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )} represented by f.

Again we have that if T_2 extends T_1, then dom(<_{T1} ) ⊆ dom(<_{T2} ), and there is a natural map π from dom(ν(T_2)) to dom(ν(T_1)) such that π(ν(T_2)) = ν(T_1).

We prove two embedding theorems; a “local” and a “global” embedding theorem (“local” refers to local or pointwise below δ^1_3 behavior; global refers to a certain behavior at δ^1_3). These theorems have the effect of saying that the canonical families of measures “dominate” the special homogeneous measures introduced above. We consider the local version first.

Theorem 1.1 (Local Embedding Theorem). Let C be a type-1 tree of measures. Then there is a measure S^m_1 in the canonical family S_1 and a c.u.b. C ⊆ δ^1_3 such that for all α ∈ C, j_C (α) ≤ j_m(α), where these refer to the embeddings from the ultrapowers by the measures ν(C), S^m_1 respectively.

Proof. We fix a type-1 tree C and corresponding measure ν(C). We take m > depth(C) and claim the theorem is true for ν(C) and S^m_1 . We introduce an auxiliary hypothesis from which the theorem follows easily.

(A): Let C, m be as above. Then there is a measure ν on (ω_ω)^{<ω} and a function h: ω_{m+1} → (ω_ω)^{<ω} satisfying the following:

(1) If ν(C)(A) = 1 then ∀^∗_Sm_1 α ∀^∗_ν ⃗β [h(α)(⃗β) ∈ A] (recall the notational convention mentioned in the introduction). Written out explicitly, this becomes: if A ⊆ dom(ν(C)) has ν(C) measure one, then for S^m_1 almost all α, if h_α represents h(α) with respect to ν, then for ν almost all ⃗β, h_α(⃗β) ∈ A.

(2) ∀^∗_Sm_1 α ∃⃗γ ∈ dom(ν(C)) ∀^∗_ν ⃗β [h(α)(⃗β) < ⃗γ]. By this we mean that if g : dom(<_C ) → ω_1 of the correct type represents ⃗γ, and if f : dom(<_C ) → ω_1 represents h(α)(⃗β), then for all (i_1) ∈ dom(C), [f^{(i1 )}]_W 1_1 < [g^{(i1)}]_W 1_1 .

First, we show that the theorem follows from (A). Let C ⊆ δ^1_3 be c.u.b. consisting of limit ordinals and closed under j_ν , the embedding from the ultrapower by ν. For fixed δ ∈ C, we define an embedding Π from j_C (δ) into j_m(δ). Let η < j_C (δ) and fix f : dom(ν(C)) → δ representing η. We set Π(η) = [g]_Sm_1 where for α < ω_{m+1}, g(α) is represented with respect to ν by the function f ∘ h_α, where h_α is as in (A). More succinctly, we could write ∀^∗_Sm_1 α ∀^∗_ν ⃗β (Π(η))(α, ⃗β) = f(h(α)(⃗β)). From (A1), it follows easily that Π is well-defined and order-preserving. From (A2) it follows that Π(η) < j_m(δ). We use here the fact that if h: dom(ν(C)) → ON, then there is a ν(C) measure one set A such that if f_1, f_2 : dom(<_C ) → ω_1 of the correct type represent ⃗γ_1, ⃗γ_2 in A, and ∀(i_1) ∈ dom(C) [f^{(i1)}_1 ]_W 1_1 < [f^{(i1)}_2 ]_W 1_1 , then h(⃗γ_1) ≤ h(⃗γ_2). This latter fact follows from an easy partition argument on ω_1 using lemma 1.2, which we leave to the reader.

We establish (A) by direct construction of the measure ν and function h. Without loss of generality, we may assume that dom(C) is a standard tree, that is, for every non-maximal ⃗i ∈ dom(C), {k : ⃗i^⌢k ∈ dom(C)} is an initial segment of ω. Let d = depth(C), s = size(C), and recall m > d. Let

ν = W^s_1 × [S^1_1 ]^s × [S^2_1 ]^s × · · · × [S^{m−2}_1 ]^s.

Here, [S^i_1]^s denotes the s-fold product of the measure S^i_1. Suppose α = [f]_W m_1 , where f : dom(<_m) → ω_1 is of the correct type, and we define a function h_α representing h(α) with respect to ν (it is irrelevant what h does off the measure one set of α so representable). Let

⃗β = (β_0, . . . , β_s, (β^1 , . . . , β^1_s ), . . . , (β^{m−2}_1 , . . . , β^{m−2}_s )) ∈ dom(ν),

where β_0 < β_1 < · · · < β_s, each β^i_j = [g^i_j ]_W i_1 where g^i_j : dom(<_i) → ω_1 is of the correct type, and whenever g^i_j precedes g^{i′}_j′ in this enumeration, then g^i_j (1)(α) < g^{i′}_j′ (α_1, . . . , α_i′_{−1}, α) for all α_1 < · · · < α < ω_1. Also, assume inf(g^1 ) > β_s. Again, the set of ⃗β so representable has ν measure one, and it is irrelevant how we define h_α off this set. We define a function h_α(⃗β)(−): dom(<_C ) → ω_1 representing h_α(⃗β). Let D ⊆ ω_1 be a c.u.b. set closed under all the functions g^i_j (1). For α_1 ∈ D and ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ ∈ dom(<_C ), define

(1) h_α(⃗β)(⃗s) = f(β_{i1} , g^1_{i2} (α_2), g^2_{i3} (π(α_2, α_3)), . . . , g^{k−1}_{ik} (π(α_2, . . . , α_k)), δ^k, . . . , δ^{m−2}, α_1), where δ^l = g^l_1(k − 1)(π(α_2, . . . , α_k)), and π(⃗α) denotes the permutation of ⃗α which is increasing. Note that k ≤ d < m, so this makes sense. Also, by assumption on the g^i_j and α_1, the sequence of ordinals being plugged into f is increasing.

First note that if [g^i_j ] = [g̃^i_j ] are two sequences of functions both representing ⃗β, and h, h̃ are the corresponding functions, then [h] = [h̃]. That is, there is a c.u.b. C ⊆ ω_1 such that if ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ ∈ dom(<_C ) and α_1, . . . , α_k ∈ C, then h(⃗s) = h̃(⃗s). Thus, for fixed f representing α, h_α(⃗β) is well-defined. Suppose next that [f] = [f̃] = α. If C defines a measure one set on which f, f̃ agree, then ν almost all ⃗β are representable by g^i_j having range in C (and β_1, . . . , β_s ∈ C). For such ⃗β we clearly have h_α(⃗β) = h̃_α(⃗β), where h, h̃ are defined using f, f̃. Thus, h(α) is well-defined, that is, does not depend on the choice of f representing α.

To verify (A1), let C ⊆ ω_1 be c.u.b., and A the set of ⃗γ representable by an h: dom(<_C ) → C of the correct type. Let α < ω_{m+1} be represented by f : dom(<_m ) → C of the correct type. Let ⃗β be represented by g^i_j satisfying the previously mentioned conditions. Let D ⊆ C be c.u.b. and closed under the g^i_j (1). If E ⊆ dom(<_C ) consists of the ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ with α_1, . . . , α_k ∈ D, then the function h: E → ω_1 defined by equation (1) is order-preserving, of the correct type, and has range in C. By lemma 1.2, h_α(⃗β) = [h] ∈ A.

For (A2), note that if f : dom(<_m) → ω_1 of the correct type represents α, then for any ⃗β and representing functions g^i_j as above, the function h defined by equation (1) representing h_α(⃗β) satisfies the following. For all ⃗s = ⟨α_1, i_1, . . . , α_k, i_k⟩ ∈ dom(<_C ) (with α_1 in a certain c.u.b. set) h(⃗s) < f(1)(α_1). □

The next theorem is our “global” embedding theorem. The proof is similar in spirit to that of the local theorem.

Theorem 1.2 (Global Embedding Theorem). Let T be a type-2 tree of measures and ν(T ) the corresponding measure on (δ^1_3)^{<ω}. Then for some m ∈ ω, j_{ν(T )}(δ^1_3) ≤ j_W m_3 (δ^1_3).

Proof. As with the local embedding theorem, we proceed through an auxiliary hypothesis:

(B): Let T be a type-2 tree of measures, and <_T the corresponding ordering. Let m ≥ depth(T ). Then there is a measure ν on (ω_ω)^{<ω} and a function h with domain dom(ν) and range in tuples of ordinals (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )} satisfying the following:

(1) Suppose A ⊆ ω_{m+1} has S^m_1 measure one. Then for ν almost all ⃗α, if h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )}, and for ⃗j = (j_1, . . . , j_l) ∈ dom(T ), the function h^{⃗j}_{⃗α} : dom(ν(T (j_1, . . . , j_{l−1}))) → ON represents β^{⃗j} with respect to ν(T (j_1, . . . , j_{l−1})), then for ν(T (j_1, . . . , j_{l−1})) almost all ⃗γ = (γ_1, . . . , γ_{l−1}) we have h^{⃗j}_{⃗α}(⃗γ) ∈ A. [If l = 1, then we require that h^{(j1 )}_{⃗α} .= β^{(j1 )} ∈ A.]

(2) For almost all ⃗α with respect to ν, if h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )} and the functions h^{⃗j}_{⃗α} represent the β^{⃗j} as above, then the following holds. Define r : <_T → ON by r(⟨j_1, γ_1, . . . , γ_{l−1}, j_l⟩) = h^{(j1 ,...,jl )}_{⃗α} (γ_1, . . . , γ_{l−1}). Then there are measure one sets A^{(j1 ,...,jl)} with respect to ν(T (j_1, . . . , j_{l−1})) such that r restricted to those tuples ⃗s ∈ dom(<_T ) with (γ_1, . . . , γ_{l−1}) ∈ A^{(j1 ,...,jl)} is order-preserving.

We first establish the theorem assuming (B). We produce an embedding Π from the ultrapower of δ^1_3 by ν(T ) into the ultrapower of δ^1_3 by W^m_3 , with m, ν chosen as in (B). Let F : dom(ν(T )) → δ^1_3 represent an equivalence class with respect to ν(T ). We define G: δ^1_3 → δ^1_3 representing Π([F ]) with respect to W^m_3 . Fix g : ω_{m+1} → δ^1_3 of the correct type representing [g]_Sm_1 . We define G([g]_Sm_1 ) to be the ordinal represented with respect to ν by the function G([g])(−): dom(ν) → δ^1_3 defined as follows. Let ⃗α ∈ dom(ν). Say h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )}, and let the functions h^{⃗j}_{⃗α} represent the β^{⃗j} . If there is a function t: dom(<_T ) → δ^1_3 of the correct type such that for all ⃗j = (j_1, . . . , j_l) ∈ dom(T ) we have [t^{⃗j} ]_{ν(T (j1,...,jl−1 ))} = [g ∘h^{⃗j}_{⃗α}]_{ν(T (j1 ,...,jl−1))}, then we set G([g])(⃗α) = F ([t]) (recall t^{⃗j} (γ_1, . . . , γ_{l−1}) = t(⟨j_1, γ_1, . . . , γ_{l−1}, j_l⟩)). Otherwise, set G([g])(α) = 0. For fixed g, clearly G([g])(⃗α) is well-defined, that is, does not depend on the choice of the h^{⃗j}_{⃗α}. From (B1) it follows that if [g_1]_Sm_1 = [g_2]_Sm_1 , then G([g_1]) = G([g_2]). Suppose now that [F_1]_{ν(T )} = [F_2]_{ν(T )}, and let G_1, G_2 be the functions defined using F_1, F_2 respectively. Let C ⊆ δ^1_3 be c.u.b. such that for all t: dom(<_T ) → C of the correct type we have F_1([t]) = F_2([t]). Let D ⊆ C consist of limit points of C, and every α ∈ D is the α^{th} element of C. Let g : ω_{m+1} → D be of the correct type. By (B2), for ν almost all ⃗α, if h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )} and the h^{⃗j}_{⃗α} represent the β^{⃗j} , then there are measure one sets A^{⃗j} such that r : E ⊆ dom(<_T ) → ω_{m+1} is order-preserving. Here E = {⟨j_1, γ_1, . . . , γ_{l−1}, j_l⟩: ⃗γ ∈ A^{(j1 ,...,jl )}}. Also, r(⟨j_1, γ_1, . . . , γ_{l−1}, j_l⟩) = h^{(j1 ,...,jl )}_{⃗α} (γ_1, . . . , γ_{l−1}). Thus, g ∘ r is also orderpreserving, has range in D, and has uniform cofinality ω. Easily, we may extend g ∘ r to a t: dom(<_T ) → C of the correct type whence for all ⃗j ∈ dom(T ), [t^{⃗j} ] = [g ∘ r^{⃗j} ] = [g ∘ h^{⃗j}_{⃗α}], these equivalence classes with respect to ν(T (j_1, . . . , j_{l−1})). Thus, G_1([g]) = F_1([t]) = F_2([t]) = G_2([g]). This shows that [G_1]_W m_3 = [G_2]_W m_3 . Thus Π is well-defined, and the same argument shows Π is order-preserving.

We proceed to establish (B). We fix the type-2 tree of measures T and corresponding ordering <_T . Let m ≥ depth(T ). We first define the measure ν.

Fix for the moment ⃗j^′ = ⟨j_1, . . . , j_{l−1}⟩ which is non-maximal in dom(T ). Recall T (⃗j^′) is a type-1 tree of measures. We define a measure μ^{⃗j′} ∈ W_1. Let a ∈ {1, . . . , l − 1}, and let ⃗i_a be the unique tuple in dom(T (j_1, . . . , j_a)) − dom(T (j_1, . . . , j_{a−1})). Say ⃗i_a = (i_1, . . . , i_k). If f : dom(<_{T (⃗j′ )}) → ω_1 is of the correct type, and ϵ_1 < · · · < ϵ_{m−1} < ω_1, we define θ^{⃗j′}_a (f,⃗ϵ) = f(⟨δ_1, i_1, . . . , δ_k, i_k⟩), where ⃗δ is the permutation of (ϵ_{m−k}, . . . , ϵ_{m−1}) of type T (⃗j^′)(i_1, . . . , i_{k−1}). This makes sense since k ≤ depth(T (⃗j^′)) < depth(T ) = m. Define now a permutation σ of {1, . . . , l − 1} as follows. For a, b ∈ {1, . . . , l − 1}, set a <_σ b iff ∃ c.u.b. C ⊆ ω_1 ∀f : dom(<_{T (⃗j′ )}) → C of the correct type ∀^∗_{W m−11} ⃗ϵ [θ^{⃗j′}_a (f,⃗ϵ) < θ^{⃗j′}_b (f,⃗ϵ)]. Let σ = σ(⃗j^′) be the permutation defined by the ordering <_σ. Note that if ⃗j extends ⃗j^′, then the corresponding permutation σ extends σ^′. Let μ^{⃗j′} ∈ W_1 be the measure on tuples (ϵ_m, ϵ_1, . . . , ϵ_{m−1}, η_1, . . . , η_{l−1}) of countable ordinals of the following type: ϵ_1 < · · · < ϵ_{m−1} < inf{η_i}, ϵ_m > sup{η_i}, and (η_1, . . . , η_{l−1}) is of type σ. We say such a tuple is of type μ^{⃗j′} .

Let ≺ be lexicographic ordering on sequences ⟨ϵ_m, ϵ_1, . . . , ϵ_{m−1}, j_1, η_1, . . ., η_{l−1}, j_l⟩ satisfying:

(1) ⃗j = (j_1, . . . , j_l) ∈ dom(T ).

(2) ϵ_m < ω_1, ϵ_m > ϵ_1, . . . , ϵ_{m−1}, η_1, . . . , η_{l−1}.

We let ν be the measure on tuples ⃗α = (. . . , α^{⃗j} , . . .)_{⃗j∈dom(T )} defined as follows. Define ν(A) = 1 iff ∃ c.u.b. C ⊆ ω_1 ∀g : dom(≺) → C of the correct type, ⃗α ∈ A. Here, for ⃗j = (j_1, . . . , j_l) ∈ dom(T ), and ⃗j^′ denoting (j_1, . . . , j_{l−1}), α^{⃗j} is represented with respect to μ^{j′} by the function g^{⃗j} , where for ⃗s = (ϵ_m, ϵ_1, . . . , ϵ_{m−1}, η_1, . . . , η_{l−1}) of type μ^{j′} we set g^{⃗j} (⃗s) = g(⟨ϵ_m, ϵ_1, . . . , ϵ_{m−1}, j_1, η_1, . . . , η_{l−1}, j_l⟩).

We define the function h as in (B). Fix ⃗α ∈ dom(ν), and fix g : dom(≺) → ω_1 of the correct type representing ⃗α as in the previous paragraph. We define the tuple h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )}. Fix ⃗j = (j_1, . . . , j_l) ∈ dom(T ), and we define a function h^{⃗j}_{⃗α} representing β^{⃗j} with respect to ν(T (j^′)), where again ⃗j^′ = (j_1, . . . , j_{l−1}). Let (γ_1, . . . , γ_{l−1}) ∈ dom ν(T (⃗j^′)), and suppose f : dom(<_{T (⃗j′ )}) → ω_1 of the correct type represents ⃗γ. Set h^{⃗j}_{⃗α}(⃗γ) = [H]_W m_1 , where (2) H(ϵ_1, . . . , ϵ_m) = g(⟨ϵ_m, ϵ_1, . . . , ϵ_{m−1}, j_1, η_1, . . . , η_{l−1}, j_l⟩) and η_a = θ^{⃗j′}_a (f, (ϵ_1, . . . , ϵ_{m−1})). Clearly this does not depend on the choice of f representing ⃗γ.

We first show that this is well-defined. Suppose g_1, g_2 : dom(≺) → ω_1 are of the correct type and both represent ⃗α. That is, for all ⃗j = (j_1, . . . , j_l) ∈ dom(T ) we have that g^{⃗j}_1 and g^{⃗j}_2 agree μ^{⃗j′} almost everywhere, where again ⃗j^′ = (j_1, . . . , j_{l−1}). If h_1(⃗α), h_2(⃗α) are defined using g_1, g_2 respectively, then we must show that for all ⃗j = (j_1, . . . , j_l) ∈ dom(T ) that (h_1)^{⃗j}_{⃗α}(⃗γ) = (h_2)^{⃗j}_{⃗α}(⃗γ) for ν(T (⃗j^′)) almost all (γ_1, . . . , γ_{l−1}), where as usual, ⃗j^′ = (j_1, . . . , j_{l−1}). Let C ⊆ ω_1 define measure one sets with respect to the μ^{⃗j′} , ⃗j ∈ dom(T ), on which g^{⃗j}_1, g^{⃗j}_2 agree. Fix ⃗j = (j_1, . . . , j_l) ∈ dom(T ), and let ⃗γ = (γ_1, . . . , γ_{l−1}) be represented by f : dom(<_{T (⃗j′ )}) → C of the correct type. We may also assume f is such that ∀^∗_{W m−11} ⃗ϵ (θ^{⃗j′}_1 (f,⃗ϵ), . . . , θ^{⃗j′}_{l−1}(f,⃗ϵ)) is order-isomorphic to σ^{⃗j′} . Then for almost all ϵ_1, . . . , ϵ_m in C we have (ϵ_m, ϵ_1, . . . , ϵ_{m−1}, θ^{⃗j′}_1 (f,⃗ϵ ↾ m − 1), . . . , θ^{⃗j′}_{l−1}(f,⃗ϵ ↾ m − 1)) is of type μ^{⃗j′} , and all the ordinals of this tuple lie in C. Thus, g^{⃗j}_1, g^{⃗j}_2 agree on this tuple, and this shows that (h_1)^{⃗j}_{⃗α}(⃗γ) = (h_2)^{⃗j}_{⃗α}(⃗γ).

To verify (B1), let C ⊆ ω_1 be c.u.b. defining a S^m_1 measure one set A. Fix g : dom(≺) → C of the correct type representing ⃗α, and let h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )}. Fix ⃗j = (j_1, . . . , j_l) ∈ dom(T ). Then β^{⃗j} is represented with respect to ν(T (j^′)) by h^{⃗j}_{⃗α}(⃗γ), where for almost all ⃗γ represented by f : dom(<_{T (⃗j′ )}

) → ω_1 of the correct type we have h^{⃗j}_{⃗α}(⃗γ) = [H]_W m_1 , and for W^m_1 almost all ⃗ϵ, H(⃗ϵ) is given by equation (2). Since g has range in C, so does H. Since g has uniform cofinality ω and is discontinuous, the same also holds for H (almost everywhere). From the definition of ≺ and equation (2) we also see that H is almost everywhere order-preserving with respect to <_m. From lemma 1.1, there is an H^′ : dom(<_m) → C of the correct type with [H^′]_W m_1 = [H]_W m_1 . Thus, [H]_W m_1 ∈ A.

To verify (B2), Fix again g : dom(≺) → C of the correct type representing ⃗α, and let h(⃗α) = (. . . , β^{⃗j} , . . .)_{⃗j∈dom(T )}. Let ⃗j = (j_1, . . . , j_l) ∈ dom(T ), and suppose (γ_1, . . . , γ_{l−1}), (γ^′_1, . . . , γ^′_{l−1}) are represented by f_1, f_2 : dom(<_{T (⃗j′ )}) → ω_1 of the correct type, with ⃗j^′ = (j_1, . . . , j_{l−1}). Suppose also that γ_1 = γ^′_1, . . ., γ_{l−1} < γ^′_{l−1}, and we show that h^{⃗j}_{⃗α}(⃗γ) < h^{⃗j}_{⃗α}(⃗γ^′), the other cases being similar. Then for W^{m−1}_1 almost all ϵ_1, . . . , ϵ_{m−1}, θ^{⃗j′}_1 (f_1,⃗ϵ) = θ^{⃗j′}_1 (f_2,⃗ϵ), . . ., θ^{⃗j′}_{l−1}(f_1,⃗ϵ) < θ^{⃗j′}_{l−1}(f_2,⃗ϵ). Since g is order-preserving, if H_1, H_2 are defined using f_1, f_2 respectively, then [H_1]_W m_1 < [H_2]_W m_1 , and we are done. This establishes (B) and the theorem. □

Recall now that the homogeneous tree construction (see [6]) gives that δ^1_5 ≤ (sup j_ν (δ^1_3))^+ where ν ranges over the measures on δ^1_3 occurring in the homogeneous tree construction for a complete Π^1_3 set. Hence, we obtain as an immediate corollary to the global embedding theorem:

Corollary 1.1. δ^1_5 ≤ ( sup_m j_W m_3 (δ^1_3)

)_+ .

CHAPTER 2

Martin’s Theorem

This chapter is devoted to proving the following theorem of Martin [7] referred to in the introduction.

Theorem 2.1. Let F : δ^1_3 → δ^1_3 be given, and κ < δ^1_3 a regular cardinal, that is, κ = ω, ω_1, or ω_2. Then there is a tree T on δ^1_3 such that for almost all α with respect to the κ-cofinal normal measure on δ^1_3, F (α) < |T ↾ sup_j j(α)|, where the supremum

ranges over embeddings corresponding to ultrapowers by measures occurring in the homogeneous tree construction on a complete Π^1 or Π^1_2 set, depending on whether κ = ω_1 or κ = ω_2 (if κ = ω, we use |T ↾ α| in the formula above).

Remark 2.1. For κ = ω the result is due to Kunen and is easier – a proof appears in [5]. In fact, the argument is essentially identical to that for the corresponding result on ω_1 which is sketched below.

We develop first some facts pertaining to the coding of ordinals < κ, where κ is either ω_1 or ω_2. Most of these facts, including the Kunen tree analysis, are well-known, but we include them for the sake of completeness.

If T ⊆ (ω × λ)^{<ω} is a tree, and x ∈ ω^ω, recall T_x = {f ∈ λ^ω : ∀n (x ↾ n, f ↾ n) ∈ T } denotes the section of the tree at x. Similarly, if s ∈ ω^{<ω}, then T_s = {⃗α: (s, ⃗α) ∈ T }. Both of these notions extend in an obvious manner to trees on ω × ω × λ, etc. Recall [T ] denotes the set of infinite branches through T and p[T ] its projection on ω^ω.

Recall a tree T ⊆ (ω × λ)^{<ω} is homogeneous if there are measures μ_s for s ∈ ω^{<ω} with T_s ≠ ∅, such that μ_s(T_s) = 1, if t extends s then π^t_s(μ_t) = μ_s where π^t_s : λ^{lh(t)} → λ^{lh(s)} is the natural projection π^t_s(⃗α) = (⃗α ↾ lh(s)), and finally, the following homogeneity property is satisfied: for all x ∈ ω^ω, if x ∈ p[T ] and A_1, A_2, . . . are sets with μ_{x↾n}(A_n) = 1 for all n, then ∃f ∈ λ^ω [(x, f) ∈ [T ] ∧ ∀n f ↾ n ∈ A_n]. We refer the reader to [6] for more information on homogeneous trees and their construction.

Let LO ⊆ 2^ω be the set of codes of characteristic functions for linear orderings of ω, i.e., x ∈ LO iff the relation defined by n <_x m ⇔ x(⟨n, m⟩) = 1 is a linear ordering. Likewise, let W O be the set of codes of characteristic functions for wellorderings of ω. LO is closed, and W O ∈ Π^1. For x ∈ W O, let |x| < ω_1 be the rank of the well-ordering <_x. The standard Shoenfield tree construction produces a homogeneous tree T on ω × ω_1 projecting to W O. Let us recall one way of doing this. Let a_1 = 1 and for i > 1, a_i = sup_{j<i} ⟨j, i⟩ + 1. If ⃗α = (α_1, . . . , α_n) is an n-tuple

of countable ordinals, let β_1 = α_{a1} , β_2 = α_{a2} , . . ., β_k = α_{ak} be the subsequence of ⃗α at coordinates a_1, a_2, . . .. Let γ_1, . . . , γ_l denote the remaining components of ⃗α (so k + l = n). If s ∈ 2^{n+1}, put (s, (α_0, . . . , α_n)) in T iff ∃x ∈ LO extending s and the following conditions are met (where ⃗β, ⃗γ are defined relative to (α_1, . . . , α_n)). We require α_0 > α_1, . . . , α_n, γ_1 < · · · < γ_l, γ_l < inf_{1≤j≤k}β_j , and for all 1 ≤ j_1 < j_2 ≤ k

we have β_{j1} < β_{j2} iff s(⟨j_1, j_2⟩) = 1. Easily, W O = p[T ]. Also, T is homogeneous with measures in W_1, as ⃗α ∈ T_s iff ⃗α is order-isomorphic to a certain permutation. Also, if (x, f) ∈ [T ], then |x| ≤ f(0).

We abstract these properties into the following definition.

Definition 2.1. Let κ be a regular cardinal, P ⊆ ω^ω, and x → |x| a norm on P with range cofinal in κ. If T is a homogeneous tree on ω × λ for some λ ∈ ON, then we say P , | |, T satisfy (⋆) provided P = p[T ] and ∀(x, f) ∈ [T ] |x| ≤ f(0) < κ.

Thus, the Shoenfield tree T constructed above along with W O and the usual norm on W O satisfy (⋆) for κ = ω_1.

We consider now κ = ω_2. The Shoenfield tree T above satisfies also the following property. If ω^2 ≤ α < ω_1 is a limit ordinal, x ∈ W O, and |x| = α, then T_x ↾ α + 1 is ill-founded. To see this, choose f so that the ⃗γ subsequence of f consists of integers, and β_i = ω+ | i |_{<x} . We now construct the Kunen tree. Let S ⊆ (ω × ω)^{<ω} be a tree with p[S] a Σ^1-complete set. Thus, sup{|S_y|: S_y is wellfounded } = ω_1. Define the tree K ⊆ (ω × ω × ω_1 × ω × ω)^{<ω} as follows. Put (s, t, ⃗α, u, v) in K iff ∃z, x, y extending s, t, u [z(x) = y ∧ (t, ⃗α) ∈ T ∧ (u, v) ∈ S]. Here we are viewing every z ∈ ω^ω as a strategy for II in an integer game. K is our Kunen tree, and has the following property. If f : ω_1 → ω_1, then there is a z with K_z well-founded and such that for all limit α > ω^2, |K_z ↾ (α + 1)| > f(α). [Play the game where I plays x, II plays y, and II wins iff x ∈ W O → (S_y is well-founded ∧|S_y| > f(|x|). II wins by boundedness, and a winning strategy for II, coded as a real z, produces the result.]

Remark 2.2. If we use the variant of T in which we delete the initial ordinals α_0 from the tree, and then construct K as above, we improve the inequality slightly to |K_z ↾ α| > f(α). It is convenient to use our definition of T for the analysis below, however.

We now apply the homogeneous tree construction to the tree K to produce a tree V ⊆ (ω × ω_ω)^{<ω}. We recall briefly this construction. Let i → (b_i, c_i, d_i) be a bijection from ω to the 3-tuples from ω^{<ω} −{∅} with lh(b_i) = lh(c_i) = lh(d_i) .= l_i +1. We may assume that if (b_j , c_j , d_j ) properly extends (b_i, c_i, d_i), then j > i. Order the 4-tuples (b, α, c, d) from (ω × ω_1 × ω × ω) by: (b, α, c, d) < (b^′, α^′, c^′, d^′) iff (α, b, c, d) <_{lex} (α^′, b^′, c^′, d^′). For every s ∈ ω^{<ω}, this ordering extends to the Kleene-Brouwer order ≺_s on K_s. If (b, α, c, d) ∈ K_s, it is convenient to also regard α as being in the domain of ≺_s (thus, α ≻_s (b, α, c, d) for any b, c, d). For s ∈ ω^{<ω}, let μ_s be the homogeneity measure on T_s. Put (s, (β_0, . . . , β_{n−1})) ∈ V iff ∃f : dom(≺_s) → ω_1 of the correct type such that ∀1 ≤ i < n β_i = [f^i]_{μbi} . Here, for i > 0 and ⃗α = (α_0, . . . , α_{li} ) ∈ dom(μ_{bi} ), f^i(⃗α) = f(b_i, ⃗α, c_i, d_i). Also, we require that β_0 = [f^0]_W 1_1 , where f^0(α_0) = f(α_0). Then for all z ∈ ω^ω, K_z is well-founded iff V_z is ill-founded. [If K_z is well-founded, then (z, ⃗β) ∈ [V ], where the β_i are represented by an f of the correct type from the Kleene-Brouwer order on K_z to ω_1. For the other direction, see the following paragraph.]

Suppose now (z, ⃗β) ∈ [V ]. We claim that K_z is well-founded and if g : ω_1 → ω_1 is defined by g(α) = |K_z ↾ (α + 1)|, then [g]_W 1_1 ≤ β_0. To see this, fix for each n ≥ 1 an f_n of the correct type from the Kleene-Brouwer ordering on K_{z↾n} to ω_1 such that ∀1 ≤ i < n [f^i_n]_{μbi} = β_i, and also [f^0_n]_W 1_1 = β_0. For each i > 0, let C_i ⊆ ω_1 be c.u.b.

defining a μ_{bi} measure one set A_i such that ∀n, m > i ∀⃗α ∈ A_i f^i_n(⃗α) = f^i_m(⃗α). Likewise, let C_0 be such that ∀n, m > 0 f^0_n(α_0) = f^0_m(α_0) for all α_0 ∈ C_0. For α_0 ∈ C_0, let h(α_0) be the common value of the f^0_n(α_0). Let C = ⋂ i C_i. Let D ⊆ C consist of limit points of C, and every α ∈ D is the α^{th} element of C. Fix δ ∈ D. For (b_i, ⃗α, c_i, d_i) ∈ K_z with α_0 ≤ δ, define F (b_i, ⃗α, c_i, d_i) = f^i_n(b_i, π(⃗α), c_i, d_i) for any (all) n > i. Here π(α_0, . . . , α_k) = (l(α_0), . . . , l(α_k)), where l(α) = the α^{th} element of C. Then F is order-preserving from the Kleene-Brouwer ordering on K_z ↾ (δ + 1) to h(δ). Thus, |K_z ↾ (δ + 1)| ≤ h(δ). Since [h]_W 1_1 = β_0, this establishes the claim.

We now define our coding for κ = ω_2. Let P = {z : K_z is well-founded }. For z ∈ P , let |z| = [g]_W 1_1 , where g(α) .= |K_z ↾ (α + 1)|. Let V ⊆ (ω × ω_ω)^{<ω} be the homogeneous tree constructed above. The claim of the previous paragraph shows that P , | |, V satisfy (⋆) for κ = ω_2. An easy computation shows that P ∈ Π^1_2. Note also that V is homogeneous, with all of the homogeneity measures in S_1 (these measures are induced from the strong partition relation on ω_1 and functions f of the correct type from a subset of the Kleene-Brouwer ordering on K_s to ω_1).

The following lemma summarizes the discussion to this point.

Lemma 2.1. Let κ = ω_1 (respectively ω_2). Then there is a Π^1 (Π^1_2) set P , a norm x → |x|_P < κ on P with range cofinal in κ, and a homogeneous tree T ⊆ (ω × ω_1)^{<ω} (T ⊆ (ω × ω_ω)^{<ω}) with homogeneity measures in W_1 (S_1) which satisfy (⋆).

We note also that for α < κ that P_α .= {x ∈ P : |x|_P = α} ∈ Δ^1_3. This is clear if κ = ω_1, as then P_α ∈ Δ^1. For the κ = ω_2 case, let [g]_W 1_1 = α, so x ∈ P_α iff ∀^∗_{W 11} γ |K_x ↾ γ + 1| = g(γ). Since for fixed γ, δ < ω_1 the set {x: K_x ↾ γ + 1 is well-founded of rank δ} is Δ^1, it suffices to observe the following well-known claim.

Claim 1. If {A_γ }_{γ<ω1} , is a sequence of Δ^1 sets, then A = {x: ∀^∗_{W 11} γ (x ∈ A_γ )} is Δ^1_3.

Proof. Let K again be the Kunen tree constructed above. Let C_0 be the set of limits of limit ordinals greater than ω^2. If K_z is well-founded, let C_z = C_0 ∩ {γ : ∀β < γ |K_z ↾ β| < γ}. Then for any c.u.b. C ⊆ ω_1 there is a z with K_z well-founded such that C_z ⊆ C, since we may choose z so that for all limit β > ω^2 we have |K_z ↾ β + 1| > N_C (β) .= the least element of C greater than β. Then

A(x) ↔ ∃z[K_z is well-founded ∧ ∀γ ∈ C_0(γ ∈ C_z → x ∈ A_γ )].

For all γ ∈ C_0, {z : K_z is well-founded ∧γ ∈ C_z } ∈ Δ^1_3, so by the closure of Δ^1_3 under < δ^1_3 intersections, the expression inside the square brackets defines a Δ^1_3 relation. Thus, A ∈ Σ^1_3. A similar computation shows ¬A ∈ Σ^1_3. □

We will not need anything about our coding of the (cofinally many) ordinals below κ than that contained in lemma 2.1 and the following paragraph. We fix P , the norm x → |x|_P , and the homogeneous tree T as in lemma 2.1.

We next need to introduce a coding for functions f : κ → δ^1_3. Let ρ: ω^{ω onto}→ ω_ω be the norm from a Δ^1_3 prewellordering, so for all β < ω_ω, ρ^{−1}(β) ∈ Δ^1_3. We may assume without loss of generality that ∀s ∈ ω^{<ω} ∀α < ω_ω ∃x extending s with ρ(x) = α. Recall there is a Δ^1_3 coding of the subsets of κ × ω_ω × ω_ω. That is, there is a map π : ω^{ω onto}→ P(κ × ω_ω × ω_ω) such that for all (α, β, γ) ∈ κ × ω_ω × ω_ω,

{x: (α, β, γ) ∈ π(x)} ∈ Δ^1_3. We fix ρ, π for the rest of this proof. For z ∈ ω^ω and α < κ let (with a slight abuse of notation) π(z)(α) = {(β, γ): (α, β, γ) ∈ π(z)}. For α < κ and β < δ^1_3, define z ∈ E_{α,β} iff ∀α^′ ≤ α π(z)(α^′) is well-founded of rank ≤ β. Using the closure of Δ^1_3 under < δ^1_3 length unions and intersections, it is straightforward to see that E_{α,β} ∈ Δ^1_3. Define the relation R by: R(z, x) ⇔ x ∈ P ∧ ∀α ≤ |x|_P π(z)(α) is well-founded ⇔ ¬∃w∃v ∀n [ρ(v) ≤ |x|_P ∧ (ρ(v), ρ(w_n), ρ(w_{n+1})) ∈ π(z)]. Using claim 1 and the closure of Δ^1_3 under < δ^1_3 unions and intersections, it is easy to see that the relation defined by the expression in square brackets is Δ^1_3, and thus R is Π^1_3. Let U ⊆ (ω × ω × δ^1_3)^{<ω} be a homogeneous tree with R = p[U], and with the homogeneity measures for U being δ^1_3-complete (which the homogeneous tree construction gives). For r_n, s_n ∈ ω^{<ω} of the same length, let ν_{rn,sn} be the corresponding homogeneity measure for U_{rn,sn} .

For z ∈ ω^ω, we define a partial function f_z : κ → δ^1_3 as follows. For α < κ, we have α ∈ dom(f_z) iff π(z)(α) is wellfounded, in which case f_z(α) is the rank of π(z)(α). Definition 2.2. We define the set of codes CO for ordinals below δ^1_3 by:

z ∈ CO iff ∀α < κ f_z(α) is defined (i.e., π(z)(α) is well-founded). For z ∈ CO, let ||z|| = sup_{α<κ}f_z(α). If β < δ^1_3 and cof(β) = κ, then ∃z ∈ CO ||z|| = β. Also, this coding has the following boundedness property. If S ⊆ CO is Σ^1_3, then sup{||z||: z ∈ S} < δ^1_3. This follows since this supremum is bounded by the length of the following Σ^1_3 well-founded relation: (z, x, y) ≺ (z^′, x^′, y^′) iff z = z^′ ∈ S, ρ(x) = ρ(x^′) < κ, and (ρ(x), ρ(y), ρ(y^′)) ∈ π(z). We now “integrate” the tree U to produce a tree V . Let s_n be an enumeration of ω^{<ω} − {∅} with any sequence preceding its extensions. Let μ_n denote the homogeneity measure for T corresponding to s_n (thus μ_n is a measure on T_{sn} ). Let l_n be the length of s_n, so μ_n is a measure on l_n-tuples.

Define the tree V ⊆ (ω × δ^1_3)^{<ω} by: ((a_0, . . . , a_{n−1}), (β_0, . . . , β_{n−1})) ∈ V provided the following conditions are satisfied.

(1) ((a_0, . . . , a_{n−2}), (β_0, . . . , β_{n−2})) ∈ V .

(2) Let q_1 < q_2 < · · · < q_{ln} = n be the integers such that s_{qi} = s_n ↾ i. For 1 ≤ i ≤ l_n, let f_i : dom(μ_{qi} ) → δ^1_3 represent β_{qi} . Then we require that for μ_n almost all (α_0, . . . , α_{ln−1}) that ((a_0, . . . , a_{ln−1}), s_n, (γ_0, . . . , γ_{ln−1})) ∈ U, where γ_i = f_i(α_0, . . . , α_{i−1}).

Claim 2. V has the following properties. (1) ∀z ∈ ω^ω (V_z is ill-founded iff z ∈ CO).

(2) There is a c.u.b. set D ⊆ δ^1_3 such that for all δ ∈ D, if z ∈ CO and ||z|| = δ, then V_z ↾ sup_j j(δ) is ill-founded, where the supremum ranges

over embeddings j corresponding to the measures μ_i occurring in T .

To verify (1) of the claim, suppose that V_z is ill-founded. Let x ∈ P , and we show that R(z, x). Let q_1 < q_2 < · · · be such that s_{qi} = x ↾ i. Then, from the definition of V it follows that for all k ∈ ω there are representing functions f_k : dom(μ_{qk} ) → δ^1_3 and measure one sets A^k with respect to μ_{qk} such that for all k and (α_0, . . . , α_{k−1}) ∈ A_k we have (z ↾ k, x ↾ k, (f_1(α_0), . . . , f_k(α_0, . . . , α_{k−1}))) ∈ A. Since x ∈ P , by homogeneity there is a sequence ⃗α such that ∀k ⃗α ↾ k ∈ A_k . Let γ_i = f_i(α_0, . . . , α_{i−1}). Then (z, x, ⃗γ) ∈ [U], so R(z, x).

Secondly, we verify property (2) of V. We first define the c.u.b. set D ⊆ δ^1_3 as required. For fixed z ∈ ω^ω, consider the following game G_z :

I. x(0), x(1),. . . x

α(0), α(1),. . . ⃗α

II. γ(0), γ(1),. . . ⃗γ

Here, x(i) ∈ ω , α(i) < ω_ω, and γ(i) < δ^1_3. In addition, I must play α(0) such that ∀α ≤ α(0) f_z(α) is defined, or I loses. II then wins provided ∀n[(x ↾ n, ⃗α ↾ n) ∈ T → (z ↾ n, x ↾ n, ⃗γ ↾ n) ∈ U. This game is closed for II, hence determined. Now, I cannot win this game, for suppose I had a winning strategy, say σ. Let σ call for I to initially play x(0), α(0). Let x(1), α(1) be such that for some ν_{z(0),x(0)} measure one set A_1 and all γ(0) ∈ A_1, σ(γ(0)) = x(1), α(1). Continuing, define x(n), α(n) so that for some ν_{z↾n,x↾n} measure one set A_n, and all (γ(0), . . . , γ(n − 1)) ∈ A_n, we have σ(⃗γ ↾ n) = x(n), α(n). We use here the δ^1_3-completeness of the measures in U (note also that each U_{z↾n,x↾n} is non-empty). We have thus defined a real x and an ordinal sequence ⃗α. Clearly (x, ⃗α) ∈ [T ]. By (⋆), |x|_P ≤ α(0). Thus, R(z, x). By homogeneity, we may fix ⃗γ ∈ (δ^1_3)^ω such that ∀n ⃗γ ↾ n ∈ A_n. If II plays ⃗γ, then II defeats I, a contradiction. Hence, II must win the game G_z. Since G_z is closed for II and II is playing ordinals, II has a canonical winning strategy σ_z for G_z (obtained by playing the least ordinal winning from that point on).

For z ∈ ω^ω and α < κ, let G^α_z be the game defined as G_z except I has the extra requirement that α(0) ≤ α. Of course, II still wins these games as well. Moreover, we claim that for all α < κ and β < δ^1_3 that there is a least ordinal l(α, β) < δ^1_3 such that for all z ∈ E_{α,β} , II can win the game G^α_z playing only ordinals γ(i) < l(α, β). To see this, fix α, β, and let Q ⊆ (ω × ω_ω)^{<ω} be a tree such that p[Q] = E_{α,β} . We may assume that if (s, ⃗ζ) ∈ Q then ∃z extending s such that z ∈ E_{α,β} . Define the auxiliary game Ḡ as follows:

I. z(0), z(1),. . . z

ζ(0), ζ(1),. . . ⃗ζ x(0), x(1),. . . x α(0), α(1),. . . ⃗α

II. γ(0), γ(1),. . . ⃗γ

Here, z(i), x(i) ∈ ω, α(i), ζ(i) < ω_ω, γ(i) < δ^1_3, and α(0) ≤ α. II wins provided for all n, if (z ↾ n, ⃗ζ ↾ n) ∈ Q and (x ↾ n, ⃗α ↾ n) ∈ T , then (z ↾ n, x ↾ n, ⃗γ ↾ n) ∈ U. This game is closed for II hence determined. Again using the δ^1_3-completeness of the measures in U, it follows that II wins this game, say by σ. Let Ξ = sup{σ(s, ⃗ζ, t, ⃗α): (s, ⃗ζ) ∈ Q ∧ (t, ⃗α) ∈ T }. Then clearly for any z ∈ E_{α,β}, II can win the game G^α_z playing ordinals < Ξ, since we may fix ⃗ζ such that (z, ⃗ζ) ∈ [Q], and then follow II’s strategy σ in Ḡ. Hence, l(α, β) < δ^1_3. Let D_0 ⊆ δ^1_3 be a c.u.b. set closed under l, and let D be the set of limit points of D_0. D will be our required c.u.b. set as in property (2) for V .

So, suppose z ∈ CO, and f_z has range in D_0 with sup(f_z ) = δ. We show that V_z ↾ sup_j j(δ) is ill-founded. Consider again the game G_z . If I makes

first move (x(0), α(0)), then II can win the run of the game playing ordinals < l(α(0), f_z(α(0))) < δ. In fact, II has a canonical winning strategy to do so. This defines a winning strategy σ for II in G_z with the property that σ plays only ordinals below δ. For n ∈ ω, define γ(n) to be the ordinal represented with respect to μ_n by the function ⃗α = (α(0), . . . , α(l_n − 1)) → σ(s_n, ⃗α). Thus, γ(n) < j_{μn} (δ). From the definition of V , (z, ⃗γ) ∈ [V ]. This completes the proof of (2) of the claim.

Using the tree V it is now easy to complete the proof of Martin’s theorem. Let W ⊆ (ω×ω_ω)^{<ω} be a tree with p[W ] a Σ^1_3-complete set. Then sup{|W_y|: R_y is wellfounded } = δ^1_3. Define the tree M ⊆ (ω × ω × δ^1_3 × ω × ω_ω)^{<ω} by: (s, t, ⃗γ, u, ⃗δ) ∈ M iff ∃w, z, y extending s, t, u such that w(z) = y, (t, ⃗γ) ∈ V , and (u, ⃗δ) ∈ W . Here we view w as a strategy for II in an integer game. Suppose now F : δ^1_3 → δ^1_3 is given. Play the integer game where I, II play out z, y ∈ ω^ω. II wins provided (z ∈ CO) ⇒ [W_y is well founded ∧|W_y | > F (||z||)]. By boundedness, II wins, say by strategy τ. From property (1) of V and the definition of τ it follows that M_τ is well-founded. From property (2) of V we have that if δ ∈ D and cof(δ) = κ, then |M_τ ↾ sup_j j(δ)| > F (δ), the supremum ranging over embeddings j corresponding to

the homogeneity measures μ_n for T . This completes the proof of theorem 2.1.

Remark 2.3. It is possible to give a variation of the proof of theorem 2.1 which avoids the use of the (closed) ordinal games, and uses instead the proof of the Kunen-Martin theorem. Briefly, one first defines the tree U now to be a tree on ω × ω × ω_ω × ω × ω_ω with (s, t, ⃗α, u, ⃗β) ∈ U iff (t, ⃗α) ∈ T and (u, ⃗β) builds, as in the Kunen-Martin theorem, reals w_0, w_1, . . . , and ordinal witnesses that for all n, A(z, x, w_n, w_{n+1}), where z, x are the reals s and t are building, and A(z, x, w, v) ↔ (ρ(x), ρ(w), ρ(v)) ∈ π(z), so A ∈ Σ^1_3. The homogeneous tree construction applied to U then produces a tree V as in claim 2, and the proof finishes as before.

CHAPTER 3

The Upper Bound for δ^1_5

Descriptions

Our first goal is to introduce a set of “finitary” objects which we call descriptions–they “describe” how to build equivalence classes of functions f : δ^1_3 → δ^1_3 with respect to the measures W^m_3 . We will then introduce a “lowering operator” L on the set D of descriptions, and prove our main theorem which analyzes equivalence classes [f]_W m_3 in terms of D and L. We get that the ultrapower of δ^1_3 by W^m_3 is bounded by ℵ_Ξ, where Ξ is a countable ordinal computed from D and L–essentially the rank of L on D. From the global embedding theorem, this then gives an upper bound for δ^1_5.

We fix an m ∈ ω and a sequence of measures K_1, . . . , K_t for some t ∈ ω, where each K_i = W^{r(i)}_1 or S^{r(i)}_1 for some r(i) ∈ ω. Relative to this fixed sequence of measures, we will define a set D_m = D_m(K_1, . . . , K_t) of descriptions. We will then set D(K_1, . . . , K_t) = ∪_mD_m(K_1, . . . , K_t) to be the set of descriptions relative to K_1, . . . , K_t. We will usually suppress the background sequence of measures when writing, and refer simply to D and D_m. We call D_m the set of m-descriptions. The elements of D as we define them will involve indices, certain symbols and other parameters. We leave it to the reader to give an interpretation of our definition into formal set theory, if desired.

In general, descriptions will have indices associated with them, which will be of one of two types (3 types occur in the general projective case–see [2]). An index will be of the form (f_m) or (), and written as a superscript on the description. Thus, a description will be of the form d^{(fm)} or d^{()}. The notation f_m for the index is meant to suggest a function, in this case a function from m into ω_1. Roughly speaking, the purpose of the description d^{(fm)} is to describe, given functions h_1, . . . , h_t representing ordinals [h_i] ∈ dom(K_i), and a function f_m : m → ω_1, how to produce an ordinal < ω_1 (if d = d^{()}, then the ordinal is produced from just h_1, . . . , h_t). The form of the indices could be notationally simplified here a bit, but we have chosen to retain the notation which coincides with that of the general projective case, where the indexing becomes somewhat more involved.

Descriptions indexed as d^{(fm)} will be called type 0 descriptions, and those of the form d^{()}, type -1 descriptions. We will frequently suppress writing the index when it is understood or irrelevant. Descriptions will also fall into one of two types–basic or non-basic (the basic descriptions will be defined outright, while the non-basic descriptions will be defined in terms of other descriptions).

By definition, D_m(K_1, . . . , K_t) consists of those descriptions of index (f_m) for m ≥ 1, and D_0(K_1, . . . , K_t) consists of those of index ().

Before giving the general definitions, it might be useful to consider a simple example for motivation. Suppose K_1 = K_2 = S^1_1 , and m = 1. If h_1, h_2 : ω_1 → ω_1 are given, consider h_1 ∘h_2 : ω_1 → ω_1. The map (h_1, h_2) → h_1 ∘h_2 is not well-defined on the equivalence classes, and thus does not induce a map from ω_2 × ω_2 → ω_2. However, for K_1 almost all β_1 < ω_2, if [h_1] = [h^′_1] = β_1, then for K_2 almost all β_2 if [h_2] = [h^′_2] = β_2, then [h_1 ∘ h_2] = [h^′_1 ∘ h^′_2] (all equivalence classes with respect to W^1_1 ). This is because almost all β_2 will be represented by an h_2 having range in a c.u.b. set on which h_1, h^′_1 agree. Thus, composition does define an ordinal θ with respect to the iteration of the measures K_1, K_2. Namely, θ is represented with respect to K_1 by the function which assigns to [h_1] ∈ dom(K_1) the value θ(h_1) which in turn is represented with respect to K_2 by the function which assigns to [h_2] ∈ dom(K_2) the value θ(h_1, h_2) = [h_1 ∘ h_2]. The ordinal θ is well-defined. Note that order of composition is important here; if we use h_2 ∘ h_1, we do not produce an ordinal with respect to the iteration of K_1, K_2.

In general, the purpose of the description d^{(fm )} is to tell us how to compose the functions h_1, . . . , h_t to build a function h: (ω_1)^m → ω_1 representing an ordinal θ < ω_{m+1}. θ will be represented with respect to the iteration of the measures K_1, . . . , K_t, as in the example above. The basic descriptions will correspond to functions defined outright, while the non-basic descriptions describe functions obtained by composing functions obtained from sub-descriptions. In the example above, the underlying basic description describes the identity function f(α) = α. In the formal notation below, the description for this example is d^{(1)} = (1; (2; (1))). Here (1) describes the basic (identity) function, (2; (1)) describes plugging this basic function into h_2 (to yield h_2), and (1; (2; (1))) describes plugging h_2 into h_1 to yield h_1 ∘ h_2.

We proceed with the formal definition of D = D(K_1, . . . , K_t). Along with D we simultaneously define a numerical function k : D → {1, . . . , t} ∪ {∞}. k(d) will be the least k such that h_k is mentioned in d (or k = ∞ if no such h_k is mentioned). The definition of D, k is by reverse induction on k(d).

Definition 3.1 (Definition of D). The set D = D(K_1, . . . , K_t) and the function k : D → {1, . . . , t} ∪ {∞} are defined by reverse induction on k(d) through the following cases:

Basic Type -1: We allow descriptions of the form d^{()} = (k; p)^{()} where 1 ≤ k ≤ t, K_k = W^r_1 , and 1 ≤ p ≤ r. We set k(d) = k.

Basic Type 0: We allow:

(1) d^{(fm )} = (k; p)^{(fm)} where 1 ≤ k ≤ t, K_k = W^r_1 and 1 ≤ p ≤ r. We set k(d) = k. (2) d^{(fm )} = (p)^{(fm )} where 1 ≤ p ≤ m. We set k(d) = ∞.

Non-Basic Descriptions: We allow:

(1) d^{(fm )} = (k; d^{(fm )}r , d^{(fm )}_1 , d^{(fm)}_2 , . . . , d^{(fm )}_l )^{(fm)}, where 1 ≤ k ≤ t, K_k = S^r_1 , l ≤ r − 1. Also, d_r, d_1, . . . , d_l ∈ D(K_1, . . . , K_t) and k(d_1), . . ., k(d_l), k(d_r) > k. We set k(d) = k.

(2) d^{(fm )} = (k; d_r^{(fm)}, d_1^{(fm)}, . . . , d_l^{(fm )})^{s(fm )}. Here, s is a formal symbol (which stands for “sup”), 1 ≤ l ≤ r − 1, K_k = S^r_1 , d_r, d_1, . . . , d_l ∈ D(K_1, . . . , K_t), and k(d_1), . . ., k(d_l), k(d_r) > k. We set k(d) = k. We must have r ≥ 2 in this case.

(3) & (4) The same as (1) and (2) above except with indices () everywhere replacing (f_m).

Throughout the rest of the paper, we use the notational convention (s) to denote that the symbol s may or may not appear. For example, (k; d_r, d_1, . . ., d_l)^{(s)} denotes either (k; d_r, d_1, . . . , d_l) or (k; d_r, d_1, . . . , d_l)^s.

We next define the function h which interprets descriptions. That is, h builds the ordinal “θ” of the example, given the functions h_1, . . . , h_t. Fix d ∈ D and h_1, . . . , h_t, where if K_i = W^r_1 then h_i : r → ω_1, and if K_i = S^r_1 then h_i : dom(<_r) → ω_1 of the correct type. We define the ordinal h(d; h_1, . . . , h_t). If d = d^{()} then h(d; h_1, . . . , h_t) < ω_1 and if d = d^{(fm)} then h(d; h_1, . . . , h_t) < ω_{m+1} and is represented with respect to W^m_1 by a function which we also denote by h(d; h_1, . . . , h_t)(α_1, . . . , α_m). If the sequence h_1, . . . , h_t is understood, we frequently employ vector notation, e.g., writing h(d,⃗h) for h(d; h_1, . . . , h_t). Also, we suppress writing indices when they are understood. We define h through cases by reverse induction on k(d) as follows. Recall that for h: dom(<_r) → ω_1 of the correct type, and l + 1 ≤ r, h(l + 1): <_{l+1}→ ω_1 is defined by h(l + 1)(α_1, . . . , α_l, α_k) = sup{h(α_1, . . . , α_l, β_{l+1}, . . . , β_{r−1}, α_r): α_l < β_{l+1} < · · · < β_{r−1} < α_r}. Definition 3.2 (Definition of h(d; h_1, . . . , h_t)).

Basic Type -1: d^{()} = (k; p). Then h(d;⃗h) = h_k(p). Basic Type 0:

(1) d^{(fm )} = (k; p). Then h(d;⃗h)(⃗α) = h_k(p). (2) d^{(fm )} = (p). (So 1 ≤ p ≤ m). Then h(d;⃗h)(⃗α) = α_p.

Non-basic:

(1) d^{(fm )} = (k; d_r, d_1, . . . , d_l), where K_k = S^r_1 . (a) l = r − 1. Then h(d;⃗h)(⃗α) = h_k(h(d_1;⃗h)(⃗α), . . . , h(d_r;⃗h)(⃗α)). (b) l < r − 1. Then h(d;⃗h)(⃗α) = h_k(l + 1)(h(d_1;⃗h)(⃗α), . . . , h(d_l;⃗h)(⃗α), h(d_r,⃗h)(⃗α)). (2) d^{(fm )} = (k; d_r, d_1, . . . , d_l)^s, where K_k = S^r_1 and l ≥ 1 here. Then h(d;⃗h)(⃗α) = sup{h_k(l + 1)(h(d_1;⃗h)(⃗α), . . . , h(d_{l−1};⃗h)(⃗α), β_l, h(d_r;⃗h)(⃗α)): β_l < h(d_l;⃗h)(⃗α)}. 3. & 4. Same as (1) and (2) where now d = d^{()}. The definitions are the same as in (1), (2), except now h(d;⃗h) is a single ordinal < ω_1, that is, the ordinals ⃗α do not appear in the formulas.

We adopt the following notational convention for the rest of the paper. If K_1, . . . , K_t ∈ W_1 ∪ S_1, so each K_i is of the form W^{r(i)}_1 or S^{r(i)}_1 , then “for almost all h_1, . . . , h_t” abbreviates the statement “there is a c.u.b. C_1 ⊆ ω_1 such that for all h_1 : dom(<_{r(1)}) → C_1 of the correct type (if K_1 = S^{r(1)}_1 , and for K_1 = W^{r(1)}_1 , h_1 : r(1) → C_1) there is a c.u.b. C_2 ⊆ ω_1 such that for all h_2 : dom(<_{r(2)}) → C_2 (or h_2 : r(2) → C_2), . . ., there is a c.u.b. C_t ⊆ ω_1 such that for all h_t : dom(<_{r(t)}) → C_t (or h_t : r(t) → C_t)”.

We now define an ordering < on the set D = D(K_1, . . . , K_t). Descriptions d_1, d_2 will be comparable only if they are indexed identically.

Definition 3.3 (Definition of <). Let d_1, d_2 ∈ D have the same index. Then we set d_1 < d_2 iff for almost all h_1, . . . , h_t, h(d_1;⃗h) < h(d_2;⃗h).

We leave it to the reader to check the fact that if d_1 ≠ d_2 (and have the same index), then either d_1 < d_2 or d_2 < d_1.

The definition of < can be reformulated in a purely combinatorial fashion, which we will need in §3. We state this reformulation in the following fact, whose proof is straightforward and left to the reader.

Fact . Let d_1, d_2 be defined with respect to K_1, . . . , K_t ∈ W_1 ∪ S_1, and have the same index. Then d_1 < d_2 iff one of the following cases holds. Let k = min(k(d_1), k(d_2)).

(1) k = ∞, so d_1, d_2 are basic type-0, say d_1 = (i), d_2 = (j). Then we require i < j. (2) k < ∞, and k = k(d_1) < k(d_2). Then either d_1 is basic type −1 (i.e., K_k = W^r_1 ), or else K_k = S^r_1 , so d_1 is of the form d_1 = (k; d̄_r, d̄_1, . . ., d̄_l)^{(s)}, and we have d̄_r < d_2.

(3) k < ∞, and k(d_1) > k(d_2) = k. Then K_k = S^r_1 , so d_2 is of the form d_2 = (k; d^′_r, d^′_1, . . . , d^′_l)^{(s)}, and we have d_1 ≤ d^′_r.

(4) k < ∞, and k = k(d_1) = k(d_2). If K_k = W^r_1 , then d_1, d_2 are basic type −1 of the form d_1 = (k; i), d_2 = (k; j). We then require i < j. Suppose then that K_k = S^r_1 , so that d_1, d_2 have the forms d_1 = (k; d̄_r, d̄_1, . . ., d̄_{l1} )^{(s)}, d_2 = (k; d^′_r, d^′_1, . . . , d^′_{l2} )^{(s)}. Then, we require one of the following to hold. (a) d̄_r < d^′_r.

(b) d̄_r = d^′_r, and ∃i ≤ min(l_1, l_2) d̄_i < d^′_i and ∀1 ≤ j < i d̄_j = d^′_j . In the remaining cases, we assume d̄_r = d^′_r and ∀1 ≤ i ≤ min(l_1, l_2) d̄_i = d^′_i.

(c) l_1 < l_2, and s appears in d_1. (d) l_1 > l_2, and s does not appear in d_2. (e) l_1 = l_2, s appears in d_1 and not in d_2.

We now introduce two “well-definedness” conditions for descriptions, which we call conditions C and D. Condition C guarantees that the equivalence class [h(d;⃗h)]_W m_1 is well-defined with respect to the iteration K_1, . . . , K_t. Condition D guarantees, in addition, that [h(d;⃗h)] is either representable by an h: dom(<_m) → ω_1 of the correct type (where d = d^{(fm )}), or is a supremum of such ordinals.

Definition 3.4 (Definition of C). We say d ∈ D satisfies condition C if either d is basic or else d is non-basic, say of the form d = (k; d_r, d_1, . . . , d_l)^{(s)}, all d_r, d_1, . . . , d_l satisfy C, and d_1 < d_2 < . . . < d_l < d_r.

Recall that in the definition of D, we also required that k < k(d_1), . . ., k(d_l), k(d_r).

We define a set D̄ of “extended descriptions.” For every d ∈ D, there will two extended descriptions d̄ ∈ D̄.

Definition 3.5 (Definition of D̄). D̄_m(K_1, . . . , K_t) consists of objects of the form (d) or (d)^s, where d ∈ D_m(K_1, . . . , K_t), together with the distinguished object ()^s. We let D̄(K_1, . . . , K_t) = ∪_mD̄(K_1, . . . , K_t). By the index of d̄ = (d) or (d)^s, we mean the index of the description d.

Formally, the sets D and D̄ are disjoint, though we can view D ⊆ D̄ by identifying d ∈ D with (d) ∈ D̄. For d̄ ∈ D̄, we will write d̄^{(fm )} when we want to emphasize the index of d̄ is (f_m).

Definition 3.6 (Definition of D). Suppose d̄ = (d)^{(s)} ∈ D̄, and d = d^{(fm )} ∈ D_m. Then we say (d)^{(s)} satisfies condition D provided d satisfies C and:

(1) If s does not appear (i.e., d̄ = (d)) then for almost all h_1, . . . , h_t, h(d;⃗h): ω^m_1 → ω_1 is of the correct type almost everywhere (i.e. restricted to a measure one set with respect to W^m_1 ).

(2) If s appears (i.e., d̄ = (d)^s) then for almost all h_1, . . . , h_t, h(d;⃗h) is the supremum of ordinals representable by functions h: ω^m_1 → ω_1 of the correct type almost everywhere. We also define ()^s to satisfy D.

We next prove a lemma which shows the significance of condition C. As above, we take “for almost all h_i” to mean with respect to the measure on h_i coming from the strong partition relation on ω_1 and h_i : dom(<_{r(i)}) → ω_1 of the correct type for K_i = S^{r(i)}_1 , and the measure W^{r(i)}_1 on h_i : r(i) → ω_1 for K_i = W^{r(i)}_1 . Also, we use the convention that “h_i = h^′_i almost everywhere” means h_i = h^′_i in the case K_i = W^{r(i)}_1 .

Lemma 3.1. Suppose d satisfies condition C. Then for almost all h_1, if h^′_1 = h_1 almost everywhere, then for almost all h_2, if h^′_2 = h_2 almost everywhere, . . ., for almost all h_t, if h^′_t = h_t almost everywhere, then h(d; h_1, . . . , h_t) = h(d; h^′_1, . . . , h^′_t).

Proof. If d is basic, the result is immediate. Suppose then that d = d^{(fm)} = (k; d_r, d_1, . . . , d_l)^{(s)}. By induction (reverse induction on k(d)), we may assume the lemma for d_1, . . ., d_l, d_r. Also, from condition C and the definition of <, for almost all h_1, . . ., h_t, h(d_1;⃗h) < h(d_2;⃗h) < . . . < h(d_l;⃗h) < h(d_r;⃗h). If the lemma fails, then, we may fix h_1, h^′_1, h_2, h^′_2, . . ., h_t, h^′_t with h(d;⃗h) ≠ h(d;⃗h^′), h(d_i;⃗h) = h(d_i, ⃗h^′) for 1 ≤ i ≤ l or i = r, and h(d_1;⃗h) < . . . < h(d_l;⃗h) < h(d_r ;⃗h). We may further assume that for i ≥ k, h_i has range in a c.u.b. set C_k ⊆ ω_1 defining a measure one set on which h_k and h^′_k agree. Suppose to be specific that l = r − 1 and s does not appear (the other cases being essentially the same). Then, h(d;⃗h)(α_1, . . ., α_m) = h_k(h(d_1;⃗h)(⃗α), . . ., h(d_l;⃗h)(⃗α), h(d_r;⃗h)(⃗α)), with a similar expression holding with ⃗h′ everywhere. Now, for almost ⃗α, h(d_i;⃗h)(⃗α) = h(d_i; ⃗h′)(⃗α) for all 1 ≤ i ≤ r − 1, h(d_1;⃗h)(⃗α) < . . . < h(d_r;⃗h)(⃗α) and also h(d_i;⃗h)(⃗α) ∈ C_k as k(d_i) > k for 1 ≤ i ≤ r, and it easy to check that h(d;⃗h)(⃗α) ∈ ran(h_k) for k = k(d), or is a sup of ordinals in the range of h_k. This is enough to guarantee that h(d;⃗h)(⃗α) = h(d; ⃗h^′)(⃗α), and to complete the proof of the lemma. □

If d satisfies C with respect to the sequence K_1, . . . , K_t, we define an ordinal h(d; K_1, . . . , K_t). We represent this with respect to K_1 by the function which assigns to [h_1] ∈ dom(K_1) the value h(d; h_1, K_2, . . . , K_t). This in turn is represented with respect to K_2 by the function which assign to [h_2] ∈ dom(K_2) the value h(d; h_1, h_2, K_3, . . . , K_t), etc., and where h(d; h_1, . . . , h_t) is defined in definition 3.2. From lemma 3.1 it follows that h(d; K_1, . . . , K_t) is well-defined.

Recall our notational convention concerning iterated measures mentioned in the introduction. When using this convention with respect to a sequence K_1, . . . , K_t of canonical measures, we usually employ the following abbreviation. For θ ∈ ON and P ⊆ ON, we abbreviate ∀^∗_{K1} [h_1] ∀^∗_{K2} [h_2] . . . ∀^∗_{Kt} [h_t] P (θ([h_1], . . . , [h_t])) by writing just ∀^∗h_1, . . . , h_t P (θ(h_1, . . . , h_t)). For example, if θ ∈ ON and d satisfies C, then ∀^∗h_1, . . . , h_t θ(h_1, . . . , h_t) < h(d; h_1, . . . , h_t) abbreviates the statement: if we fix a representing function α_1 → θ(α_1) for θ with respect to K_1, then for K_1 almost all α_1 and h_1 with [h_1] = α_1, if we fix a representing function α_2 → θ(α_1, α_2) for θ(α_1) with respect to K_2, then for K_2 almost all α_2 and [h_2] = α_2, . . ., if we fix a representing function α_t → θ(α_1, . . . , α_t) for θ(α_1, . . . , α_{t−1}) with respect to K_t, then for K_t almost all α_t and [h_t] = α_t we have θ(α_1, . . . , α_t) = h(d; h_1, . . . , h_t). For this example, this statement is equivalent to θ < h(d; K_1, . . . , K_t).

We next show how to use extended descriptions to generate equivalence classes of functions from δ^1_3 to δ^1_3 with respect to the measures W^m_3 . Fix m ∈ ω, measures K_1, . . . , K_t, and let (d)^{(s)} ∈ D̄_m(K_1, . . . , K_t), where (d)^{(s)} satisfies condition D. Let g : δ^1_3 → δ^1_3 be given (g could be the identity function id). We define an ordinal which we denote by (g; (d)^{(s)}; K_1, . . . , K_t). We represent this ordinal with respect to W^m_3 by the function which assigns to [f]_Sm_1 the ordinal (g; f; (d)^{(s)}; K_1, . . ., K_t), where f : ω_{m+1} → δ^1_3 is of the correct type. We represent (g; f; (d)^{(s)}; K_1, . . . , K_t) with respect to K_1 by the function which assigns to [h_1] the ordinal (g; f; (d)^{(s)}; h_1, K_2,. . ., K_t), and in general, represent (g; f; (d)^{(s)}; h_1, . . ., h_{i−1}, K_i, . . ., K_t) with respect to K_i by the function which assigns to [h_i] the ordinal (g; f; (d)^s; h_1, . . ., h_i, K_{i+1}, . . ., K_t). Finally, we define (g; f; (d)^{(s)}, h_1, . . ., h_t) by cases as follows:

(1) If s does not appear, then (g; f; (d); h_1, . . . , h_t) = g(f(h(d;⃗h))). (2) If s appears, then (g; f; (d)^s; h_1, . . . , h_t) = g( sup β<h(d;⃗h) f(β)). (3) For the object ()^s, we define (g; f; ()^s; h_1, . . . , h_t) = g( sup_{β<ωm+1}f(β)).

Using D, and the fact that if [f]_Sm_1 = [f^′]_Sm_1 then the h_i may be chosen to have range in a c.u.b. set defining a measure one set with respect to S^m_1 on which f, f^′ agree, it follows that (g; (d)^{(s)}; K_1, . . . , K_t) is well-defined.

Our next goal is to define the lowering operator L on D. To define L, we define, more generally, operators L^k for 1 ≤ k ≤ t or k = ∞ (for fixed K_1, . . ., K_t). L^k will be defined on those d satisfying k(d) ≥ k, except for a unique d = d(k) which we call the minimal description with respect to L^k (and K_1, . . . , K_t). We will then take L = L^1. We define L^k (by reverse induction on k) through the following cases.

Definition 3.7 (Definition of L^k).

I: k = ∞. So, d is basic type 0 with d = d^{(fm )} = (i) where 1 ≤ i ≤ m. If i > 1, then L^∞(d) = (i − 1). For i = 1, d is minimal with respect to L^∞.

II: 1 ≤ k ≤ t.

(1) k = k(d).

(a) d basic type −1, so d = (k; p). For p > 1, we set L^k(d) = (k; p − 1), and for p = 1 we define d to be minimal.

(b) d = d^{(fm )} = (k; d_r, d_1, . . . , d_l), where l = r − 1, and K_k = S^r_1 .

We set L^k(d) = (k; d_r, d_1, . . . , d_l)^s if l ≥ 1, and if d = (k; d_r), we set L^k(d) = d_r.

(c) d non-basic (as in b), l < r − 1, and s does not appear. First assume l ≥ 1. If L^{k+1}(d_r ) is defined and > d_l, we set L^k(d) = (k; d_r, d_1, . . ., d_l, L^{k+1}(d_r )). If L^{k+1}(d_r) is not defined or is ≤ d_l, we set L^k(d) = (k; d_r, d_1, . . ., d_l)^s. If d = (k; d_r), we set L^k(d) = (d_r; L^{k+1}(d_r)) if L^{k+1}(d_r) is defined, and otherwise L^k(d) = d_r.

(d) d non-basic, and s appears (so l ≥ 1). We set L^k(d) = (k; d_r, d_1, . . ., d_{l−1}, L^{k+1}(d_l)) if L^{k+1}(d_l) is defined and satisfies L^{k+1}(d_l) > d_{l−1} if l ≥ 2. Otherwise, we set L^k(d) = (k; d_r, d_1, . . ., d_{l−1})^s if l ≥ 2 and for l = 1, L^k(d) = d_r.

(2) k < k(d), K_k = W^{r(k)}_1 .

(a) d not minimal with respect to L^{k+1}. We set L^k(d) = L^{k+1}(d). (b) d minimal with respect to L^{k+1}(d). We set L^k(d) = (k; r(k)).

(3) k < k(d), K_k = S^{r(k)}_1 .

(a) d not minimal with respect to L^{k+1}. Set L^k (d) = (k; L^{k+1}(d)). (b) d minimal with respect to L^{k+1}. Then d is minimal with respect to L^k.

One can easily check that for each k there is a unique d minimal with respect to L^k, and this d is also minimal with respect to the ordering < on those d for which k(d) ≥ k. Among such d, for each fixed index and sequence of measures, there is also a description which is maximal in the ordering <, which we call the maximal description, and denote by d̃^k (except for one case below). This is defined by reverse induction on k as follows. For k = ∞ (so d = d^{(fm)}), we set d̃^∞ = (m). If 1 ≤ k ≤ t and K_k = S^{r(k)}_1 , we set d̃^k = (k; d̃^{k+1}) if d̃^{k+1} is defined, and otherwise we do not define d̃^k. If K_k = W^{r(k)}_1 we set d̃^k = d̃^{k+1} if d̃^{k+1} is defined, and otherwise set d̃k = (k; r(k)). Finally, for a given index and sequence of measures, we set d̃ = d̃1. It is easy to check that the one case where d̃^k is not defined is when d = d^{()}, and ∀k^′ ≥ k K_k′ = S^{r(k′)}_1 .

We wish to extend the L operation to an operation defined on D̄, which we also denote by L. Again, we assume an index (f_m) and measures K_1, . . . , K_t are fixed. We set L((d)) = (d)^s and L((d)^s) = (L(d)) if L(d) is defined, and otherwise (d)^s will be minimal with respect to L. Also, we set L(()^s) = (d̃) if d̃ is defined, and otherwise ()^s is minimal.

Finally, we define the operation L̄ on D̄ by L̄((d)^{(s)}) = L^{(l)}((d)^{(s)}), where l is least such that L^{(l)}((d)^{(s)}) satisfies D, where L^{(l)} denotes the l^{th} iterate of L, if such an l exists. If not, then we define (d)^{(s)} to be minimal with respect to L̄.

The Main Lemma

We now state the central result of this chapter.

Theorem 3.1 (Main Lemma). Let (d)^{(s)} ∈ D̄(K_1, . . . , K_t) satisfy D. Suppose θ < (id; (d)^{(s)}; K_1, . . . , K_t). Then:

(1) If (d)^{(s)} is not minimal with respect to L̄, then there is a g : δ^1_3 → δ^1_3 such that θ < (g; L̄((d)^{(s)}); K_1, . . . , K_t).

(2) If d is minimal with respect to L̄, then θ < δ^1_3.

The main result necessary for proving the main lemma is a result we call the auxiliary lemma, from which the main lemma will follow rather easily.

If C ⊆ ω_1 is unbounded, let N_C : ω_1 → ω_1 be defined by: N_C (α) = the least element of C greater than α. If f : ω_1 → ω_1 has unbounded range, let N_f denote N_{ran(f )}. Finally, if d = d^{(fm)}, let h(d; h_1, . . . , h_t; N_C ) be the function from ω^m_1 → ω_1 defined by h(d;⃗h; N_C )(⃗α) = N_C (h(d;⃗h)(⃗α)). Likewise we define h(d;⃗h; N_f ).

We now state the auxiliary lemma. We fix K_1, . . . , K_t. Then for 1 ≤ k ≤ t or k = ∞ we have:

Theorem 3.2 (Auxiliary Lemma H_k). Let d ∈ D satisfy C relative to the sequence K_1, . . . , K_t and let 1 ≤ k ≤ k(d). Suppose θ < h(d; K_1, . . . , K_t). Then:

(1) If d is non-minimal with respect to L^k, then for almost all h_1, . . . , h_{k−1}, there is a C_k ⊆ ω_1 such that for almost all h_k, . . . , h_t, θ(h_1, . . . , h_t) < h(L^k(d); h_1, . . . , h_t; N_C ). Here, and in (2), “k − 1” is interpreted as equal to t if k = ∞.

(2) If d is minimal with respect to L^k, then for almost all h_1, . . . , h_{k−1}, there is an α < ω_1 such that for almost all h_k, . . . , h_t, θ(h_1, . . . , h_t) < α.

Before turning to the proof of the auxiliary lemma, we first present a “sliding” lemma which generalizes slightly lemma 1.1. It says we can change a function on a measure zero set to make it have certain properties. Although simple, the sliding lemma and later generalizations play an important role in the arguments of this paper.

Lemma 3.2. Let f : dom(<_m) → ω_1 be order preserving almost everywhere (i.e., restricted to a measure one set with respect to W^m_1 ). Let g : dom(<_j ) → ω_1 be order-preserving almost everywhere for some j ≤ m. Suppose [f(j)] < [g] but [f(j − 1)] = [g(j − 1)] (if j = 1, we omit the later requirement). Then there is an order-preserving f^′ : dom(<_m) → ω_1 with [f^′] = [f] and an order-preserving g^′ : dom(<_j ) → ω_1 with [g^′] = [g] such that for all limit ⃗α = α_1 < · · · < α_j , f^′(j)(⃗α) < g^′(⃗α) < N_f ′ (f^′(j)(⃗α)). Also, ran(f^′) ⊆ ran(f).

Proof. Fix f, g as in the lemma, and let C_0 ⊆ ω_1 define measure one sets restricted to which f, g are order-preserving. Let C_1 ⊆ C_0 be c.u.b. and such that for all α_1 < · · · < α_j in C_1 we have: f(j)(α_1, . . . , α_j ) < g(α_1, . . . , α_j ) < inf{f(α_1, . . . , α_{j−2}, N_{C1} (α_{j−1}), β_j , . . . , β_{m−1}, α_j ) : β_j , . . . , β_{m−1} ∈ C_0)}. Let D ⊆ C_1 be the set of closure points of C_1, that is, α ∈ D is the α^{th} element of C_1. For α < ω_1, let l(α) = the 2 · α^{th} element of C_1. Thus, l(α) = α for α ∈ D. Define f^′(α_1, . . . , α_m) = f(l(α_1), . . . , l(α_m)). Clearly f^′ is order-preserving, as f ↾ (C_1)^m is, and has range a subset of the range of f. Also, f^′ ↾ D^m = f ↾ D^m. Likewise, define g^′(α_1, . . . , α_j ) = g(l(α_1), . . . , l(α_j )). Clearly [g^′] = [g] and for all limit α_1 < · · · < α_j , g^′(⃗α) > f^′(j)(⃗α). Finally, note that for all limit α_1 < · · · < α_j

g^′(α_1, . . . , α_j ) = g(l(α_1), . . . , l(α_j )) < inf{f(l(α_1), . . . , l(α_{j−2}), N_{C1} (l(α_{j−1})), β_j , . . . , β_{m−1}, l(α_j )) : β_j , . . . , β_{m−1} ∈ C_0)} ≤ N_f ′ (f^′(j)(α_1, . . . , α_j )),

since N_f ′ (f^′(j)(α_1, . . . , α_j )) is of the form f^′(α_1, . . ., α_{j−1} + 1, γ_j , . . ., γ_{m−1}, α_j ) = f(l(α_1), . . . , l(α_{j−1} + 1), β_j , . . ., β_{m−1}, l(α_j )) for some β_j , . . . , β_{m−1} ∈ C_1, and l(α_{j−1} + 1) > N_{C1} (l(α_{j−1})). □

Remark 3.1. The restriction to limit ⃗α is only to ensure that f(j)(⃗α) is defined. If j = m (so f(j) = f), for example, then the conclusion of the lemma holds for all ⃗α = α_1 < · · · < α_j . In fact, if α_j > α_{j−1} + m − j and we define f(j)(⃗α) as in the limit case, then the lemma remains valid.

Corollary 3.1. Let f : dom(<_m) → ω_1 be order-preserving almost everywhere, r : ω_1 → ω_1, and j ≤ m. Then there is an order-preserving f^′ : dom(<_m) → ω_1 such that [f^′] = [f], ran(f^′) ⊆ ran(f), and ∀^∗α_1, . . . , α_j N_f ′ (f^′(j)(α_1, . . . , α_j )) > f(j)(α_1, . . . , r(α_{j−1}), α_j ). Λ Proof of theorem 3.2. We proceed by reverse induction on k. We fix d, k, θ as in H_k, and assume H_k′ , for all k^′ > k. We consider the necessary cases. As before, we employ vector notation when there is no danger of confusion; thus we write ∀^∗h_1, . . . , h_t θ(⃗h) < h(d;⃗h) in place of ∀^∗h_1, . . . , h_t θ(h_1, . . . , h_t) < h(d; h_1, . . . , h_t). If θ(h_1, . . . , h_k) ∈ ON, we write ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_t) in place of ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_k)(h_{k+1}, . . . , h_t).

case (1): k = ∞.

Hence, d = d^{(fm )} = (p) where 1 ≤ p ≤ m. By assumption, ∀^∗h_1, . . ., h_t, θ(⃗h) < h(d;⃗h). If we let θ(⃗h)(−) represent θ(⃗h) with respect to W^m_1 , then for almost all α_1, . . ., α_m we have θ(⃗h)(⃗α) < h(d;⃗h)(⃗α) = α_p from the definition of h. Hence, if p > 1 we have ∀^∗h_1, . . ., h_t, ∃C ⊆ ω_1 such that for almost all α_1, . . ., α_m, θ(⃗h)(⃗α) < N_C (α_{p−1}) = h(L^∞(d);⃗h; N_C ). If p = 1, then ∀^∗h_1, . . . , h_t ∃α < ω_1 such that for almost all α_1, . . ., α_m, θ(⃗h)(⃗α) < α, so θ(⃗h) < ω_1.

For the remaining cases, we have 1 ≤ k ≤ t. case (2): k < k(d), K_k = W^r_1 .

First, suppose that d is non-minimal with respect to L^{k+1}. Then, by induction ∀^∗h_1, . . ., h_k ∃ a c.u.b. C ⊆ ω_1 such that ∀^∗h_{k+1}, . . ., h_t, θ(⃗h) < h(L^{k+1}(d);⃗h; N_C ). Note that if C^′ ⊆ C, then N_C′ ≥ N_C , and thus the above equation holds with N_C′ as well. Since the ω-cofinal normal measure on ω_2 is ω_2-additive, it follows that ∀^∗h_1, . . ., h_{k−1}, ∃ c.u.b. C ⊆ ω_1 ∀^∗h_k, . . ., h_t, θ(⃗h) < h(L^{k+1}(d);⃗h; N_C ). As L^k(d) = L^{k+1}(d), we are done.

Next, suppose that d is minimal with respect to L^{k+1}. Then, by induction, ∀^∗h_1, . . ., h_k, ∃α < ω_1 ∀^∗h_{k+1}, . . ., h_t, θ(⃗h) < α. Now, for fixed h_1, . . ., h_{k−1} and θ(h_1, . . ., h_{k−1}), such that ∀^∗h_k ∃α < ω_1 ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < α we consider the partition P, where we partition functions h_k : r → ω_1 with the extra value α > sup h_k according to whether or not ∀^∗h_{k+1}, . . ., h_t, θ(h_1, . . ., h_t) < α. Clearly on the homogeneous side of the partition the property stated in P holds. If we let C ⊆ ω_1 be homogeneous for P, then clearly ∀^∗h_k, . . ., h_t, θ(⃗h) < N_C (h_k(r)) = h(L^k(d);⃗h; N_C ) as L^k(d) = (k; r) in this case. This establishes H_k in this case.

case (3): k < k(d), K_k = S^r_1 .

First suppose that d is minimal with respect to L^k, so with respect to L^{k+1} as well. So, by induction, ∀^∗h_1, . . ., h_k ∃α < ω_1 ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < α. Since K_k is ω_2-additive in this case, it follows immediately that ∀^∗h_1, . . ., h_{k−1}, ∃α < ω_1 ∀^∗h_k, . . ., h_t, θ(h_1, . . ., h_t) < α, and we are done.

Next, suppose d is non-minimal with respect to L^k, hence non-minimal with respect to L^{k+1} (from the definition of L^k in this case). By induction, ∀^∗h_1, . . ., h_k ∃C ⊆ ω_1 ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < h(L^{k+1}(d); h_1, . . . , h_t; N_C ). Now, for fixed h_1, . . ., h_{k−1} and θ(h_1, . . ., h_{k−1}) such that ∀^∗h_k ∃C ⊆ ω_1 ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < h(L^{k+1}(d); h_1, . . ., h_t; N_C ) we consider the following partition:

P(h_1, . . . , h_{k−1}): We partition functions h_k : dom(<_r) → ω_1 of the correct type with the “extra value” g(α) of uniform cofinality ω inserted between h_k(1)(α) .= sup β_1<...<β_{r−1}<α h_k(β_1, . . . , β_{r−1}, α) and N_{hk} (h_k(1)(α)) (more precisely, we partition

functions from the corresponding order type into ω_1 of the correct type) according to whether or not ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . . , h_t) < h(L^{k+1}(d); h_1, . . . , h_t; N_g).

We claim that on the homogeneous side of the partition, the property stated in P(h_1, . . ., h_{k−1}) holds. We suppose not, and fix a c.u.b. C ⊆ ω_1 homogeneous for the contrary side, and such that for h_k : dom(<_r) → C of the correct type ∃g ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < h(L^{k+1}(d); h_1, . . ., h_t, N_g). Let C^′ = the set of closure points of C. Fix h_k : dom(<_r) → C^′ of the correct type and fix g : ω_1 → ω_1 such that ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_t) < h(L^{k+1}(d); h_1, . . . , h_t; N_g). Note that this inequality depends only on [g]_W 1_1 . From lemma 3.2 with j = 1, there is an orderpreserving h^′_k : dom(<_r) → ran(h_k) ⊆ C^′ with [h^′_k] = [h_k] and [g] < [N_h′_k (h^′_k(1))]. Note that h^′_k has uniform cofinality ω as h_k does. Easily, there is a g^′ : ω_1 → C with [g^′] = [g] and h^′_k, g^′ ordered as in P(h_1, . . . , k_{k−1}). This contradicts the assumed homogeneity of C.

Hence, on the homogeneous side of the partition the property stated in P holds. Let C ⊆ ω_1 be homogeneous for P(h_1, . . . , h_{k−1}). Then, for almost all h_k, the function g .= N_C ∘ h_k(1) satisfies ∀^∗h_{k+1}, . . . , h_t θ(⃗h) < h(L^{k+1}(d);⃗h; N_g). However, h(L^{k+1}(d);⃗h; N_g) = h(L^k(d);⃗h; N_C ), as L^k(d) = (k; L^{k+1}(d)) in this case. This establishes H_k in this case.

case (4): k = k(d), K_k = W^r_1 .

Here d = (k; p) where 1 ≤ p ≤ r, and ∀^∗h_1, . . . , h_t θ(⃗h) < h_k(p). For p = 1 (so d is minimal with respect to L^k) it follows that ∀^∗h_1, . . . , h_k ∃α < h_k(1) ∀^∗h_{k+1}, . . . , h_t θ(⃗h) < α. From this it easily follows that ∀^∗h_1, . . . , h_{k−1} ∃α < ω_1 ∀^∗h_k, . . . , h_t θ(⃗h) < α by normality. The p > 1 case is similar.

case (5): k = k(d), K_k = S^r_1 , d = (k; d_r, d_1, . . . , d_l), where l = r − 1. For fixed h_1, . . . , h_{k−1} and θ(h_1, . . . , h_{k−1}) such that ∀^∗h_k, . . . , h_t θ(h_1, . . ., h_t) < h(d; h_1, . . . , h_t) we consider the partition P_k(h_1, . . . , h_{k−1}): we partition h_k : dom(<_r) → ω_1 of the correct type with the extra value g(α_1, . . . , α_r) of uniform cofinality ω inserted between sup_{β<αr−1} h_k(α_1, α_2, . . . , β, α_r) and h_k(α_1, α_2, . . .,

α_{r−1}, α_r), according to whether or not ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_t) < h(L^k (d); h_1, . . . , h_t; N_g). We claim that on the homogeneous side of the partition the property stated in P_k(h_1, . . . , h_{k−1}) holds. We suppose not, and let C ⊆ ω_1 be homogeneous for the contrary side. We fix an h̄_k : (ω× <_r) → C of the correct type inducing h_k : dom(<_r) → C of the correct type, and such that ∀^∗h_{k+1}, . . . , h_t θ(⃗h) < h(d;⃗h). Now, if d = d^{(fm )}, then ∀^∗h_{k+1}, . . . , h_t ∀^∗α_1, . . . , α_m θ(⃗h)(⃗α) < h(d;⃗h)(⃗α) = h_k(h(d_1;⃗h)(⃗α), . . . , h(d_{r−1};⃗h)(⃗α), h(d_r ;⃗h)(⃗α)). Hence, ∀^∗h_{k+1}, . . ., h_t ∀^∗α_1, . . ., α_m ∃p < ω θ(⃗h)(⃗α) < h̄_k(p, h(d_1;⃗h)(⃗α), . . ., h(d_{r−1};⃗h)(⃗α), h(d_r;⃗h)(⃗α)). Hence, by countable additivity of the measures involved, there is a p ∈ ω such that ∀^∗h_{k+1}, . . ., h_t ∀^∗α_1, . . ., α_m the above holds. Fixing such a p, we then let g(α_1, . . ., α_{r−1}, α_r) = h̄_k(p, α_1, . . ., α_{r−1}, α_r). Then, ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . ., h_t) < h(L^k(d); h_1, . . ., h_t; N_g), as L^k (d) = (k; d_r, . . ., d_l)^s. This contradicts the definition of C. Hence, on the homogeneous side of the partition, the property stated in P_k(h_1, . . ., h_{k−1}) holds. We fix C ⊆ ω_1 homogeneous for P_k, and it now follows easily that ∀^∗h_k, . . ., h_t θ(⃗h) < h(L^k(d);⃗h; N_C ), which establishes H_k.

case (6): k = k(d), K_k = S^r_1 , d = (k; d_r, d_1, . . . , d_l)^s, where l = r − 1.

We suppose first that L^{k+1}(d_l) is defined and is > d_{l−1} (if l > 1). Suppose d = d^{(fm)} (if d = d^{()}, omit the ordinals ⃗α in the argument below). In this case L^k(d) = (k; d_r, . . ., d_{l−1}, L^{k+1}(d_l)). Now, ∀^∗h_1, . . ., h_t ∀^∗α_1, . . ., α_m θ(⃗h)(⃗α) < h(d;⃗h)(⃗α) = sup β<h(d_l;⃗h)(⃗α) h_k(h(d_1;⃗h)(⃗α), . . ., h(d_{l−1};⃗h)(⃗α), β, h(d_r;⃗h)(⃗α)). Hence, ∀^∗⃗h ∀^∗⃗α there is a θ̄(⃗h)(⃗α) < h(d_l;⃗h)(⃗α) such that θ(⃗h)(⃗α) < h_k(h(d_1;⃗h)(⃗α), . . ., h(d_{l−1};⃗h)(⃗α), θ̄(⃗h)(⃗α),h(d_r;⃗h)(⃗α)). So, there is an ordinal θ̄ such that ∀^∗⃗h θ̄(⃗h) < h(d_l;⃗h) and such that ∀^∗⃗h ∀^∗⃗α θ(⃗h)(⃗α) < h_k(h(d_1;⃗h)(⃗α), . . ., θ̄(⃗h)(⃗α), h(d_r;⃗h)(⃗α)). By induction (since k(d_l) > k) ∀^∗h_1, . . ., h_k ∃C ⊆ ω_1 ∀^∗h_{k+1}, . . ., h_t θ̄(⃗h) < h(L^{k+1}(d_l);⃗h; N_C ).

Now, for fixed h_1, . . ., h_{k−1}, and θ(h_1, . . . , h_{k−1}), θ̄(h_1, . . . , h_{k−1}) ∈ ON such that (a) ∀^∗h_k, . . ., h_t ∀^∗α θ(h_1, . . ., h_t)(⃗α) < h_k(. . .,θ̄(⃗h)(⃗α), . . .) and (b) ∀^∗h_k ∃C_1 ⊆ ω_1 ∀^∗h_{k+1}, . . ., h_t θ̄(⃗h) < h(L^{k+1}(d_l);⃗h; N_{C1} ), we consider the partition P_k(h_1, . . . , h_{k−1}): we partition h_k : dom(<_r) → ω_1 of the correct type with the extra value g(α_1, . . . , α_r) of uniform cofinality ω inserted between h_k(α_1, . . . , α_r) and N_{hk} (h_k(α_1, . . . , α_r)), according to whether ∀^∗h_{k+1}, . . ., h_t θ(h_1, . . . , h_t) < h(L^k(d); h_1, . . . , h_t; N_g). We claim again that on the homogeneous side of the partition the property stated in P_k(h_1, . . . , h_{k−1}) holds. We suppose not, and fix a c.u.b. C ⊆ ω_1 homogeneous for the contrary side. Fix h_k : dom(<_r) → C of the correct type such that (a) is satisfied and ∃C_1 ⊆ ω_1 with (b) satisfied (for almost all h_{k+1}, . . ., h_t). Fix such a C_1. In particular, (1) ∀^∗h_{k+1}, . . . , h_t ∀^∗⃗α θ(⃗h)(⃗α) < h_k(h(d_1;⃗h)(⃗α), . . . , h(d_{l−1};⃗h)(⃗α), N_{C1} (h(L^{k+1}(d_l);⃗h)(⃗α)), h(d_r ;⃗h)(⃗α)). By corollary 3.1, there is an order-preserving h^′_k : dom(<_r) → ran(h_k) ⊆ C (thus h^′_k is of the correct type) with [h^′_k] = [h_k] and such that

∀^∗β_1, . . . , β_r N_h′_k (h^′_k(β_1, . . . , β_r)) > h_k(β_1, . . . , N_{C1} (β_{r−1}), β_r).

Let g be defined by g(β_1, . . . , β_r) = h_k(β_1, . . . , N_{C1} (β_{r−1}), β_r). Then there is a g^′ with [g^′] = [g] and h^′_k, g^′ ordered as in P(h_1, . . . , h_{k−1}).

Note that ∀^∗h_{k+1}, . . . , h_t h(d_i; h_1, . . . , h_k, . . . , h_t) = h(d_i; h_1, . . . , h^′_k, . . . , h_t), for 1 ≤ i ≤ r. Also, ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_k, . . . , h_t) = θ(h_1, . . . , h^′_k, . . . , h_t), as [h_k] = [h^′_k]. From the homogeneity of C for the contrary side of the partition we thus have: ∀^∗h_{k+1}, . . . , h_t ∀^∗⃗α θ(⃗h)(⃗α) ≥ h(L^k(d); h_1, . . . , h^′_k, . . . , h_t; N_g )(⃗α) = N_g (h^′_k(h(d_1;⃗h)(⃗α), . . . , h(L^{k+1}(d_{r−1});⃗h)(⃗α), h(d_r ;⃗h)(⃗α))). We may also assume that h(d_1;⃗h)(⃗α), . . . , h(d_r;⃗h)(⃗α) lie in a c.u.b. set on which h^′_k, h_k agree, as k(d_1), . . ., k(d_r) > k. Thus, (2) ∀^∗h_{k+1}, . . . , h_t ∀^∗⃗α θ(⃗h)(⃗α) ≥ N_g(h_k(h(d_1;⃗h)(⃗α), . . . , h(L^{k+1}(d_{r−1});⃗h)(⃗α), h(d_r;⃗h)(⃗α))) = h_k(h(d_1;⃗h)(⃗α), . . . , N_{C1} (h(L^{k+1}(d_l);⃗h)(⃗α)), h(d_r ;⃗h)(⃗α)).

Equations (1), (2) give a contradiction. Hence, on the homogeneous side of the partition, the property stated in P_k(h_1, . . . , h_{k−1}) holds. Fixing a c.u.b. C ⊆ ω_1 homogeneous for P_k now witnesses H_k.

If L^{k+1}(d_l) ≤ d_{l−1}, or L^{k+1}(d_l) is not defined, we proceed along the above lines, using instead the partition P_k(h_1, . . . , h_{k−1}) where the extra value g(α_1, . . ., α_{r−2}, α_r) is inserted between γ .= sup_{β1<αr−2 ,β2<αr} h_k(α_1, . . . , β_1, β_2, α_r) and N_{hk} (γ),

where if r = 2 we use γ = sup_{β1<β2<αr} h_k(β_1, β_2). It follows by an argument similar

to that above that on the homogeneous side of the partition the desired property holds. Again, this establishes H_k (for the case r = 2, we use also the fact that for almost all α, sup_{β1<β2<α}h_k(β_1, β_2) = α).

The remaining cases are similar to the previous one, so we merely sketch the differences.

case (7): k = k(d), K_k = S^r_1 , l < r − 1, d = (k; d_r, d_1, . . . , d_l). We consider the case where L^{k+1}(d_r) is defined and > d_l, the other cases again following along similar but somewhat easier lines. From the definition of <_r and the fact that h_k may assumed to be order-preserving we have: ∀^∗⃗h ∀^∗⃗α θ(⃗h)(⃗α) < h(d;⃗h)(⃗α) = sup β_{l+1}<h(d_r ;⃗h)(⃗α) h_k(l + 2)(h(d_1;⃗h)(⃗α), . . . , h(d_l;⃗h)(⃗α), β_{l+1}, h(d_r;⃗h)(⃗α)). It follows that there is a θ̄ such that ∀^∗⃗h θ̄(⃗h) < h(d_r;⃗h) and ∀^∗⃗h ∀^∗⃗α θ(⃗h)(⃗α) < h_k(l + 2)(h(d_1;⃗h)(⃗α), . . . , h(d_l;⃗h)(⃗α), θ̄(⃗h)(⃗α), h(d_r;⃗h)(⃗α)). We apply induction to θ̄, and then proceed as in case (6), where we use instead the partition P_k(h_1, . . . , h_{k−1}): we partition h_k : dom(<_r) → ω_1 of the correct type with the extra value g(α_1, . . . , α_{l+1}, α_r) inserted between γ .= h_k(l + 2)(α_1, . . . , α_{l+1}, α_r) and N_{hk} (γ) according to whether or not ∀^∗h_{k+1}, . . . , h_t θ(h_1, . . . , h_t) < h(L^k(d); h_1, . . . , h_t; N_g). As in case (6), we establish that on the homogeneous side of the partition the property stated in P_k(h_1, . . . , h_{k−1}) holds, this time using corollary 3.1 with j = l + 2. A c.u.b. C ⊆ ω_1 homogeneous for P_k again witnesses H_k.

case (8): k = k(d), K_k = S^r_1 , l < r − 1, d = (k; d_r, d_1, . . . , d_l)^s. We again consider the case where L^{k+1}(d_l) is defined and > d_{l−1} (if l > 1), the other cases following by similar but easier arguments. We get that there is a θ̄ such that ∀^∗⃗h θ̄(⃗h) < h(d_l;⃗h) and ∀^∗⃗h ∀^∗⃗α θ(⃗h)(⃗α) < h_k(l + 1)(h(d_1;⃗h)(⃗α), . . . , h(d_{l−1};⃗h)(⃗α), θ̄(⃗h)(⃗α), h(d_r;⃗h)(⃗α)). We apply induction to θ̄, and for appropriate fixed h_1, . . . , h_{k−1} and ordinals θ(h_1, . . . , h_{k−1}), θ̄(h_1, . . . , h_{k−1}) consider the partition P_k(h_1, . . . , h_{k−1}): we partition h_k : dom(<_r) → ω_1 of the correct type with the extra value g(α_1, . . . , α_l, α_r) inserted between h_k(l+1)(α_1, . . . , α_l, α_r) and N_{hk} (h_k(l+1)(α_1, . . . , α_l, α_r)) according to whether ∀^∗h_{k+1}, . . . , h_t ∀^∗⃗α θ(⃗h)(⃗α) < h(L^k(d); h_1, . . . , h_t; N_g) = N_g(h_k(l + 1)(h(d_1;⃗h)(⃗α), . . . , h(d_{l−1};⃗h)(⃗α), h(L^{k+1}(d_l);⃗h)(⃗α), h(d_r ;⃗h)(⃗α))).

Using corollary 3.1 with j = l + 1, it follows that on the homogeneous side of the partition the property stated in P_k holds, and a c.u.b. C ⊆ ω_1 homogeneous for P_k again witnesses H_k.

This completes the proof of the auxiliary lemma H_k in all cases. □

We now return to the proof of the main lemma. The arguments are similar to those of the auxiliary lemma, so we will be somewhat abbreviated.

We first consider the case where s does not appear, so θ < (id; (d); K_1, . . . , K_t), and L((d)) = (d)^s, where d ∈ D_m. We fix F : δ^1_3 → δ^1_3 representing θ with respect to W^m_3 , and let F (f) denote F ([f]_Sm_1 ) for f : ω_{m+1} → δ^1_3. Hence, for almost all f : ω_{m+1} → δ^1_3 of the correct type, F (f) < (id; f; (d); K_1, . . . , K_t). We consider the partition P: we partition functions f : ω_{m+1} → δ^1_3 of the correct type, with the extra value g(α) of uniform cofinality ω inserted between sup_{β<α}f(β) and f(α),

according to whether or not F (f) < (N_g; f; (d)^s; K_1, . . . , K_t). We claim that on the homogeneous side of the partition, the property stated in P holds. If not, we fix a C ⊆ δ^1_3 homogeneous for the contrary side, and fix f̄ : ω × ω_{m+1} → C witnessing f : ω_{m+1} → δ^1_3 is of uniform cofinality ω, and such that F (f) < (id; f; (d); K_1, . . ., K_t). Hence, ∀^∗⃗h ∃n ∈ ω F (f)(h_1, . . ., h_t) < f̄(n, h(d;⃗h)), and so by countable additivity ∃n ∈ ω ∀^∗h_1, . . ., h_t F (f)(⃗h) < f̄(n, h(d;⃗h)). Letting g(α) = f̄(n, α), we now contradict the homogeneity of C for the contrary side. Fixing now a C ⊆ δ^1_3 homogeneous for P, and letting g = N_C , we have θ < (g; (d)^s; K_1, . . . , K_t).

We next suppose s appears, so θ < (id; (d)^s; K_1, . . . , K_t). We assume d is nonminimal with respect to L, the minimal case following easily from the auxiliary lemma. We first show that for some g : δ^1_3 → δ^1_3, θ < (g; L((d)^s); K_1, . . ., K_t). We fix F as above and consider the partition P: we partition f : ω_{m+1} → δ^1_3 of the correct type with the extra value g(α) of uniform cofinality ω inserted between f(α) and f(α + 1) according to whether or not F (f) < (N_g ; f; L((d)^s); K_1, . . ., K_t). We again claim that on the homogeneous side of the partition the property stated in P holds. If not, we fix C ⊆ δ^1_3 homogeneous for the contrary side and let C^′ = the set of closure points of C. We fix f : ω_{m+1} → C^′ of the correct type with F (f) < (id; f; (d)^s; K_1, . . . , K_t). So, ∀^∗⃗h F (f)(⃗h) < (id; f; (d)^s;⃗h) = sup β<h(d;⃗h) f(β). Hence there is a θ with θ < h(d; K_1, . . . , K_t) and ∀^∗⃗h F (f)(⃗h) < f(θ(⃗h)). By the auxiliary lemma, there is a c.u.b. C_0 ⊆ ω_1 such that ∀^∗h_1, . . . , h_t θ(⃗h) < h(L(d);⃗h; N_{C0} ). We fix such a C_0. We now claim that there are f^′, g satisfying:

(1) f^′, g : ω_{m+1} → δ^1_3 are of the correct type, ordered as in P, [f^′] = [f], f^′, g have range in C, and f^′ ≥ f everywhere.

(2) For all η < ω_{m+1}, g(η) ≥ f(p(η)), where if ⃗α → η(⃗α) represents η with respect to W^m_1 , then p(η) is represented by ⃗α → N_{C0} (η(⃗α)).

In fact, we may define f^′, g as follows. Let C^′_0 = the set of closure points of C_0. For α < ω_1, let l(α) = α^{th} element of C^′_0. Define l̄ : ω_{m+1} → ω_{m+1} by: if ⃗α → η(⃗α) represents η < ω_{m+1} with respect to W^m_1 , then l̄(η) is represented by ⃗α → l(η(⃗α)). For η < ω_{m+1}, define f^′(η) = f(l̄(η)). Similarly, for η < ω_{m+1}, define g(η) = f(η̄), where η̄ is represented by ⃗α → η̄(⃗α) = ω^{th} element of C_0 after l(η(⃗α)). It is not difficult to verify that f^′, g have the desired properties.

From the homogeneity of C for the contrary side of the partition we have:

∀^∗h_1, . . . , h_t F (f^′;⃗h) ≥ (id; f^′; L((d)^s);⃗h; N_g) = N_g(f^′(h(L(d);⃗h))).

However, we also have: ∀^∗h_1, . . . , h_t F (f^′;⃗h) = F (f,⃗h) < f(θ(⃗h)) ≤ f(p(h(L(d);⃗h))) ≤ N_g(f^′(h(L(d);⃗h))). This contradiction establishes that on the homogeneous side of the partition, the property stated in P holds. If we let C ⊆ δ^1_3 be homogeneous for P and g = N_C , it now follows easily that θ < (g; L((d)^s); K_1, . . . , K_t).

If L((d)^s) satisfies D, we are done. Otherwise, it is not difficult to see from a “sliding argument” similar to the one above (but easier) that in fact θ < (id; L((d)^s); K_1, . . . , K_t). We are then in a position to repeat the above argument to get θ < (g; L^{(2)}((d)^s); K_1, . . . , K_t) for some g. Continuing in this manner, we establish the main lemma.

Finally, if (d)^{(s)} = ()^{(s)}, then the proof of the auxiliary lemma shows that for almost all f : ω_{m+1} → δ^1_3, there is a C_0 ⊆ ω_1 such that ∀^∗⃗h, F (f;⃗h) < (id; f; d̃;⃗h; N_{C0} ), where d̃ is the maximal description. The remainder of the argument is as in the case above.

This establishes the main lemma. Λ

The Main Theorem

In order to state our main theorem, we need to introduce an ordering on a certain countable set.

Definition 3.8. For a fixed index (which we suppress writing), we define an ordering < on tuples of the form ((d)^{(s)}; K_1, . . . , K_t), where (d)^{(s)} ∈ D̄(K_1, . . ., K_t), and K_1 . . . , K_t ∈ W_1 ∪ S_1. We let < be the transitive relation generated by the relations:

(i) (L̄((d)^{(s)}); K_1, . . . , K_t, K_{t+1}) < ((d)^{(s)}; K_1, . . . , K_t) for all K_{t+1} ∈ W_1 ∪S_1. Here L((d)^{(s)}) = L((d)^{(s)}; K_1, . . . , K_t) refers to L((d)^{(s)}) computed relative to the sequence K_1, . . . , K_t.

(ii) ((d_2)^{(s)}; K_1, . . . , K_t) < ((d_1)^{(s)}; K_1, . . . , K_t) if d_2 < d_1 or d_2 = d_1 and s appears in the first expression but not in the second.

It is not difficult to check that this relation is well-founded. Indeed, if this were not the case, then since D(K_1, . . . , K_t) is finite for fixed K_1, . . . , K_t, we would have a sequence

((d_1)^{(s)}; K_1, . . . , K_{t1} ) > ((d_2)^{(s)}; K_1, . . . , K_{t2} ) > . . .

where t_1 < t_2 < . . ., d_i ∈ D(K_1, . . . , K_{ti} ), and d_i > d_{i+1} for all i. Hence, for each i we have ∀^∗h_1, . . . , h_{ti+1} h(d_i, h_1, . . . , h_{ti+1} ) > h(d_{i+1}; h_1, . . . , h_{ti+1} ). By countable additivity we could then fix a sequence h_1, h_2, . . ., such that h(d_1; h_1, . . . , h_{t1} ) > h(d_2; h_1, . . . , h_{t2} ) > . . ., a contradiction.

We let |((d)^{(s)}; K_1, . . . , K_t)| denote the rank of ((d)^{(s)}; K_1, . . . , K_t) in this ordering. Also, let f((d)^{(s)}; K_1, . . . , K_t) denote the rank of ((d)^{(s)}; K_1, . . . , K_t) in this ordering, but computed in a somewhat non-standard fashion, that is, f(t) = (sup_{u<t}f(u)) + 1 for tuples t, u ∈ field(<). Notice that f((d)^{(s)}; K_1, . . . , K_t) is

always a successor ordinal, and f((d)^{(s)}; K_1, . . . , K_t) = |((d)^{(s)}; K_1, . . . , K_t)| + 1.

We are now in a position to state our main theorem.

THE MAIN THEOREM 35

Theorem 3.3 (Main Theorem). Let (d)^{(s)} ∈ D̄(K_1, . . . , K_t) satisfy D. Then (id; (d)^{(s)}; K_1, . . ., K_t) ≤ ℵ_{ω+f ((d)}(s)_{;K1,...,Kt)}. Proof. Fix (d)^{(s)}, K_1, . . . , K_t as above, and an ordinal α < (id; (d)^{(s)}; K_1, . . . , K_t). If (d)^{(s)} is minimal with respect to L̄, then from the main lemma 3.1 α < δ^1_3 = ℵ_{ω+1}, and f((d)^{(s)}; K_1, . . . , K_t) = 1, and we are done. So, assume (d)^{(s)} is not minimal with respect to L̄. From the main lemma, there is a g : δ^1_3 → δ^1_3 such that α < (g; L̄((d)^{(s)}); K_1, . . . , K_t). From Martin’s theorem 2.1 and the local embedding theorem 1.1 it follows that there is a well-founded tree T on δ^1_3 and a c.u.b. C ⊆ δ^1_3 such that for β ∈ C, g(β) ≤ |T ↾ (sup_j j(β))|, where the supremum ranges over embeddings corresponding to measures in the canonical families W_1 and S_1. We fix such T, C.

We define now a well-ordering <_0 on the ordinals less than (sup_j j; d^′; K_1, . . ., K_t), where d^′ = L̄((d)^{(s)}). We define θ_1 <_0 θ_2 to hold iff ∀^∗f, h_1, . . . , h_t |T ↾ (sup_j j((id; f; d^′;⃗h)))(θ_1(f;⃗h))| < |T ↾ sup_j j((id; f; d^′;⃗h)))(θ_2(f;⃗h))|, where we recall T ↾ γ(δ) denotes the subtree of T ↾ γ consisting of the elements of T ↾ γ below δ in the tree ordering. Now, if β is any ordinal less than (g; d^′; K_1, . . . , K_t), it follows from the definitions of T, C (since almost all f : ω_{m+1} → δ^1_3 have range in C) that there is a θ < (sup_j j; d^′, K_1, . . . , K_t) such that ∀^∗f, h_1, . . . , h_t β(f;⃗h) = |T ↾ sup_j j((id; f; d^′;⃗h))(θ(f;⃗h))|. From this it follows that | <_0 | ≥ (g; d^′; K_1, . . . , K_t). Hence, (g; d^′; K_1, . . . , K_t) < (sup_j j; d^′; K_1, . . . , K_t)^+.

Now, if j is the embedding corresponding to the measure K_{t+1} ∈ W_1 ∪S_1, it follows immediately from the definition of these ordinals that (j; d^′; K_1, . . . , K_t) = (id; d^′; K_1, . . . , K_t, K_{t+1}).

Also, by countably additivity (sup_j j; d^′; K_1, . . . , K_t) = sup_j (j; d^′; K_1, . . . , K_t).

Hence, (g; d^′; K_1, . . . , K_t) < [ sup_{Kt+1}(id; d^′; K_1, . . . , K_t, K_{t+1})]^+, the supremum ranging over measures K_{t+1} ∈ W_1 ∪ S_1. Since α was arbitrary, we have that

(id; (d)^{(s)}; K_1, . . . , K_t) ≤ [ sup_{Kt+1}(id; L((d)^{(s)}); K_1, . . . , K_t, K_{t+1})]^+.

By induction, we may assume that (id; L((d)^{(s)}); K_1, . . . , K_t, K_{t+1}) ≤ ℵ_{ω+f (L((d)}(s)_{);K1,...,Kt+1)}.

Hence, from the definition of < and f we have:

(id; (d)^{(s)}; K_1, . . . , K_t) ≤ [ sup_{Kt+1}ℵ_{ω+f (L((d)}(s)_{);K1,...,Kt+1)} ]_+ = ℵ_{ω+[ supKt+1f (L((d)}(s)_{);K1,...,Kt+1)]+1} ≤ ℵ_{ω+f ((d)}(s)_{;K1,...,Kt)}. □ A Rank Computation

Our final goal in this chapter is to compute a suitable upper bound for f((d)^{(s)}; K_1, . . . , K_t). Together with theorem 3.3, this will yield an upper bound for δ^1_5 .

We extend the ordering < to tuples of the form (d; K_1, . . . , K_t) where d satisfies C with respect to K_1, . . . , K_t (and we are considering a fixed index) by letting < be the transitive relation generated by the relations:

(i) (L(d); K_1, . . . , K_t, K_{t+1}) < (d; K_1, . . . , K_t) for all K_{t+1} ∈ W_1 ∪ S_1. Again, L(d) here is computed relative to K_1, . . . , K_t.

(ii) (d_2; K_1, . . . , K_t) < (d_1; K_1, . . . , K_t) if d_2 < d_1.

If is easy to check, as before, that this relation is well-founded. We also let |(d; K_1, . . . , K_t)|, f(d; K_1, . . . , K_t) denote the ranks of (d; K_1, . . . , K_t) in this ordering, computed in the usual and non-standard manners as before (so f(d; K_1, . . . , K_t) = |(d; K_1, . . . , K_t)| + 1).

In order to compute the upper bound for f(d; K_1, . . . , K_t) (from which the bound for f((d)^{(s)}; K_1, . . . , K_t) will follow immediately) we need to introduce some auxiliary functions.

Definition 3.9. We let <^k, for k ∈ ω or k = ∞ be the relation with field the set of tuples of the form (d; K_1, . . . , K_t) where d satisfies C relative to K_1, . . . , K_t and k(d) ≥ k, and defined to be the transitive relation generated by the relations:

(i) (L^k (d); K_1, . . . , K_t, K_{t+1}) <^k (d; K_1, . . . , K_t) for all K_{t+1} ∈ W_1 ∪ S_1. (ii) (d_2; K_1, . . . , K_t) <^k (d_1; K_1, . . . , K_t) for d_2 < d_1.

We let |(d; K_1, . . . , K_t)|_k, f^k(d; K_1, . . . , K_t) be the ranks of (d; K_1, . . . , K_t) in <^k as before. Note that |(d; K_1, . . . , K_t)| = |(d; K_1, . . . , K_t)|_1, f(d; K_1, . . . , K_t) = f^1(d; K_1, . . . , K_t).

We next introduce the auxiliary functions f̄^k:

Definition 3.10. For d satisfying C relative to K_1, . . . , K_t, 1 ≤ k ≤ t or k = ∞, and k(d) ≥ k, we define f̄^k(d; K_1, . . . , K_t) by reverse induction on k (for fixed K_1, . . . , K_t) through the following cases. In the formulas below, we let f̄ k(d), f̄ k+1(d) abbreviate f̄ k(d; K_1, . . . , K_t), f̄ k+1(d; K_1, . . . , K_t). Also, we interpret “f̄^{k+1}” as f̄^∞ if k = t.

I: k = ∞. So, d = d^{(fm)} = (i) for 1 ≤ i ≤ m. We set f̄^∞(d) = ω^{ωi} . II: 1 ≤ k ≤ t.

(1) k = k(d).

(a) d basic type type −1, so d = (k; p). We set f̄^k(d) = ω + p. (b) d = (k; d_r, d_1, . . . , d_l) where l = r − 1 and K_k = S^r_1 . We set f̄ k(d) = f̄ k(d′) + 1 where d′ = (k; d_r, d_1, . . . , d_l)s and f̄ k(d′) is given in the following case.

(c) d = (k; d_r, d_1, . . . , d_l)^s where l = r − 1.

We set

f̄^k(d) = ∑ β<f̄^{k+1}(d_r )

(2 · β^{r−1} + r) + (2 · (f̄^{k+1}(d_r ))^{r−2} + r − 1) · f̄^{k+1}(d_1) + · · ·

+ (2 · f̄^{k+1}(d_r) + 2) · f̄^{k+1}(d_{l−1}) + 2 · f̄^{k+1}(d_l).

(d) d = (k; d_r, d_1, . . . , d_l) where l < r − 1.

We set

f̄^k(d) = ∑ β<f̄^{k+1}(d_r )

(2 · β^{r−1} + r) + (2 · (f̄^{k+1}(d_r ))^{r−2} + r − 1) · f̄^{k+1}(d_1) + · · ·

+ (2 · (f̄^{k+1}(d_r))^{r−l−1} + r − l) · (f̄^{k+1}(d_l) + 1) − 1.

If l = 0, so d = (k; d_r), set f̄^k(d) = ∑ β<f̄^{k+1}(d_r )+1 (2·β^{r−1} +r)−1. (e) d = (k; d_r, d_1, . . . , d_l)^s where l < r − 1.

We set

f̄^k(d) = ∑ β<f̄^{k+1}(d_r )

(2 · β^{r−1} + r) + (2 · (f̄^{k+1}(d_r ))^{r−2} + r − 1) · f̄^{k+1}(d_1) + · · ·

+ (2 · (f̄^{k+1}(d_r))^{r−l−1} + r − l) · (f̄^{k+1}(d_l)).

(2) k < k(d), K_k = W^r_1 .

We set f̄^k(d) = ω + r + f̄^{k+1}(d) + 1. (3) k < k(d), K_k = S^r_1 . We set f̄^k(d) = ∑ β<f̄^{k+1}(d_r )

(2 · β^{r−1} + r).

This completes the definition of f̄^k. We let f̄(d; K_1, . . . , K_t) .= f̄^1(d; K_1, . . . , K_t). Finally, we extend f̄ to tuples of the form ((d)^{(s)}; K_1, . . . , K_t) by setting f̄((d); K_1, . . . , K_t) = 2 · f̄(d; K_1, . . . , K_t) + 1, and f̄((d)s; K_1, . . . , K_t) = 2 · f̄(d; K_1, . . . , K_t). We introduce now two sets of assertions about the functions f̄^k: A^k : Let d satisfy C relative to K_1, . . . , K_t, with k(d) ≥ k. Then for all K_{t+1} ∈ W_1 ∪ S_1, f̄^k(d; K_1, . . . , K_t) = f̄^k(d; K_1, . . . , K_t, K_{t+1}).

R^k: For d_1, d_2 as above with d_1 < d_2, we have f̄^k(d_1; K_1, . . . , K_t) < f̄^k(d_2; K_1, . . . , K_t). First consider A^k. Fix K_1, . . . , K_t, and we prove A^k for 1 ≤ k ≤ t or k = ∞ by reverse induction on k. Let d be defined and satisfy C with respect to K_1, . . . , K_t with k(d) ≥ k, and fix K_{t+1} ∈ W_1 ∪ S_1. If d is basic, it follows immediately from (I), (1a) that f̄^k(d; K_1, . . . , K_t) = f̄^k(d; K_1, . . . , K_t, K_{t+1}). If k(d) < t, the result follows easily by induction. If d is non-basic and k(d) = t, inspection of the above formulas shows the result follows provided we know that for d basic with k(d) = ∞, we have f̄^∞(d) = f̄^{t+1}(d; K_1, . . . , K_{t+1}). This, however, follows from (I), (3), and the fact that ∑ β<ω^{ωi} β^r = ω^{ωi} for all i, r ∈ ω.

We now consider R^k. Fix K_1, . . . , K_t, and we prove R^k by reverse induction on k. Let d_1, d_2 be defined and satisfy C with respect to K_1, . . . , K_t. We consider cases. In considering these cases, the reader should keep in mind fact .

The case where k(d_1) = k(d_2) = ∞ is immediate. Also, if k < min(k(d_1), k(d_2)), R^k follows easily by induction and (2) or (3). Hence, we may assume k = min(k(d_1), k(d_2)) < ∞.

Note first that f̄^k(k; d_r, d_1, . . . , d_l) ≥ f̄^k(k; d_r, d_1, . . . , d_l, d_{l+1}), for any d_{l+1} (this includes the case l = 0, where we interpret the left-hand side as f̄^k(k; d_r)). If l + 1 < r − 1, this follows from (1d) and the fact that (2 · α^{r−l−1} + r − l) > (2 · α^{r−l−2} + r − l − 1) · (β + 1) for all infinite α, β ∈ ON with β < α. We apply this fact with α = f̄^{k+1}(d_r), and β = f̄^{k+1}(d_{l+1}), noting that β < α by induction. If l = r − 2, comparing (1d) and (1b), the inequality follows from 2 · f̄^{k+1}(d_{l+1}) + 1 < 2 · f̄^{k+1}(d_r) + 2 − 1.

An inspection of (1c), (1e) gives immediately that f̄^k(k; d_r, d_1, . . . , d_l)^s ≤ f̄ k(k; d_r, d_1, . . . , d_l, d_{l+1})s, for any d_{l+1}, where 1 ≤ l ≤ r − 2. Trivially, from (1b) and (1c) it follows that f̄^k(k; d_r, d_1, . . . , d_l) > f̄^k(k; d_r, d_1, . . . , d_l)^s when l = r − 1, and from (1d), (1e) we see that this holds for all 1 ≤ l ≤ r − 1 as well.

Suppose now that d_1 < d_2, and k(d_1) = k(d_2) = k. Say, d_1 = (k; d̄_r, d̄_1, . . ., d̄_{l1} )(s) and d_2 = (k; d′_r, d′_1, . . . , d′_{l2} )(s). If d̄_r = d′_r, and there does not exist an i ≤ min(l_1, l_2) such that d̄_i ≠ d^′_i, then f̄^k(d_1) < f̄^k(d_2) follows from the cases already considered. If d̄_r = d^′_r, and there is a least i ≤ min(l_1, l_2) such that d̄_i ≠ d^′_i, then without loss of generality we may assume d_1 = (k; d_r, d_1, . . . , d̄_i) and d_2 = (k; d_r, d_1, . . . , d^′_i)^s. If i = r − 1, then f̄^k(d_1) < f̄^k(d_2) follows from (1b), (1c), and the fact that 2 · f̄^{k+1}(d^′_i) > 2 · f̄^{k+1}(d̄_i) + 1. If i < r − 1, inspecting (1d), (1e), the result follows from f̄^{k+1}(d̄_i) + 1 ≤ f̄^{k+1}(d^′_i), and the −1 term in (1d). Finally, suppose d̄_r ≠ d^′_r. Thus, we have d̄_r < d^′_r. Without loss of generality we may assume d_1 = (k; d̄_r). By induction, f̄^{k+1}(d̄_r) + 1 ≤ f̄^{k+1}(d^′_r). Comparing (1d) with (1b), (1c), (1d), (1e), the result is immediate as f̄^k(d_1) is of the form ∑ −1, and f̄^k(d_2) is of the form ∑_′ +θ, where ∑_′ ≥ ∑ , and θ ∈ ON.

Suppose next that k = k(d_1) < k(d_2). Say d_1 = (k; d̄_r, d̄_1, . . . , d̄_{l1} )^{(s)}. We must have d̄_r < d_2, so by induction f̄^{k+1}(d̄_r) < f̄^{k+1}(d_2). We may assume from the cases already considered that d_1 = (k; d̄_r). Since f̄^{k+1}(d̄_r) + 1 ≤ f̄^{k+1}(d_2), comparing (1d) and (3) shows f̄^k(d_1) < f̄^k(d_2) (the sum term in (1d) is less than or equal to the sum term in (3), and (1d) has the extra −1 term).

Finally, suppose that k(d_1) > k(d_2) = k. Again, let d_2 = (k; d^′_r, d^′_1, . . . , d^′_{l2} )^{(s)}. We have in this case d_1 ≤ d^′_r, and so f̄^{k+1}(d_1) ≤ f̄^{k+1}(d^′_r). We may assume d_2 = (k; d^′_r, d^′_1)^s, and comparing (3) with (1e), (1c) shows that f̄^k(d_1) is of the form ∑ , and f̄^k(d_2) is of the form ∑_′ +θ, where ∑_′ ≥ ∑ , and θ > 0 (in fact θ is infinite). Thus, f̄^k(d_1) < f̄^k(d_2).

This establishes R^k in all cases.

We let now Ã^k and R̃^k denote the versions of A^k, R^k stated for tuples of the form ((d)^{(s)}; K_1, . . . , K_t). From A^k, R^k, it follows immediately that Ã^k, R̃^k hold. From Ã1, R̃1 and the definition of < it now follows easily that if ((d_1)(s); K_1, . . ., K_{t1} ) < ((d_2)^{(s)}; K_1, . . . , K_{t2} ), then f̄((d_1)^{(s)}; K_1, . . . , K_{t1} ) < f̄((d_2)^{(s)}; K_1, . . ., K_{t2} ). From this the following theorem is now immediate:

Theorem 3.4. If (d)^{(s)} satisfies D relative to the sequence K_1, . . . , K_t, then |((d)^{(s)}; K_1, . . . , K_t)| ≤ f̄((d)^{(s)}; K_1, . . . , K_t).

Now, an inspection of the formulas for f̄^k and an easy induction gives the following: if d = d^{(fm )}, then f̄((d)^{(s)}; K_1, . . . , K_t) < ω^{ω(m+1)} (we use here the simple fact that if α < ω^{ωp} then ∑ β<α β^r < ω^{ωp} for all p, r ∈ ω). From this and the above theorem we now have:

Theorem 3.5. If (d)^{(s)} satisfies D relative to K_1, . . . , K_t, where d = d^{(fm )}, then f((d)^{(s)}; K_1, . . . , K_t) < ω^{ω(m+1)} .

We now have the desired upper bound for δ^1_5: Theorem 3.6. δ^1_5 ≤ (ℵ_ωω^ω )^+.

Proof. We collect our previous results. First, from corollary 1.1 we have δ^1_5 ≤ (sup_m j_W m_3 (δ^1_3))^+. Fix m ∈ ω. Let F : δ^1_3 → δ^1_3 represent [F ]_W m_3 . Martin’s theorem 2.1 and a simple case of the argument of theorem 3.3 then give that [F ]_W m_3 < [ sup_{K1} (id; ()^{(fm )}; K_1)

]_+ . From theorems 3.3, 3.5, (id; ()^{(fm )}; K_1) < ℵ_{ω+ωω}(m+1) , and the theorem follows. □

CHAPTER 4

Results on Uniform Cofinalities

Our goal in this section is to analyze the possible “uniform cofinalities” of functions f : ω_{n+1} → δ^1_3 (a definition to be made precise). Before doing this, we digress to analyze ordinals α < ω_{n+1}. That is, we analyze the possible uniform cofinalities of functions l : (ω_1)^n → ω_1 representing such α. Recall our notational convention that dom(W^n_1 ) consists of increasing n-tuples, and such tuples may be written in any order. Thus, if π = (j_1, . . . , j_n) is a permutation on n, and f : dom(W^n_1 ) → ON, we write f(α_1, . . . , α_n) and f(α_{j1} , . . . , α_{jn} ) interchangeably.

Recall that to each standard permutation π = (n, j_2, . . . , j_n) of n we have a corresponding ordering <_π of ω^n_1 . We say f : dom(<_π) → ω_1 (or f : (ω_1)^n → ω_1) is of type π if f is of the correct type with respect to the ordering <_π (i.e., orderpreserving, discontinuous, and of uniform cofinality ω). We say f is of type (π, s), if f is order-preserving and f(⃗α) = sup{f(⃗β): ⃗β <_π ⃗α} if this set has limit ordertype, and otherwise f(⃗α) has uniform cofinality ω. If π^′ = (n + 1, j^′_2,. . . ,j^′_{n+1}) is a standard permutation extending π (in the sense of §1), then we say an orderpreserving function f : dom(<_π) → ω_1 is of type (π, π^′) if there is an f^′ : dom(<_π′ ) → ω_1 of the correct type such that for all ⃗α = (α_n, α_{j2} , . . . , α_{jn} ) of type π, f(⃗α) = sup{f^′(⃗α, β): (⃗α, β) has type π^′}, if this set has limit order-type, and otherwise f(⃗α) has uniform cofinality ω.

Slightly more generally, we call π = (n, j_2, . . . , j_m) a standard partial permutation if m ≤ n, and π can be extended to a permutation of n. We define the partial permutation π^′ = (n + 1, j^′_2, . . . , j^′_{m+1}) to extend π = (n, j_2, . . . , j_m) exactly as for permutations, that is, (n+1, j^′_2, . . . , j^′_m) is order isomorphic to (n, j_2, . . . , j_m). Corresponding to the partial permutation π we have also the prewellordering <_π on n-tuples of ordinals < ω_1 defined by (α_1, . . . , α_n) <_π (β_1, . . . , β_n) iff (α_n, α_{j2} , . . ., α_{jm} ) <^{lex} (β_n, β_{j2} , . . ., β_{jm} ). Note that this only depends on m of the ordinals of the tuple. Thus, if f : (ω_1)^n → ω_1 is order-preserving with respect to <_π, we may write f(α_n, α_{j2} , . . . , α_{jm} ) for f(α_1, . . . , α_n). We say f : (ω_1)^n → ω_1 is of type π if f is of the correct type with respect to the ordering <_π. Similarly, f is of type (π, s) if f is order-preserving, and f(α_n, α_{j2} , . . . , α_{jm} ) = sup{f(⃗β): ⃗β <_π ⃗α} whenever this set has limit order type (i.e., α_{jm} is a limit ordinal), and otherwise f(⃗α) has uniform cofinality ω. Likewise, if π^′ = (n + 1, j^′_2, . . . , j^′_{m+1}) is a partial permutation extending π, and f : dom(<_π) → ω_1 is order-preserving, we say f is of type (π, π^′) if there is an f^′ : dom(<_π′ ) → ω_1 of the correct type such that for all ⃗α = (α_n, α_{j2} , . . . , α_{jm} ) order-isomorphic to π, f(⃗α) = sup{f^′(⃗α, β): (⃗α, β) is order-isomorphic to π^′} if the set of such (⃗α, β) has limit order type, and otherwise f(⃗α) has uniform cofinality ω. Note that this only depends on the order type of π^′.

For α < ω_{n+1}, we say α is of type π, (π, s), or (π, π^′), if there is a function f of type π, (π, s), or (π, π^′) respectively representing α. For non-trivial α (e.g., α > ω_n · ω) this is equivalent to saying (considering the (π, π^′) case) that for some

(or any) f representing α, there is a c.u.b. C ⊆ ω_1 and an f^′ with f, f^′ order preserving from <_π↾ C, <_π′ ↾ C to ω_1 with f^′ inducing f as above. We say f is almost everywhere of type (π, π^′), etc., if the ordinal f represents is of that type.

If π = (n, j_2, . . . , j_m), and m = n, then it is not difficult to show that if α has type π, (π, s), or (π, π^′), then the type of α is unique. For m < n, let π̃^′ = (m+1, . . .) be the permutation of length m + 1 order isomorphic to π^′. In this case, if α has type (π, π^′), then the type of α is determined by (π, π̃^′). That is, if π^{′′} and π^′ are order isomorphic, then α has type (π, π^′) iff α has type (π, π^{′′}). With a slight abuse, we also refer to α as having type (π, π̃^′). Written this way, the type of α is again seen to be unique.

Definition 4.1. If ω_n ≤ α < ω_{n+1} is of type π, (π, s), or (π, π^′) for some standard partial permutation π = (n, i_2, . . . , i_r), the we say α has depth r.

In other words, a representing function f : (ω_1)^n → ω_1 for α depends, almost everywhere, on exactly r of the n arguments.

Lemma 4.1. Let ω_n ≤ α < ω_{n+1} be a limit ordinal. Then α has type either π, (π, s), or (π, π^′) for some standard partial permutations π, π^′ of n, n+1 respectively.

Proof. Fix ω_n ≤ α < ω_{n+1} and f : (ω_1)^n → ω_1 representing α. For each k = 1, 2, . . . , n we consider the partition P_k: we partition pairs of tuples (α_1, . . . , α_n), (β_1, . . . , β_n) of ordinals < ω_1 ordered by α_1 < β_1 < α_2 < β_2 < . . . α_{k−1} < β_{k−1} < β_k < α_k < α_{k+1} < β_{k+1} . . . < α_n < β_n according to whether or not f(α_1, . . . , α_n) > f(β_1, . . . , β_n). An easy argument shows that there is a unique k such that on the homogeneous side of the partition the property stated in P_k holds (otherwise we get a c.u.b. C ⊆ ω_1 such that f(β_1, . . . , β_n) ≤ f(α_1, . . . , α_n) for α_1 < β_1 < . . . < α_n < β_n in C, which makes f constant almost everywhere, a contradiction). It also follows from α ≥ ω_n that this unique k is equal to n. Hence, on a measure one set f(α_1, . . . , α_n) depends first on α_n. Next we consider the partitions P_k for k = 1, . . . , n − 1 where we partition (α_1, . . . , α_{n−1}, α_n), (β_1, . . . , β_{n−1}, α_n) with α_1 < β_1 < . . . < α_{k−1} < β_{k−1} < β_k < α_k < . . . < α_{n−1} < β_{n−1} < α_n according to whether or not f(α_1, . . . , α_n) > f(β_1, . . . , α_n). Again it follows easily that either there is a unique k = j_2 such that the property stated in P_{j2} holds on the homogeneous side of the partition, or f(α_1, . . . , α_n) = f(α_n) on a measure one set. Continuing, we define a partial permutation π = (n, j_2, . . . , j_m) such that f : dom(<_π) → ω_1 is order preserving on a measure one set. It remains to analyze the “uniform cofinality” of f.

Let ≺ be a well ordering of ω_1 such that ∀^∗α < ω_1 | ≺↾ α| > f(1)(α) .= sup_{α1 ,...,αn−1}f(α_1, . . . , α_{n−1}, α). For ⃗α = (α_1, . . . , α_n) ∈ (ω_1)^n, let S^′(⃗α) = {β < α_n : |β|_{≺↾αn} < f(α_1, . . . , α_n)}. Thus, f(α_1, . . . , α_n) = sup_{β∈S′(⃗α)}|β|_{≺↾αn} . Let now S : (ω_1)^n → ω_1 represent the least

equivalence class such that ∃l : {(⃗α, β): β ∈ S(⃗α)} → ω_1 ∀^∗⃗α f(⃗α) = sup_{β∈S(⃗α)}l(⃗α, β). Thus S(α_1, . . . , α_n) ≤ α_n almost everywhere. Now, if S(α_1, . . . , α_n) < α_k almost everywhere, then there is a well-ordering ≺ of ω_1 such that S(α_1, . . . , α_n) < | ≺↾ α_{k−1}| almost everywhere. From this it follows easily that for the least such S we either have (i) S(α_1, . . . , α_n) is constant almost everywhere or (ii) S(α_1, . . . , α_n) = α_k almost everywhere, for some k ∈ {n, j_2, . . . , j_m}. The first case corresponds to f : dom(<_π) → ω_1 of the correct type, thus f of type π. In the second case we either have f(α_n, α_{j2} ,. . .,α_{jm} ) = sup_{β<αj} m f(α_n, α_{j2} ,. . .,α_{jm−1} , β) almost everywhere, in which case f is of type (π, s), or else f(α_n, α_{j2} ,. . .,α_{jm} ) > sup β<α_{jm} f(α_n, α_{j2} ,. . .,α_{jm−1} , β) almost everywhere in which case f is of type (π, π^′)

where π^′ = (n + 1, j^′_2, . . . , j^′_{m+1}) where j^′_a = j_a + 1 if j_a ≥ k, j^′_{m+1} = k, and j^′_a = j_a otherwise. □

Our next goal is to analyze the possible uniform cofinalities of functions f : ω_{n+1} → δ^1_3 with respect to a measure V on ω_{n+1}. We first make this precise.

Definition 4.2. Let θ ∈ ON. A uniform cofinality for θ is a function u: θ → ON. We say a function f : θ → ON has uniform cofinality u if there is a function l : S .= {(α, β): β < u(α)} → ON such that ∀α < θ f(α) = sup{l(α, β): (α, β) ∈ S}. If V is a measure on θ, a uniform cofinality with respect to V is an equivalence class [u]_V of a function u: θ → ON. We say f : θ → ON has uniform cofinality [u]_V with respect to V if there is a V measure one set A ⊆ θ and an l : S .= {(α, β): α ∈ A ∧ β < u(α)} → ON such that ∀α ∈ A f(α) = sup{l(α, β): (α, β) ∈ S}. We frequently abbreviate the above by writing “f(α) has uniform cofinality u(α),” or “f(α) has uniform cofinality u(α) almost everywhere with respect to V,” and omitting the reference to V if it is understood. Note that this only depends on the equivalence class of u with respect to V. We say two uniform cofinalities with respect to V are distinct if it is not possible for a function to have both uniform cofinalities simultaneously.

The next theorem (actually a slight generalization of it, c.f. theorem 4.2) plays an important role in the following analysis. Recall that if π = (n, j_2, . . . , j_m) is a partial permutation, h: dom(<_π) → ω_1 is order-preserving, and l ≤ m, then the l^{th} invariant is defined by (for (α_n, α_{j2} , . . . , α_{jl} ) of type (n, j_2, . . . , j_l)): h(l)(α_n, α_{j2} , . . . , α_{jl} ) = sup{h(α_n, α_{j2} , . . . , α_{jl} , β_{jl+1} , . . . , β_{jm} ): (α_n . . . , α_{jl} , ⃗β) has type π}. Theorem 4.1. Let V be the measure on ω_{n+1} corresponding to the partial permutation π = (n, j_2, . . . , j_m) and functions h: (ω_1)^n → ω_1 of type π, (π, s), or (π, π^′) for some π^′ extending π. Let f : ω_{n+1} → δ^1_3 have range in the limit ordinals. Then one of the following occurs:

(1) f(α) has uniform cofinality ω almost everywhere, or uniform cofinality ω_1 almost everywhere, or uniform cofinality ω_2 almost everywhere.

(2) There is an l ≤ m such that if π̃ = (l, i_2, . . . , i_l) is the permutation of l order isomorphic to (n, j_2, . . . , j_l), then for almost all α < ω_{n+1} represented by h: dom(<_π) → ω_1 of the appropriate type (depending on V), f(α) has uniform cofinality represented with respect to W^l_1 by h^′ : dom(<_{π̃}) → ω_1 defined by h^′(α_n, α_{j2} , . . . , α_{jm} ) = h(α_n, α_{j2} , . . . , α_{jm} ) if l = m, and if l < m by h^′(α_n, α_{j2} , . . . , α_{jl} ) = h(l)(α_n, α_{j2} , . . . , α_{jl} ). (3) There is an l < m such that if π̃ as in (2) and π̃^′ is the permutation extending π̃ order isomorphic to (n, j_2,. . .,j_{l+1}), then for almost all α < ω_{n+1} represented by h: dom(<_π) → ω_1 of the appropriate type, f(α) has uniform cofinality the supremum of the ordinals β < ω_{l+2} which are represented by functions h^′ : dom(<_{π̃}′ ) → ω_1 of the correct type such that h^′(α_n, α_{j2} ,. . . , α_{jl+1} ) < h(l)(α_n, α_{j2} , . . . , α_{jl} ). (4) V is of type (π, π^′) and for almost all α < ω_{n+1} represented by h: dom(<_π ) → ω_1 of type (π, π^′), f(α) has uniform cofinality the supremum of the ordinals β < ω_{m+2} which are represented by functions h^′ : dom(<_{π̃}′ ) → ω_1 of the correct type such that h^′(α_n, α_{j2} , . . . , α_{jm+1} ) < h(α_n, α_{j2} , . . . , α_{jm} ) almost everywhere, where π̃^′ is the permutation order-isomorphic to π^′.

Note that cases (3) and (4) are in essence the same case, separated for notational convenience.

Proof. Fix f : ω_{n+1} → δ^1_3 having range in the limit ordinals, and V a measure on ω_{n+1} of type π, (π, s), or (π, π^′) where π = (n, j_2,. . .,j_m) and π^′ extends π in the last case. Let ≺ be a well-ordering of ω_ω of length > sup_{α<ωn+1}f(α). For each

α < ω_{n+1} let S_α ⊆ ω_ω be defined by S_α = {β < ω_ω : |β|_≺ < f(α)}. So, f(α) = sup_{β∈Sα}|β|_≺. Let now S : ω_{n+1} → ω_ω represent the least equivalence class (with respect

to V) such that there exists a function l : {(α, β) : α < ω_{n+1} ∧β ∈ S(α)} → δ^1_3 such that for V almost all α < ω_{n+1}, f(α) = sup_{β∈S(α)}l(α, β). Thus, S(α) ≤ ω_ω almost

everywhere. If S(α) = ω_ω almost everywhere then we clearly have case (1), (with uniform cofinality ω) since we may take f^′(n, α) = sup_{β∈S(α),β<ωn}l(β).

By countable additivity, let k be least such that S(α) ≤ ω_{k+1} almost everywhere. If S(α) = ω_{k+1} almost everywhere, then we are in case (1) with uniform cofinality ω_1 if k = 0, and otherwise uniform cofinality ω_2. So assume ω_k < S(α) < ω_{k+1}. For α < ω_{n+1} represented by h: dom(<_π) → ω_1 of the appropriate type, let s_α : (ω_1)^k → ω_1 represent S(α) with respect to W^k_1 . Although we can not choose the functions s_α uniformly in α, the map α → [s_α] is well-defined.

First consider s_α(1): ω_1 → ω_1. If for almost all α < ω_{n+1} [s_α(1)] < [h(1)], then [s_α(1)] is constant on a measure one set with respect to V. If this constant value [s] of [s_α(1)] is < ω_1, then k = 0 and case (1) applies. Otherwise, taking a well-ordering of ω_1 of length > [s(1)] easily contradicts the minimality of S unless s(1)(β) = β almost everywhere. But then [s] ≤ ω_k, a contradiction.

If ∀^∗α < ω_{n+1} [s_α(1)] > [h(1)], then we consider the partition P: we partition h: dom(<_π) → ω_1 of the appropriate type, and g : ω_1 → ω_1 with h(1)(β) < g(β) < N_h(h(1)(β)) according to whether [g] > [s_α(1)], where α = [h]. On the homogeneous side of the partition the property holds, and we let C ⊆ ω_1 be homogeneous for P. Letting ≺ be a well-ordering of ω_1 such that | ≺↾ β| > N_C (β) for almost all β then easily contradicts the minimality of S.

Hence, we may assume ∀^∗α [h(1)] = [s_α(1)]. Let 1 ≤ p ≤ min(k, m) be maximal such that ∀^∗α s_α(p): ω^p_1 → ω_1 is defined and [h(p)] = [s_α(p)].

If p = k, then [s_α] = [h(p)], and case (2) holds. Assume now that p < k and consider the following cases:

(i) p < m and ∀^∗α S(α) = [s_α] has depth p (see definition 4.1). We claim that case (3) holds. Since [s_α] has depth p and [s_α(p)] = [h(p)], there is a partial permutation π_1 = (k, i_2, . . . , i_p) order isomorphic to (n, j_2, . . . , j_p) such that ∀^∗α ∀^∗α_1, . . . , α_k s_α(α_1, . . . , α_k) = h(p)(α_k, α_{i2} , . . . , α_{ip} ). Let q ∈ {i_2, . . . , i_p} ∪ {k} be such that ∀^∗α_1, . . . , α_k s(α_1, . . . , α_k) = sup_{β<αq} h(p + 1)(α_k, α_{i2} , . . .,α_{ip} , β). Suppose now s^′ : (ω_1)^k → ω_1 and [s^′] < [s_α]. If q = 1 or q − 1 ∈ {i_2, . . . , i_p}, it follows that there is a θ : (ω_1)^p → ω_1 such that [θ] < [h(p)] and ∀^∗α_1, . . . , α_k s^′(α_1, . . ., α_k) ≤ θ(α_k, α_{i2} ,. . ., α_{ip} ). This, however, allows us to define S^′, l^′ with S^′(α) < ω_{p+1} ≤ ω_k, violating the minimality of S. Namely, for α = [h], h: dom(<_π) → ω_1 of the appropriate type, let S^′(α) = [h(p)], and l^′(α, [θ]) = sup{l(α, [s^′]): [s^′] < [s_α] ∧ ∀^∗α_1, . . . , α_k s^′(α_1, . . . , α_k) < θ(α_k , α_{i2} , . . . , α_{ip} )}. So, q > 1 and q − 1 /∈ {i_2, . . . , i_p}. For α = [h] as above, and [s^′] < [s_α], an easy sliding argument (e.g., corollary 3.1) shows there is a θ : (ω_1)^{p+1} → ω_1 of type π_2 order isomorphic to (n, j_2, . . . , j_{p+1}), with [θ(p)] = [h(p)] and such that ∀^∗α_1, . . . , α_k s^′(α_1, . . . , α_k) ≤ θ(α_k, α_{i2} ,. . .,α_{ip} , α_q). The conclusion of case (3) follows (and also, k = p + 1).

(ii) p = m and ∀^∗α [s_α] has depth p. If V is of type π, h: dom(<_π) → ω_1 is of type π, and [s^′] < [s_α] where α = [h], then since h has uniform cofinality ω it follows that ∃θ : (ω_1)^m → ω_1 with [θ] < [h(m)] such that ∀^∗α_1, . . . , α_k s^′(α_1, . . . , α_k) < θ(α_k, α_{i2} , . . . , α_{im} ). This allows us to define S^′, l^′ with S^′(α) < ω_{m+1} ≤ ω_k, violating the minimality of S. Suppose next that V is of type (π, s). Let s^′ : (ω_1)^k → ω_1 with [s^′] < [s_α]. Let π_1 = (k, i_2, . . ., i_m) again be the partial permutation order isomorphic to π such that s: dom(<_{π1} ) → ω_1 is order-preserving almost everywhere. Thus, ∀^∗α_1, . . . , α_k ∃β < α_{im} s^′(α_1, . . . , α_k) < h(m)(α_k, α_{i2} , . . . , α_{im−1} , β). Thus, β is bounded by a function of α_{im−1} only. If i_m = 1 or i_m − 1 ∈ {i_2, . . . , i_{m−1}}, then [s^′(m − 1)] < [s_α(m − 1)], and we violate the minimality of S. Otherwise, if [s^′] < [s_α] then there is a θ : (ω_1)^m → ω_1 with [θ(m − 1)] = [h(m − 1)] and such that ∀^∗α_1, . . . , α_k s^′(α_1, . . . , α_k) < θ(α_k, α_{i2} ,. . .,α_{im−1} , α_{im −1}). This again violates the minimality of S. Assume finally that V is of type (π, π^′). Letting π_1 be as above, we use an argument similar to case (i), considering h^′ of type π^′ inducing h. If there is a q /∈ {i_2, . . . , i_m} ∪ {k} such that (k, i_2, . . . , i_m, q) is order isomorphic to π^′, then we are easily seen to be in case (4). Otherwise, we violate the minimality of S.

(iii) p < m and ∀^∗α [s_α] has depth > p. By maximality of p, [s_α(p + 1)] ≠ [h(p + 1)] for almost all α < ω_{n+1}. First suppose [s_α(p + 1)] > [h(p + 1)] for almost all α. We consider the partition P: we partition h: dom(<_π) → ω_1 of the appropriate type and g : dom(<_{π̃}′ ) → ω_1 (where π̃^′ is the permutation order isomorphic to (n, j_2, . . . , j_{p+1})) of the correct type with h(p + 1)(α_n, α_{j2} ,. . .,α_{jp+1} ) < g(α_n, α_{j2} ,. . .,α_{jp+1} ) < N_h(h(p + 1)(α_n , α_{j2} ,. . ., α_{jp+1} )) according to whether [g] > [s_α(p+1)] where α = [h]. From lemma 3.2 it follows that on the homogeneous side of the partition the property holds. Fixing a c.u.b. set C homogeneous for P, and a well-ordering ≺ of ω_1 such that | ≺↾ β| > N_C (β) for almost all β then allows us to replace S, l by a representation S^′, l^′ such that for almost all α, if s^′_α : ω^k_1 → ω_1 represents S^′(α), then [s^′_α(p + 1)] ≤ [h(p + 1)]. This contradicts the minimality of S. If [s_α(p + 1)] < [h(p + 1)] almost everywhere, we argue as above except using the partition P where we require sup_{β<αj} p+1 h(p + 1)(α_n, α_{j2} ,. . .,α_{jp} , β) < g(α_n,α_{j2} ,. . .,α_{jp+1} ) < N_h( sup_{β<αj} p+1 h(p + 1)(α_n,α_{j2} ,. . ., α_{jp} , β)). We again violate

the minimality of S unless s_α(p + 1)((α_n,α_{j2} ,. . ., α_{jp+1} ) = sup_{β<αj} p+1 h(p + 1)(α_n,α_{j2} ,

. . .,α_{jp} , β) almost everywhere. Thus, if [s^′] < [s_α], then ∀^∗α_1, . . . , α_k ∃β < α_{ip+1} s^′(α_1, . . . , α_k) < h(p + 1)(α_k, α_{i2} , . . . , α_{ip} , β), where s_α : dom(<_{π1} ) → ω_1 is order preserving, and π_1 = (k, i_2, . . . , i_{p+1}). If i_{p+1} = 1 or i_{p+1} − 1 ∈ {i_2, . . . , i_p}, then

[s^′(p)] < [s_α(p)] which leads to a violation of the minimality of S. Otherwise, there is a θ : (ω_1)^{p+1} → ω_1 with [θ(p)] = [h(p)] such that ∀^∗α_1, . . . , α_k s^′(α_1, . . . , α_k) < θ(α_k, α_{i2} , . . . , α_{ip} , α_{ip+1 −1}). This establishes case (3), with the π̃^′ of case (3) order isomorphic to (k, i_2, . . . , i_p, i_{p+1} − 1).

(iv) p = m and ∀^∗α [s_α] has depth > p. The argument proceeds as in (iii) except we now consider h^′ : dom(<_π′ ) → ω_1 of type π^′ inducing h: dom(<_π) → ω_1 of type (π, π^′). Since [s_α] depends only on h, an easy partition argument shows that [s_α(m + 1)] < [h^′(m + 1)] for almost all h^′. Using the minimality of S then gives that ∀^∗h^′ ∀^∗α_1, . . . , α_k s_α(α_1, . . . , α_k) = sup_{β<αi} m+1 h^′(α_k, α_{i2} , . . . , α_{im} , β), where

again π_1 = (k, i_2, . . . , i_{m+1}) is such that s_α : dom(<_{π1} ) → ω_1 is order-preserving. Proceeding as in the second half of (iii) shows that either case (4) holds, or we violate the minimality of S. □

We next introduce the notion of a type-1 tree of uniform cofinalities. This generalizes somewhat the concept of a type-1 tree of measures introduced in §1 (definition 1.6). The essential difference is that now the most general uniform cofinalities are used, rather than just uniform cofinality ω. Roughly speaking, the tree assigns to each node of the tree a uniform cofinality with respect to the measure corresponding to the immediately previous node. In §5 we will introduce type-2 trees of uniform cofinalities, and in §8 we introduce type-3 trees of uniform cofinalities. These are important, as they are the essential ingredients in analyzing arbitrary measures on (δ^1_3)^−, δ^1_3, and (δ^1_5)^− respectively (we will carry out the last two of these analyses in §5, 8).

Definition 4.3. A type-1 tree of uniform cofinalities (of depth n) is a function R satisfying the following:

(1) ⟨p_1, i_1⟩ ∈ dom(R) for 0 ≤ i_1 ≤ a for some integer a, and p_1 = the unique permutation of length 1, namely p_1 = (1). For i_1 = 0, R(⟨p_1, i_1⟩) = the formal symbol (s); and for i_1 > 0, R(⟨p_1, i_1⟩) is either the formal symbol (ω) (which stands for “uniform cofinality ω”), or a standard permutation p_2 of length 2 (hence p_2 = (2, 1)).

(2) In general, dom(R) will consist of tuples ⃗s = ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩, m ≤ n, such that ⃗s ↾ m − 1 = ⟨p_1, i_1, . . . , p_{m−1}, i_{m−1}⟩ ∈ dom(R), p_m = R(⟨p_1, i_1, . . . , p_{m−1}, i_{m−1}⟩) is a standard permutation (m, j_2, . . . , j_m) of m extending p_{m−1}, and 0 ≤ i_m ≤ a for some integer a (which depends on ⟨p_1, i_1, . . . , p_{m−1}, i_{m−1}⟩). R(⟨p_1, i_1, . . . , p_m, i_m⟩) will be either (s), (ω), or a permutation p_{m+1} extending p_m. Also, R(⟨p_1, i_1, . . . , p_m, i_m⟩) = (s) iff i_m = 0. Furthermore, ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩ is maximal in dom(R) iff i_m = 0 or R(⟨p_1, i_1, . . . , p_m, i_m⟩) = (ω).

Remark 4.1. We will show below that the last requirement that ⟨p_1,i_1,. . .,p_m, i_m⟩ be maximal in dom(R) iff i_m = 0 or R(⟨p_1,i_1,. . .,p_m,i_m⟩) = (ω) causes no loss of generality (because we can add new nodes ending in 0), and is for notational convenience.

Corresponding to a type-1 tree of uniform cofinalities R of depth n we have an ordering <^R defined on sequences ⟨α_1, i_1,. . .,i_{m−1}, α_m,i_m⟩, m ≤ n, satisfying:

(1) α_1, . . . , α_m < ω_1 (2) (α_1, . . . , α_m) is order-isomorphic to the permutation p_m, where (p_1, . . . , p_m) is the unique sequence such that ⟨p_1,i_1,. . .,p_m,i_m⟩ ∈ dom(R).

The ordering <^R is the lexicographic ordering on dom(R). We abbreviate the statement of (2) by saying (α_1, . . . , α_m) (or ⟨α_1,i_1,. . ., α_m,i_m⟩) is of type ⟨p_1,i_1,. . ., p_m,i_m⟩. Definition 4.4. Given a type-1 tree of uniform cofinalities R with corresponding ordering <^R, we say a function f : dom(R) → ω_1 is of type R if f satisfies:

(1) f is order-preserving from <^R to ω_1.

(2) If ⟨α_1, i_1, . . . , α_m, i_m⟩ ∈ dom(<^R) has limit rank with respect to <^R, then f(⟨α_1, i_1, . . . , α_m, i_m⟩) = sup{f(⃗t): ⃗t <^R ⟨α_1, i_1, . . . , α_m, i_m⟩}. Oth- erwise, f(⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality ω.

Note the following simple facts about a function f of type R. First, if ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ is not maximal in dom(R) (so i_m > 0), and R(⃗s) = p_{m+1}, then for ⟨α_1, i_1, . . . , α_m, i_m⟩ of type ⟨p_1, i_1, . . . , p_m, i_m⟩ and limit α_1, . . . , α_m, we have: f(⟨α_1, i_1, . . . , α_m, i_m⟩) = sup{f(⟨α_1, i_1, . . . , α_m, i_m, β, 0⟩): (α_1, . . . , α_m, β) is of type p_{m+1}}. Next, if ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R) and i_m = 0, then for all sequences ⟨α_1, i_1, . . . , α_m, i_m⟩ of type ⟨p_1, i_1, . . . , p_m, i_m⟩ we have: f(⟨α_1, i_1, . . . , α_m, i_m⟩) = sup_{β<αm}f(⟨α_1, i_1, . . . , i_{m−1}, β, 0⟩) if α_m is a limit ordi-

nal and otherwise f(⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality ω. Also, if ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R) and R(⟨p_1, i_1, . . . , p_m, i_m⟩) = (ω), then for all ⟨α_1, i_1, . . . , α_m, i_m⟩ of type ⟨p_1, i_1, . . . , p_m, i_m⟩ we have f(⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality ω.

We say the tuple of ordinals ⃗β = (. . . , β^{⃗s}, . . .)_{⃗s∈dom(R)} is of type R if there is a function f : dom(<^R) → ω_1 of type R representing ⃗β in the following sense: for all ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R), β^{⃗s} = [f^{⃗s}]_W m_1 , where f^{⃗s}(α_1, . . . , α_m) .= f(⟨α_1, i_1, . . . , α_m, i_m⟩). If f : dom(<^R) → ω_1 is of type R, we write [f] for the tuple of ordinals (. . . , β^{⃗s}, . . .)_{⃗s∈dom(R)} represented by f.

We now associate to each type-1 tree of measures R a measure M^R on (ω_ω)^{<ω}.

Definition 4.5. Let R be a type-1 tree of measures. Then M^R is the measure on (ω_ω)^{<ω} defined as follows. A has M^R measure one iff ∃ c.u.b. C ⊆ ω_1 ∀f : dom(<^R) → C of type R, [f] ∈ A.

We refer to the measures M^R as the type-1 general homogeneous measures (they are the measures arising in the homogeneous tree construction on a Π^1_2 set, using the most general “type” of function).

The next lemma shows that the requirement that ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R) be non-maximal in dom(R) whenever R(⃗s) = p_{m+1} causes no loss of generality, as we can add ⟨p_1, i_1, . . . , p_m, i_m, p_{m+1}, 0⟩ to dom(R). Although the proof is essentially trivial, we require some terminology.

By a pruned type-1 tree of uniform cofinalities we mean a function R^′ satisfying definition 4.3 except we remove the requirement that ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R^′) and R^′(⃗s) = p_{m+1} implies that ⃗s is non-maximal in dom(R^′). Thus, a pruned tree is obtained from a type-1 tree by removing some (possibly all) sequences ⃗s ending in 0 from its domain. If R is a type-1 tree, and R^′ is obtained by deleting all sequences ⃗s ending in 0 from dom(R), then we say R^′ is the pruned subtree of R. If R^′ is a pruned type-1 tree, we define <^{R′} exactly as for type-1 trees. We say f : dom(<^{R′} ) → ω_1 is of type R^′ if f is order-preserving, satisfies (2) of definition 4.4 for ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R^′) with ⃗s non-maximal in dom(R) or ⃗s maximal in dom(R) and R(⃗s) = (s) or (ω). If ⃗s is maximal in dom(R) and R(⃗s) = p_{m+1}, then we require that for all (α_1, . . . , α_m) of type p_{m+1} that f(⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality {β : (α_1, . . . , α_m, β) has type p_{m+1}} if this set has limit order type, and otherwise uniform cofinality ω (and also require f(⟨α_1, i_1, . . . , α_m, i_m⟩) > sup{f(⃗t): t <^{R′} ⟨α_1, i_1, . . . , α_m, i_m⟩}). Note that if R is a type-1 tree, and R^′ is the pruned subtree of R, then any f : dom(<^R) → ω_1 of type R induces an f^′ : dom(<^{R′} ) → ω_1 of type R^′ by restricting f to dom(<^{R′} ). The next lemma says we can reverse the process.

Lemma 4.2. Suppose R is a type-1 tree of uniform cofinalities, and R^′ is the pruned subtree. Suppose f^′ : dom(<^{R′} ) → ω_1 is of type R^′, and has range in the additively closed ordinals. Then there is an f : dom(<^R) → ω_1 of type R with f inducing f^′ by restriction. Moreover, f is unique in the following sense: if f, g both induce f^′ then for all ⟨p_1, i_1,. . . , p_m, 0⟩ ∈ dom(R), ∀^∗α_1, . . . , α_m f(⟨α_1, i_1, . . . , α_m, 0⟩) = g(⟨α_1, i_1, . . . , α_m, 0⟩). Proof. Suppose ⃗s = ⟨p_1, i_1, . . . , p_m, i_m⟩ is maximal in dom(R^′) and R(⃗s) = p_{m+1} (so the only extension of ⃗s in dom(R) is ⟨p_1, i_1, . . . , p_m, i_m, p_{m+1}, 0⟩). Let h be continuous in the last argument and witness the uniform cofinality of f^{′⃗s}. Thus, dom(h) consists of tuples (α_1, . . . , α_m, β) of type p_{m+1} if {β : (α_1, . . . , α_m, β) has type p_{m+1}} has limit order type, and otherwise β ∈ ω. Define then f(⟨α_1, i_1, . . . , α_m, i_m, α_{m+1}, 0⟩) = the ω · h(α_1, . . . , α_{m+1})^{st} ordinal greater than sup{f(⃗t): ⃗t <^{R′} ⟨α_1, i_1, . . . , α_m, i_m⟩} if {β : (α_1, . . . , α_m, β) has type p_{m+1}} has limit order type. Otherwise, define f(⟨α_1, i_1, . . . , α_m, i_m, α_{m+1}, 0⟩ = the ω · α^{st}_{m+1} ordinal greater than this supremum. This easily works. Uniqueness is easily checked. □

If R is a type-1 tree of uniform cofinalities, then by the preceding lemma we can identify M^R with a measure on tuples (. . . , β^{⃗s}, . . .) where ⃗s ∈ dom(R) and ⃗s does not end in 0. We will henceforth view dom(M^R) in this manner.

We define the tree of uniform cofinalities R_2 to extend the tree R_1 in the obvious manner, that is, R_1 = R_2 ↾ dom(R_1). We say R_2 is an immediate extension of R_1 if there is only one sequence ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R_2) − dom(R_1) with i_m > 0 (via lemma 4.2 we may think of R_2 as having only this sequence extra in its domain). Notice that if R_2 extends R_1, then the measure M^{R2} projects to the measure M^{R1} in a natural way provided we have a way of identifying dom(R_1) with a subtree of dom(R_2) (not necessarily the identity map). For our purposes, this identification will always be of the following form. Suppose ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R_2)−dom(R_1), and let a be the largest integer such that ⟨p_1, i_1, . . . , p_m, a⟩ ∈ dom(R_1). Then for some 1 ≤ k ≤ a we identify ⟨p_1, i_1, . . . , p_m, l⟩ ∈ dom(R_1) with ⟨p_1, i_1, . . . , p_m, l⟩ ∈ dom(R_2) for l < k, and with ⟨p_1, i_1, . . . , p_m, l + 1⟩ ∈ dom(R_2) for l ≥ k. With a slight abuse of notation, we abbreviate this by saying R_2 has the “extra sequence” ⃗s = ⟨p_1, i_1, . . . , p_m, k⟩ in its domain, and write ⃗s ∈ dom(R_2) − dom(R_1). When we speak of R_2 extending R_1, we will always implicitly have such an identification.

We say the function R^′ is an (immediate) partial extension of R if R = R^′ ↾ dom(R), there is a unique ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R^′) − dom(R), and for this sequence i_m > 0, but R^′(⟨p_1, i_1, . . . , p_m, i_m⟩) is not defined (more precisely, we can say R^′(⟨p_1, i_1, . . . , p_m, i_m⟩) is assigned a symbol for “undefined”). The ordering <^{R′} is defined for such R^′ exactly as for <^R (where now ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R^′)).

Additionally, we say a function f^′ : dom(<^{R′} ) → ω_1 is of semi-type R^′ if f^′ is order preserving and f^′ ↾ dom(<^R) is of type R. Thus, the uniform cofinality of f^′(⟨α_1, i_1, . . . , α_m, i_m⟩) is not specified. We say the function R^′ is a partial type-1 tree of uniform cofinalities if it is a partial extension of some type-1 tree. Thus, there is a unique sequence ⃗s ∈ dom(R^′) for which R^′(⃗s) is not defined, and ⃗s does not end in 0.

Definition 4.6. A type ≤ 1 tree of uniform cofinalities is a pair B = ⟨n, R⟩ where n ∈ ω and R is a type-1 tree of uniform cofinalities.

To the type ≤ 1 tree B = ⟨n, R⟩ we associate the ordering <^B on dom(<^B ) = {1, . . . , n} ∪ dom(<^R). The integers 1, . . . , n are ordered naturally, and precede all elements of dom(<^R). We then define the measure M^B in the usual way, so M^B = W^n_1 × M^R. We say B^′ = ⟨n^′, R^′⟩ immediately extends B if either n^′ = n + 1 and R^′ = R, or n^′ = n and R^′ immediately extends R. In the first case we will also implicitly have an embedding from n into n + 1. Thus, the measure M^{B′} projects to the measure M^B naturally.

By a partial type ≤ 1 tree of uniform cofinalities we mean a pair B^′ = ⟨n, R^′⟩ where R^′ is a partial type-1 tree. Also, we say B^′ is an immediate partial extension of the type ≤ 1 tree B = ⟨n, R⟩ if B^′ = ⟨n + 1, R⟩ or B^′ = ⟨n, R^′⟩ and R^′ is an immediate partial extension of R. We define f : dom(<^B) → ω_1 being of type B and f^′ : dom(<^{B′} ) → ω_1 being of semi-type B^′ as for R and R^′.

We now recast theorem 4.1 into the present framework. The proof is essentially identical to that of theorem 4.1 with only notational changes. It says that possible uniform cofinalities for functions f : dom(M^B) → δ^1_3 with respect to M^B correspond to the partial extensions B^′ of B. Recall that if B = ⟨n, R⟩, h: dom(<^B) → ω_1, and ⃗s = ⟨q_1, j_1, . . . , q_l, j_l⟩ ∈ dom(R), then h^{⃗s} : (ω_1)^l → ω_1 is defined by: h^{⃗s}(α_1, . . . , α_l) = h(⟨α_1, j_1, . . . , α_l, j_l⟩). We extend this notation by allowing ⃗s to be an integer k in {1, . . . , n}, in which case h^{⃗s} or [h^{⃗s}] denotes h(k).

Theorem 4.2. Let B = ⟨n, R⟩ be a type ≤ 1 tree of uniform cofinalities with corresponding measure M^B. Let f : dom(M^B) → δ^1_3 have range in the limit ordinals. Then f has uniform cofinality with respect to M^B described by one of the following cases.

(1) f has uniform cofinality ω.

(2) There is an immediate partial extension B^′ of B, with say ⃗s ∈ dom(R^′) − dom(R), such that for almost all ⃗θ ∈ dom(M^B), f(⃗θ) has uniform cofinality {γ : ∃h^′ : dom(<^{B′} ) → ω_1 of semi-type B^′ inducing h: dom(<^B) → ω_1 with [h] = ⃗θ and γ = [h^{′⃗s}]}.

Proof. If f has uniform cofinality ω_1 almost everywhere we may take B^′ = ⟨n + 1, R⟩ with n + 1 as the extra element in dom(<^{B′} ). If f(⃗θ) has uniform cofinality u(⃗θ) < ω_1 almost everywhere, then an easy argument shows that for some 1 ≤ k ≤ n, for almost all ⃗θ = (α_1, . . . , α_n, . . . , β^{⃗s}, . . .)_{⃗s∈dom(R)}, f(⃗θ) has uniform cofinality α_k. This is described by the partial extension B = ⟨n + 1, R⟩, where we identify j < k in dom(B) with j ∈ dom(B^′), and j ≥ k in dom(B) with j + 1 ∈ dom(B^′).

So suppose f(⃗θ) has uniform cofinality > ω_1 almost everywhere. Following the proof of theorem 4.1 we arrive at the conclusion of theorem 4.1 with the function h^′ in the statement of 4.1 replaced by h^{⟨q1,j1 ,...,jl⟩} : (ω_1)^l → ω_1 for some ⟨q_1, j_1, . . . , q_l, j_l⟩ ∈ dom(R) (where h: dom(<^B) → ω_1 represents ⃗θ). For example, the conclusion of case (2) of theorem 4.1 becomes: there is a ⟨q_1, j_1, . . . , q_l, j_l⟩ ∈ dom(R) such that for M^B almost all ⃗θ represented by h: dom(<^B) → ω_1 of type B, f(⃗θ) has uniform cofinality represented with respect to W^l_1 by h^{⟨q1,j1 ,...,jl⟩}(α_1, . . . , α_l) = h(⟨α_1, j_1, . . . , α_l, j_l⟩). In this case, the uniform cofinality of f is described by the partial extension B^′ = ⟨n, R^′⟩, where R^′ has the extra sequence ⟨q_1, j_1, . . . , q_l, j_l⟩ in its domain, and we identify ⟨q_1, j_1, . . . , q_l, j⟩ ∈ dom(R) with ⟨q_1, j_1, . . . , q_l, j⟩ ∈ dom(R^′) for j < j_l, and with ⟨q_1, j_1, . . . , q_l, j+1⟩ ∈ dom(R^′) for j ≥ j_l. The other cases can also easily be seen to correspond to partial extensions B^′ of B. □

We refer to the B^′ of theorem 4.2 as the partial extension of B by f (or by its uniform cofinality u).

Finally, we state a sliding lemma for type-1 trees. It is a straightforward generalization of lemma 3.2.

Lemma 4.3. Let R be a type-1 tree of uniform cofinalities, f : dom(<^R) → ω_1 of type R, and ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(R).

(1) Let g : ω^m_1 → ω_1 be given such that ∀^∗_W m_1 α_1, . . . , α_m g(α_1, . . . , α_m) < f(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm−1} , i_{m−1}⟩), where p_m = (m, j_2, . . . , j_m). Let R^′ be the partial extension of R with the extra sequence ⟨p_1, i_1, . . . , p_m, k + 1⟩ in its domain, where k is maximal such that ⟨p_1, i_1, . . . , p_m, k⟩ ∈ dom(R). Then there is an f^′ : dom(<^{R′} ) → ran(f) of semi-type R^′ inducing f_2 : dom(<^R) → ω_1 of type R such that [f_2] = [f] and ∀^∗_W m_1 α_1, . . . , α_m g(⃗α) < f^′(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm} , k + 1⟩). (2) Let g : ω^m_1 → ω_1 be given such that ∀^∗_W m_1 α_1, . . . , α_m g(α_1, . . . , α_m) < f(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm−1} , i_{m−1}, α_{jm} , i_m⟩), where i_m > 0 and p_m as above. Let R^′ be as above, where we now identify ⟨p_1, i_1, . . . , p_m, j⟩ ∈ dom(R) with ⟨p_1, i_1, . . . , p_m, j⟩ ∈ dom(R^′) for j < i_m, and with ⟨p_1, i_1, . . . , p_m, j +1⟩ ∈ dom(R^{′′}) for j ≥ i_m (i.e., the “extra integer” is inserted between i_m − 1 and i_m). Then there is an f^′ : dom(<^{R′} ) → ran(f) of semi-type R^′ inducing f_2 : dom(<^R) → ω_1 of type R such that [f_2] = [f] and ∀^∗_W m_1 α_1, . . . , α_m g(⃗α) < f^′(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm} , i_m⟩).

Proof. Consider first (1). Let C ⊆ ω_1 be c.u.b. such that ∀^∗α_1, . . . , α_m g(α_1, . . . , α_m) < f(⟨α_m, i_1, α_{j2} , i_2, . . . , i_{m−1}, N_C (α_{jm} ), 0⟩). Let l(α) = the 2 · α^{th} element of C. In particular, l(α) = α almost everywhere. Define f̃ : dom(<^R) → ω_1 by: f̃(⟨β_1, l_1, β_2, l_2, . . . , β_n, l_n⟩) = f(⟨l(β_1), l_1, . . . , l(β_n), l_n⟩). Clearly f̃ is orderpreserving from dom(<^R) to ω_1 and [f̃] = [f]. Extend f̃ to f̃^′ : dom(<^{R′} ) → ω_1 by defining f̃^′(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm} , k + 1⟩) = f(⟨α_m, i_1, α_{j2} , i_2, . . . , i_{m−1}, β, 0⟩), where β is the l(α_{jm} ) + 1^{st} element of C. From the definition of C it follows that ∀^∗_W m_1 α_1, . . . , α_m g(⃗α) < f̃^′(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm} , k + 1⟩). Finally, f̃^′ is of semi-type R^′ except for the requirement that for ⟨q_1, l_1, . . . , q_n, l_n⟩ ∈ dom(R) and β_1, . . . , β_l in a certain W^1_1 measure zero set, we must have f(⟨β_1, l_1, . . . , β_n, l_n⟩) having uniform cofinality ω. However, it is now trivial to redefine f̃^′ on these measure zero sets to obtain f^′ satisfying also this last condition. Namely, define f^′(⟨β_1, l_1, . . . , β_n, l_n⟩) to be the ω^{th} ordinal greater than sup{f̃^′(⃗t): ⃗t <^{R′} ⟨β_1, l_1, . . . , β_n, l_n⟩}.

For (2), we start with a c.u.b. C ⊆ ω_1 such that ∀^∗α_1, . . . , α_m g(α_1, . . . , α_m) < f(⟨α_m, i_1, α_{j2} , i_2, . . . , α_{jm} , i_m, N_C (α_q ), 0⟩), where if p_{m+1} .= R(⟨p_1, i_1, . . . , p_m, i_m⟩) = (m + 1, . . . , r), then q = r − 1. The argument then follows exactly as above. □

CHAPTER 5

Analysis of Measures on δ^1_3

Our next goal is to introduce a family of measures on δ^1_3 which we prove captures all measures on δ^1_3. These measures are similar to those in the family W_3 with two main exceptions. First, the most general uniform cofinalities must be used, which leads to the notion of a type-2 tree of uniform cofinalities, and secondly, descriptions and certain functions from δ^1_3 to δ^1_3 are used in their definition. First we define the notion of a type-2 tree of uniform cofinalities.

If B^′ = ⟨n, R^′⟩ is a partial type ≤ 1 tree of uniform cofinalities, we say the type-1 tree B completes B^′ if dom(B^′) and dom(B) agree on sequences not ending in 0. In other words, if ⃗s = ⟨q_1, j_1, . . . , q_n, j_n⟩ is the unique sequence in dom(B^′) for which B^′(⃗s) is undefined, then B completes B^′ by giving a value B(⃗s) = q_{n+1} (technically, this also requires ⟨q_1, j_1, . . . , q_n, j_n, q_{n+1}, 0⟩ to be in dom(B), though sequences ending in zero play little role via lemma 4.2).

Definition 5.1. A type-2 tree of uniform cofinalities is a function U satisfying the following:

(1) ⟨i_1⟩ ∈ dom(U) for 1 ≤ i_1 ≤ a for some integer a. U(⟨i_1⟩) is either the formal symbol (ω), or a partial type ≤ 1 tree of uniform cofinalities which is an immediate partial extension of the empty tree.

(2) In general, ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U) iff ⟨i_1, p_1, . . . , i_{m−1}⟩ ∈ dom(U), p_{m−1} is a type ≤ 1 tree of uniform cofinalities which completes the partial type ≤ 1 tree U(⟨i_1, p_1, . . . , i_{m−1}⟩), and 0 ≤ i_m ≤ a for some integer a (which depends on ⟨i_1, p_1, . . . , i_{m−1}⟩). U(⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩) is the formal symbol (s) iff i_m = 0. For i_m > 0, U(⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩) is either (ω) or a partial type ≤ 1 tree of uniform cofinalities which is an immediate partial extension of p_{m−1}. The only immediate partial extensions of the empty type-1 tree are B^′ = ⟨1, ∅⟩ and B^′ = ⟨0, R^′⟩, where R^′ is the partial type-1 tree having ⟨q_1, 1⟩ as the only sequence not ending in 0 in its domain, where q_1 = (1) is the unique permutation of length 1. The first of these describes cofinality ω_1, and the second, cofinality ω_2 (c.f. lemma 4.2). Thus, we can think of U(⟨i_1⟩) as being one of the three possible cofinalities of an ordinal below δ^1_3. In general, U(⟨i_1, p_1, . . . , p_{m−1}, i_m⟩) is a possible uniform cofinality with respect to the measure M^{pm−1} . p_m will then range over the possible types for an ordinal in this uniform cofinality.

Notice that ⃗s = ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ is maximal in dom(U) iff U(⃗s) = (s) or (ω), the first case occurring iff i_m = 0.

If ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U), then each type-≤ 1 tree p_l is an immediate extension of p_{l−1} for all l ≤ m − 1. Recall M^{pm−1} is a measure on tuples (. . . , α^{⃗s}, . . .) where ⃗s ∈ dom(R) and does not end in 0. There are exactly m−1 such

⃗s ∈ dom(R). Moreover, the sequence p_1, . . . , p_{m−1} determines an order of enumeration of the ⃗s, and hence of the components of the tuple (. . . , α^{⃗s}, . . .). Thus, given the sequence ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩, we may identify M^{pm−1} with a measure on sequences (α_1, . . . , α_{m−1}). That is, α_i = α^{si} , where s_i is the unique sequence not ending in 0 in dom(p_i) − dom(p_{i−1}). We say the sequence (α_1, . . . , α_{m−1}) is of type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ if there is a tuple (. . . , α^{⃗s}, . . .)_{⃗s∈dom(R)} of type R which when enumerated in this manner produces (α_1, . . . , α_{m−1}). If the sequence ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ is understood, we simply say (α_1, . . . , α_{m−1}) is of type p_{m−1}. We also refer to the sequence ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩ as having type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩, or type p_{m−1}.

Corresponding to the type-2 tree of cofinalities U we define an ordering <^U .

Definition 5.2. Let U be a type-2 tree of uniform cofinalities. Then <^U is lexicographic ordering on sequences ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩ such that for some ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ ∈ dom(U), (α_1, . . . , α_{m−1}) has type ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩.

Definition 5.3. Let U be a type-2 tree of uniform cofinalities. We say a function f : dom(<^U ) → δ^1_3 is of type U if f satisfies:

(1) f is order preserving from <^U into δ^1_3.

(2) If ⃗α = ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩ ∈ dom(<^U ) is of limit rank with respect to <^U , then f(⃗α) = sup{f(⃗α^′) : ⃗α^′ <^U ⃗α}. Otherwise, f(⃗α) has uniform cofinality ω.

As with type-1 tree, we note the following simple facts. If the sequence ⃗s = ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ is not maximal in dom(U), then for all ⃗α = ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩ of type ⃗s of limit rank, f(⃗α) = sup_β f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m, β, 0⟩), where the supremum ranges over β such that ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m, β, 0⟩ ∈ dom(<^U ). If i_m = 0, then for ⃗α of type ⃗s, f(⃗α) = sup_{β<αm−1}f(⟨i_1, α_1, . . . , i_{m−1}, β, 0⟩)

for α_{m−1} limit, and otherwise has uniform cofinality ω. Finally, if U(⃗s) = ω, then f(⃗α) has uniform cofinality ω.

We now define, in the usual way, the measure M^U associated to the type-2 tree U, now using the weak partition relation on δ^1_3.

Definition 5.4. Let U be a type-2 tree of uniform cofinalities. Then M^U is the measure on (δ^1_3)^{<ω} defined as follows. A has M^U measure one iff ∃ c.u.b. C ⊆ δ^1_3 ∀f : dom(<^U ) → C of type U, (. . . , β^{⃗s}, . . .)_{⃗s∈dom U} ∈ A. Here, for ⃗s = ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ ∈ dom(U), β^{⃗s} is represented with respect to M^{pm−1} by f^{⃗s}, where for (α_1, . . . , α_{m−1}) of type p_{m−1}, f^{⃗s}(α_1, . . . , α_{m−1}) = f(⟨i_1, α_1, . . . , α_{m−1}, i_m⟩). We define the notion of the type-2 tree U_2 extending or immediately extending the type-2 tree U exactly as with type-1 trees (thus an immediate extension has exactly one extra sequence not ending in 0 in its domain).

We define a function U^′ being a partial type-2 tree of uniform cofinalities exactly as in the type-1 case (i.e., there is a unique sequence ⃗s ∈ dom(U) not ending in 0 for which U(⃗s) is not defined). Likewise, we define U^′ being an immediate partial extension of the type-2 tree U, and f : dom(U^′) → δ^1_3 being of semi-type U^′ exactly as in the type-1 case. Similarly, we define the notion of the type-2 tree U completing the partial type-2 tree U^′.

As with type-1 trees, we define a pruned subtree U^′ of the type-2 tree U to be the function obtained by deleting some (possibly all) maximal sequences ending in 0 from the domain of U. We define f : dom(U^′) → δ^1_3 being of type U^′ as in the type-1 case, thus for ⃗s = ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ maximal in dom(U^′) and U^′(⃗s) = p^′_m (a partial extension of p_{m−1}), and ⃗θ = ⟨i_1, α_1, . . . , α_{m−1}, i_m⟩ of type ⃗s, f(⃗θ) has uniform cofinality {β : (α_1, . . . , α_{m−1}, β) is of semi-type p^′_m} if this set has limit order-type, and otherwise f(⃗θ) has uniform cofinality ω. To say (α_1, . . . , α_{m−1}, β) has semi-type p^′_{m−1} means there is a h: dom(<^{p′m} ) → ω_1 of semi-type p^′_m representing this tuple.

As in the type-1 case, the requirement that ⃗s = ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ be non-maximal in dom(U) for i_m > 0 and U(⃗s) ≠ (ω) causes no loss of generality via the following lemma.

Lemma 5.1. Let U be a type-2 tree of uniform cofinalities, and let U^′ be a pruned subtree of U. Suppose f^′ : dom(<^{U ′} ) → δ^1_3 is of type U^′, and has range in the additively closed ordinals. Then there is an f : dom(<^U ) → δ^1_3 of type U which induces f^′ by restriction. Furthermore, f is unique in the sense that if g also induces f^′ then for all ⟨i_1, p_1, . . . , p_{m−1}, 0⟩ ∈ dom(U), f(⃗θ) = g(⃗θ) for almost all ⃗θ = ⟨i_1, α_1, . . . , α_{m−1}, 0⟩ with respect to M pm−1 .

Proof. The existence of f is immediate since f^′ has type U^′ (c.f. the proof of lemma 4.2). Suppose g is another such function and let ⟨i_1, p_1,. . .,i_{m−1}, p_{m−1}, 0⟩ ∈ dom(U). A partition argument on ω_1 shows that if l : dom(M^{pm−1} ) → δ^1_3 is such that ∀^∗α_1, . . . , α_{m−1} l(α_1, . . . , α_{m−1}) < f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, 0⟩) then there is a function f̃ such that ∀^∗α_1, . . . , α_{m−2} with respect to M^{pm−2} , f̃(α_1, . . . , α_{m−2}) < f ′^{⟨i1 ,p1,...,im−1⟩}(α_1, . . . , α_{m−2}) .= f ′(⟨i_1, α_1, . . . , α_{m−2}, i_{m−1}⟩) and such that ∀^∗α_1, . . . , α_{m−1} l(α_1, . . . , α_{m−1}) < f̃(α_1, . . . , α_{m−2}). It follows that [f^{⟨i1,p1,...,pm−1 ,0⟩}], and also [g^{⟨i1 ,p1,...,pm−1,0⟩}], are determined by f^′, and the lemma follows. □

The next lemma is another “sliding” lemma. It is the level 2 analog of lemma 4.3.

Lemma 5.2. Let U be a type-2 tree of uniform cofinalities, and consider ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U). Let f : dom(<^U ) → δ^1_3 be of type U.

(1) Let g : dom(M^{pm−1} ) → δ^1_3 be such that ∀^∗_M p_{m−1} α_1, . . . , α_{m−1} g(α_1, . . . , α_{m−1}) < f(⟨i_1, α_1, . . . , α_{m−2}, i_{m−1}⟩). Let U^′ be the partial extension of U having ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, a + 1⟩ as the extra element in its domain, where a is maximal such that ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, a⟩ ∈ dom(U). Then there is a f^′ : dom(<^{U ′} ) → ran(f) of semi-type U^′ inducing f_2 : dom(<^U ) → δ^1_3 of type U such that [f_2] = [f] and ∀^∗_M p_{m−1} α_1, . . . , α_{m−1} g(α_1, . . . , α_{m−1}) < f^′(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, a + 1⟩). (2) Let g be such that ∀^∗_M pm−1 α_1, . . . , α_{m−1} g(α_1, . . . , α_{m−1}) < f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩).

Let U^′ be as above, except we now identify ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, j⟩ ∈ dom(U) with ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, j⟩ ∈ dom(U^′) for j < i_m, and with ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, j + 1⟩ ∈ dom(U^′) for j ≥ i_m (i.e., the “extra integer” is inserted between i_m − 1 and i_m). Then there is an f^′ : dom(<^{U ′} ) → ran(f) of semi-type U^′ inducing f_2 of type U with [f_2] = [f] and ∀^∗_M p_{m−1} α_1, . . . , α_{m−1} g(α_1, . . . , α_{m−1}) < f^′(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩). Proof. We consider (1), the proof of (2) being similar. Fix U, f, g as above. Let ⟨q_1, j_1, . . . , q_n, j_n⟩ be the unique sequence not ending in 0 in dom(p_{m−1}) − dom(p_{m−2}) (the case where p_{m−2} = ⟨n, R⟩, p_{m−1} = ⟨n + 1, R⟩ is entirely similar. Also, if m = 2, then we consider ⟨q_1, j_1⟩, the unique sequence not ending in 0 in dom(p_1)).

We consider the partition P: we partition functions h: dom(<^{pm−1} ) → ω_1 of type p_{m−1}, with the extra value h^′(⟨β_1, j_1, . . . , β_n, j_n⟩) of uniform cofinality ω inserted between h(⟨β_1, j_1, . . . , β_n, j_n⟩) and N_h(h(⟨β_1, j_1, . . . , β_n, j_n⟩)) according to whether g(α_1, . . . , α_{m−1}) < f(⟨i_1, α_1, . . . , α_{m−2}, i_{m−1}, γ, 0⟩), where α_1, . . . , α_{m−1} are the ordinals represented by h, and γ = [h^{′⟨q1 ,j1 ,...,qn,jn⟩}]. From lemma 4.3 it follows easily that on the homogeneous side of the partition the stated property holds. Fix a c.u.b. C ⊆ ω_1 homogeneous for P. Define f̃ as follows: for ⟨l_1, r_1, . . . , r_{k−1}, l_k⟩ ∈ dom(U), and ⟨l_1, δ_1, . . . , δ_{k−1}, l_k⟩ of type ⟨l_1, r_1, . . . , r_{k−1}, l_k⟩, set f̃(⟨l_1, δ_1, . . . , δ_{k−1}, l_k⟩) = f(⟨l_1, δ^′_1, . . . , δ^′_{k−1}, l_k⟩). Here, if h: dom(<^{rk−1} ) → ω_1 of type r_{k−1} represents (δ_1, . . . , δ_{k−1}), then (δ^′_1, . . . , δ^′_{k−1}) is represented by l ∘ h, where l(γ) = the ω · γ^{th} element of C. Note that l ∘ h is also of type r_{k−1} so this is well-defined. Easily, [f̃] = [f] and f̃ is order preserving with respect to <^U . Extend f̃ to f^′ of semi-type U^′ by defining f^′(⟨i_1, α_1, . . . , α_{m−1}, a + 1⟩) = f(⟨i_1, α^′_1, . . . , α^′_{m−1}, 0⟩), where if h: dom(<^{pm−1} ) → ω_1 represents (α_1, . . . , α_{m−1}), then (α^′_1, . . . , α^′_{m−2}) are represented by the corresponding components of l ∘ h, and α^′_{m−1} is represented by N_C ∘ l ∘ h^{⟨q1 ,j1,...,qn,jn⟩}. Note that (α^′_1, . . . , α^′_{m−1}) is still of type p_{m−1}, so this is well-defined. Easily f^′ : dom(<^{U ′} ) → δ^1_3 is order-preserving and from the definition of C it follows that ∀^∗_M p_{m−1} α_1, . . . , α_{m−1} g(α_1, . . . , α_{m−1}) < f^′(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, a + 1⟩). f^′ is also of semi-type U^′ except for the requirement that f^′(⟨l_1, δ_1, . . . , δ_{k−1}, l_k⟩) have uniform cofinality ω for certain (δ_1, . . . , δ_{k−1}) in measure zero sets with respect to the M^{rk−1} . As in lemma 4.3, it now trivial to redefine f^′ on these measure zero sets to have also this requirement. □

We now extend to this more general setting the notion of description.

Definition 5.5. Fix a type-2 tree of uniform cofinalities U and a sequence of measures K_1, . . . , K_t ∈ W_1 ∪ S_1. A type-2 generalized description d is an object satisfying: d is of the form d = ⟨i_1, d_1, i_2, d_2, . . . , i_{m−1}, d_{m−1}, i_m⟩, where for some ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U) we have:

(1) Each d_i ∈ D and is defined and satisfies condition C relative to K_1, . . . , K_t. (2) ∀^∗h_1, . . . , h_t if α_1 = h(d_1; h_1, . . . , h_t), . . . , α_{m−1} = h(d_{m−1}; h_1, . . . , h_t), then ⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩ has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩. In this case we say d has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩.

Note that if d is defined relative to U, K_1, . . . , K_t, then d is defined relative to U, K_1, . . . , K_u for any sequence K_1, . . . , K_u extending K_1, . . . , K_t.

Given a generalized description d = ⟨i_1, d_1, i_2, d_2, . . . , i_{m−1}, d_{m−1}, i_m⟩ defined relative to U, K_1, . . . , K_t, and given f : dom(<^U ) → δ^1_3 of type U, we define h(f; d; K_1, . . . , K_t) by integrating with respect to the measures K_1, . . . , K_t as before, where we now define h(f; d; h_1, . . . , h_t) = f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩), where α_k = h(d_k ; h_1, . . . , h_t). Similarly, given also g : δ^1_3 → δ^1_3 we define h(g; f; d; K_1, . . . , K_t), using h(g; f; d; h_1, . . . , h_t) = g(f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩)). Note that these definitions only depend on [f], the equivalence class of f with respect to the measures M^{pm−1} for ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ ∈ dom(U).

If d_1, d_2 are generalized descriptions defined relative to U, K_1, . . . , K_t, we set d_1 < d_2 provided ∀^∗f h(f; d_1; K_1, . . . , K_t) < h(f; d_2; K_1, . . . , K_t). Here, and later, ∀^∗f refers to the measure M^U on [f] for f : dom(<^U ) → δ^1_3 of type U.

Theorem 4.2 says that if U is a type-2 tree of uniform cofinalities, ⃗s = ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ ∈ dom(U), and f : dom(<^U ) → δ^1_3 is of type U, then there is a partial extension B^′ of p_{m−1} describing the uniform cofinality of f^{⃗s} with respect to M^{pm−1} . The next lemma says, in a certain sense, that descriptions also suffice to capture the uniform cofinality.

Lemma 5.3. Let U be a type-2 tree of uniform cofinalities, ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩ ∈ dom(U), and d = ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m⟩ a generalized type-2 description of type ⟨i_1, p_1, . . . , p_{m−1}, i_m⟩, defined relative to K_1, . . . , K_t. Let g: dom(M^{pm−1} ) → δ^1_3 have range in the limit ordinals. Then either g has uniform cofinality ω almost everywhere or there is a d^⋆ = d^{⋆(fk )} defined and satisfying C relative to K_1, . . . , K_t such that ∀^∗h_1, . . . , h_t g(h(d_1;⃗h), . . . , h(d_{m−1};⃗h)) has uniform cofinality h(d^⋆;⃗h).

Proof. This may be either shown directly, or (more easily) by appealing to theorem 3.2. Let g have uniform cofinality u: dom(M^{pm−1} ) → ω_{k+1} with respect to M^{pm−1} , where k is chosen least. Let d^⋆ = d^{⋆(fk )} be minimal such that ∀^∗h_1, . . . , h_t u(h(d_1;⃗h), . . . , h(d_{m−1};⃗h)) ≤ h(d^⋆;⃗h). If inequality holds almost everywhere, then for some l : ω_1 → ω_1 we have ∀^∗h_1, . . . , h_t u(. . . ) < h(L(d^⋆); h_1, . . . , h_t; N_l). However, ∀^∗h_1, . . . , h_t u(. . . ) is represented by a function h: (ω_1)^k → ω_1 having range in points closed under l. Thus, ∀^∗h_1, . . . , h_t u(. . . ) ≤ h(L(d^⋆);⃗h), a contradiction (if d^⋆ is minimal with respect to L, then g has uniform cofinality ω almost everywhere). □

We also extend the L operation to generalized descriptions. Suppose d = ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m⟩ is defined relative to U, K_1, . . . , K_t, and has type ⃗s = ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩. We define L(d) through the following cases:

(i): If i_m = 0, L(d_{m−1}) is defined, and ⟨i_1, d_1, . . . , i_{m−1}, L(d_{m−1}), 0⟩ has type ⟨i_1, p_1, . . . , i_{m−1}, q, 0⟩ for some ⟨i_1, p_1, . . . , i_{m−1}, q, 0⟩ ∈ dom(U), then L(d) = ⟨i_1, p_1, . . . , i_{m−1}, L(d_{m−1}), k⟩ where k is maximal such that ⟨i_1, p_1, . . . , i_{m−1}, q, k⟩ ∈ dom(U). (ii): If i_m = 0 but L(d_{m−1}) is not defined or ⟨i_1, d_1, . . . , i_{m−1}, L(d_{m−1}), 0⟩ does not have type ⟨i_1, p_1, . . . , i_{m−1}, q, 0⟩ for some ⟨i_1, p_1, . . . , i_{m−1}, q, 0⟩ ∈ dom(U), then L(d) = ⟨i_1, p_1, . . . , i_{m−1} − 1⟩. Note that i_{m−1} ≥ 1, as otherwise ⟨i_1, p_1, . . . , i_{m−1}⟩ is maximal in dom(U). If m − 1 = 1, and i_{m−1} = 1, we leave L(d) undefined.

(iii): Suppose i_m > 0 and U(⃗s) = ω. Then we set L(d) = ⟨i_1, d_1, . . ., i_{m−1}, d_{m−1}, i_m − 1⟩. If m = 1 and i_m = 1, we leave L(d) undefined.

(iv): Suppose i_m > 0, and U(⃗s) = B^′ ≠ ω. By lemma 5.3, Let d^⋆ represent the uniform cofinality given by B^′ with respect to M^{pm−1} . Suppose also in this case that L(d^⋆) is defined and ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m, L(d^⋆), 0⟩ has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, 0⟩ for some sequence in dom(U). Then we set L(d) = ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m, L(d^⋆), k⟩ where k is maximal so that ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, k⟩ ∈ dom(U). (v): As in (iv), except L(d^⋆) is not defined or ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m, L(d^⋆), 0⟩ does not have type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, 0⟩ for some sequence in dom(U). We set L(d) = ⟨i_1, p_1, . . . , i_{m−1}, d_{m−1}, i_m − 1⟩. If m = 1 and i_m = 1, we leave L(d) undefined.

The following theorem generalizes theorem 3.1 to the current context.

Theorem 5.1. Let d be a generalized type-2 description defined relative to the type-2 tree of uniform cofinalities U, and the sequence of measures K_1, . . . , K_t.

(1) Suppose f : dom(<^U ) → δ^1_3 is of type U, θ ∈ ON, and ∀^∗h_1, . . . , h_t θ(h_1, . . . , h_t) < h(f; d;⃗h). If d is not minimal with respect to L (i.e., L(d) is defined), then there is a f^′ : dom(<^U ) → ran(f) such that [f^′] = [f] and ∀^∗h_1, . . . , h_t θ(⃗h) < h(N_f ′ ; f^′; L(d);⃗h). If d is minimal with respect to L, then there is a f^′ as above such that ∀^∗h_1, . . . , h_t θ(⃗h) < inf(f^′).

(2) Suppose θ ∈ ON and ∀^∗f : dom(<^U ) → δ^1_3 ∀^∗h_1, . . . , h_t θ(f,⃗h) < h(f; d;⃗h). If d is not minimal with respect to L, then there exists a g : δ^1_3 → δ^1_3 such that ∀^∗f ∀^∗h_1, . . . , h_t θ(f,⃗h) < h(g; f; L(d);⃗h). If d is minimal with respect to L we have θ < δ^1_3.

Proof. Consider first (1). Fix f of type U, and θ as in the statement of the lemma. Suppose d = ⟨i_1, d_1, . . . , i_{m−1}, d_{m−1}, i_m⟩ is defined relative to U, K_1, . . . , K_t, and has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩. We consider the case i_m > 0, the case i_m = 0 being similar. If U(⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩) = ω, the result follows easily, so assume U(⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩) = B^′ is a partial extension of p_{m−1}. To be specific, suppose that ⟨q_1, j_1, . . . , j_{n−1}, q_n, l + 1⟩ is the extra sequence not ending in 0 in dom(B^′), where l is maximal such that ⟨q_1, j_1, . . . , j_{n−1}, q_n, l⟩ ∈ dom(p_{m−1}) (the other cases are entirely similar). Let u be the uniform cofinality with respect to M^{pm−1} described by B^′. Thus, since f has type U, ∀^∗_M p_{m−1} α_1, . . . , α_{m−1} f(⟨i_1, α_1, . . . , i_{m−1}, α_{m−1}, i_m⟩) has uniform cofinality u(α_1, . . . , α_{m−1}). Let d^⋆ be as in lemma 5.3, thus ∀^∗h_1, . . . , h_t h(d^⋆;⃗h) = u(h(d_1;⃗h), . . . , h(d_{m−1};⃗h). Now, ∀^∗h_1, . . . , h_t α_1 = h(d_1;⃗h), . . ., α_{m−1} = h(d_{m−1};⃗h) are represented by h: dom(<^{pm−1} ) → ω_1 of type p_{m−1}. In fact, M^{pm−1} = v_d, where v_d(A) = 1 iff ∀^∗h_1, . . . , h_t (α_1, . . . , α_{m−1}) ∈ A, with α_1, . . . , α_{m−1} as above. This follows since for any c.u.b. C ⊆ ω_1, ∀^∗h_1, . . . , h_t (α_1, . . . , α_{m−1}) are represented by an h: dom(<^{pm−1} ) → C of type p_{m−1}. We consider now cases corresponding to the definition of L(d).

Assume first that L(d^⋆) is defined and ⟨i_1, d_1, . . . , d_{m−1}, i_m, L(d^⋆), 0⟩ has type ⟨i_1, p_1, . . . , p_{m−1}, i_m, q, 0⟩ ∈ dom(U) for some q. From theorem 3.2 we have that there is a c.u.b. C ⊆ ω_1 such that ∀^∗h_1, . . . , h_t θ(⃗h) < f(⟨i_1, α_1, . . . , α_{m−1}, i_m, β^′, 0⟩), where α_i = h(d_i,⃗h) and β^′ = h(L(d^⋆);⃗h; N_C ). From lemma 5.2, there is a f^′ of type U with [f^′] = [f] and such that ∀^∗_M q α_1, . . . , α_{m−1}, β N_f ′ (f^′(⟨i_1, α_1, . . . , α_{m−1}, i_m, β, k⟩)) > f(⟨i_1, α_1, . . . , α_{m−1}, i_m, β^′, 0⟩), where k is maximal such that ⟨i_1, p_1, . . . , p_{m−1}, i_m, q, k⟩ ∈ dom(U), and if β = [h], then β^′ = [N_C ∘ h]. Thus, ∀^∗h_1, . . . , h_t θ(⃗h) < f(⟨i_1, α_1, . . . , α_{m−1}, i_m, β^′, 0⟩) ≤ N_f ′ (f^′(⟨i_1, α_1, . . . , α_{m−1}, i_m, β, k⟩)) = h(N_f ′ ; f^′; L(d);⃗h). Assume next that L(d^⋆) is defined but ⟨i_1, d_1, . . . , d_{m−1}, i_m, L(d^⋆), 0⟩ does not have type ⟨i_1, p_1, . . . , p_{m−1}, i_m, q, 0⟩ ∈ dom(U) for some q. Theorem 3.2 again produces a c.u.b. C ⊆ ω_1 such that ∀^∗h_1, . . . , h_t θ(⃗h) < f(⟨i_1, α_1, . . . , α_{m−1}, i_m, β^′, 0⟩), with β^′ as above. Now, for almost all h_1, . . . , h_t we must have h(L(d^⋆);⃗h) ≤ [h^{⟨q1 ,j1 ,...,qn,l⟩}], where h: dom(M^{pm−1} ) → ω_1 of type p_{m−1} represents α_1 = h(d_1;⃗h),. . ., α_{m−1} = h(d_{m−1};⃗h), as otherwise by lemma 4.3 ⟨i_1, d_1, . . . , d_{m−1}, i_m, L(d^⋆), 0⟩ has type ⟨i_1, p_1, . . . , i_m, q, 0⟩ for some ⟨i_1, p_1, . . . , i_m, q, 0⟩ ∈ dom(U). By lemma 5.2, it now follows that there is an f^′ of type U with [f^′] = [f] and such that ∀^∗h_1, . . . , h_t θ(⃗h) < N_f ′ (f^′(⟨i_1, α_1, . . . , α_{m−1}, i_m − 1⟩)) = h(N_f ′ ; f^′; L(d);⃗h). Finally, if L(d^⋆) is not defined, then ∃δ < ω_1∀^∗h_1, . . . , h_t θ(⃗h) < f(⟨i_1, α_1, . . . , α_{m−1}, i_m, δ, 0⟩). A simple case of lemma 5.2 produces the desired f^′.

We note lastly that (1) of the theorem easily implies (2) by a partition argument: fix [f] → θ(f) representing θ with respect to M^U and partition f : dom(<^U ) → δ^1_3 of type U according to whether ∀^∗h_1, . . . , h_t θ(f,⃗h) < h(N_f ; L(d);⃗h). Part (1) easily shows that on the homogeneous side of the partition the property holds. Fixing a c.u.b. C ⊆ δ^1_3 homogeneous for the partition and letting g = N_C then establishes (2). □ Let T ⊆ ω × δ^1_3 be the Martin tree constructed in §2. Thus, for any f : δ^1_3 → δ^1_3 there is a c.u.b. C ⊆ δ^1_3 and an x ∈ ω^ω such that T_x is well-founded and such that ∀α ∈ C f(α) < |T_x ↾ sup_j j(α)|, where the supremum ranges over embeddings j corresponding to measures in W_1 ∪ S_1.

Definition 5.6. A type-2 complex is a sequence of the form C = ⟨U, (x_0, . . . , x_{t−1}), (d_0, . . . , d_t), (K_1, . . . , K_t)⟩ where U is a type-2 tree of uniform cofinalities, T_{xi} is well-founded for i = 0,. . .,t−1, K_1, . . . , K_t ∈ W_1 ∪ S_1, and d_0, . . . , d_t are generalized descriptions with d_i defined relative to U, K_1, . . . , K_i, and d_0 > d_1 > . . . > d_t. Also, d_0 = ⟨i_1⟩ where i_1 is maximal such that ⟨i_1⟩ ∈ dom(U).

For each complex C as above, and f : dom(U) → δ^1_3 of type U, we associate an ordinal h(f; C). We set h(f; C) = |T_{x0} ↾ sup_j j(h(f; d_0; ))(α_1)| where α_1 is represented

with respect to K_1 by the function which assigns to [h_1] the value α_1(h_1) = |T_{x1} ↾ sup_j j(h(f; d_1; h_1))(α_2(h_1))|, where α_2(h_1) is represented with respect to K_2 by the

function which assigns to [h_2] the value α_2(h_1, h_2), . . ., and α_{t−1}(h_1, . . . , h_{t−1}) = |T_{xt−1} ↾ sup_j j(h(f; d_{t−1}; h_1, . . . , h_{t−1}))(α_t(h_1, . . . , h_{t−1}))|, where α_t(h_1, . . . , h_{t−1}) is

represented with respect to K_t by the function which assigns to [h_t] the value α_t(h_1, . . . , h_t) = h(f; d_t; h_1, . . . , h_t).

If C, f are as above, and γ ∈ ON, we also define the ordinal h(f; C; γ). This is defined exactly as h(f; C) above, except we use α_t(h_1, . . . , h_t) = γ. We assume γ is sufficiently small relative to f so that this is well-defined. Note that h(f; C; γ) does not depend on d_t.

To each complex C and measure μ on θ < δ^1_3 , we associate a measure V^{C,μ} on δ^1_3 defined as follows. A ⊆ δ^1_3 has measure one if for almost all γ < θ with respect to μ there is a c.u.b. C ⊆ δ^1_3 such that for all f : dom(<^U ) → C of type U, h(f; C; γ) ∈ A. Note that the definition of this measure does not depend on d_t. It is easy to check that this definition is well-defined, and defines a measure on δ^1_3.

We now state the main theorem of this section.

Theorem 5.2. Let V be a measure on δ^1_3. Then there is a complex C and a measure μ on some ordinal θ < δ^1_3 such that V = V^{C,μ}.

The remainder of this section is devoted to a proof of theorem 5.2. We fix a countably additive measure V on δ^1_3 for the remainder of the proof.

We assume that V does not concentrate on any θ < δ^1_3. We give the first step of the argument separately to illustrate more simply the ideas involved. One main idea involves a pressing down argument from the measure space V. This idea was also used in [3], where a new proof of the strong partition relation on ω_1 was given.

Let g_0 : δ^1_3 → δ^1_3 satisfy:

(a) There is a V measure one set A such that g_0 ↾ A is monotonically increasing.

(b) g_0 restricted to any measure one set is not bounded below δ^1_3. (c) Any g which is V almost everywhere less than g_0 does not satisfy both (a) and (b).

We easily see that g_0 exists by considering the identity function. Let g_0(V) be the measure on δ^1_3 defined by g_0(V)(A) = 1 iff V(g^{−1}_0 (A)) = 1. Then g_0(V) is semi-normal, that is, gives every c.u.b. C ⊆ δ^1_3 measure one (otherwise we violate (c)). Since there are only finitely many regular cardinals (i.e., 3) below δ^1_3, g_0(V) is equal to one the normal measures N on δ^1_3. Fix now a measure one set A ⊆ δ^1_3 on which (a) is satisfied. Define h_0 : δ^1_3 → δ^1_3 by h_0(β) = sup{α ∈ A: g_0(α) ≤ β}. Let C ⊆ δ^1_3 be a c.u.b. set closed under h_0. Thus, for any c.u.b. D ⊆ C almost all α with respect to V lie in an interval of the form [β, h_0(β)) for some β ∈ D, and any two such intervals are disjoint. Let now x_0 ∈ ω^ω be such that T_{x0} is well-founded, and |T_{x0} ↾ sup_j j(α)| > h_0(α) for α in some c.u.b. set. Without loss of generality,

we may assume this inequality holds everywhere on C. Define r_0 on the measure one set of α with α ∈ A and g_0(α) ∈ C by r_0(α) = the unique β < sup_j j(g_0(α))

such that |T_{x0} ↾ sup_j j(g_0(α))(β)| = α (If N is the cofinality ω normal measure, then

r_0(α) < α). Assume for the sake of illustration that N is the cofinality ω_2 normal measure.

Since V is countably additive, we may fix a measure K_1 ∈ S_1 such that ∀^∗α r_0(α) ≤ j_{K1} (g_0(α)). Let U_0 be the type-2 tree of uniform cofinalities with only ⟨1⟩ ∈ dom(U_0) (other than sequences ending with 0), where U_0(⟨1⟩) corresponds to uniform cofinality ω_2. Let d_0 be the generalized description (defined with respect to the empty sequence of measures) d_0 = ⟨1⟩. Let also d_1 = d_0, which is defined with respect to K_1. Note that an f : <^{U0} → δ^1_3 can be identified with simply an ordinal β = f(⟨1⟩) < δ^1_3 of cofinality ω_2. Hence M^U = N. Note also that h(f; d_0; ) = f(⟨1⟩) and h(f; d_1; K_1) = j_{K1} (f(⟨1⟩).

Let C_0 = ⟨U_0, (x_0), (d_0, d_1), (K_1)⟩. Thus we have defined a complex C_0 and functions g_0, r_0 : δ^1_3 → δ^1_3 satisfying:

(1) g_0(V) = M^{U0} (= N, the cofinality ω_2 normal measure on δ^1_3). (2) ∀^∗_V α < δ^1_3 r_0(α) < h(f_{g0 (α)}; d_1; K_1). Here f_{g0 (α)} : <^{U0} → δ^1_3 represents g_0(α), which here simply means f_{g0 (α)} = g_0(α).

(3) ∀^∗_V α < δ^1_3 α = |T_{x0} ↾ sup_j j(h(f_{g0 (α)}; d_0; ))(r_0(α))| = h(f; C_0; r_0(α)).

This completes the first step in the analysis of V. We now proceed to the general case. With (1)-(3) above as motivation, we make the following definition:

Definition 5.7. A situation for V is a triple S = (C, g, r) satisfying: (1) C = ⟨U, (x_0, . . . , x_{t−1}), (d_0, . . . , d_t), (K_1, . . . , K_t)⟩ is a complex and g, r:

δ^1_3 → δ^1_3. Let <^U , M^U be the ordering and measure associated to C. Then g(V) = M^U .

(2) ∀^∗_V α < δ^1_3 r(α) < h(f_{g(α)}; d_t; K_1, . . . , K_t). Here f_{g(α)} : dom(<^U ) → δ^1_3 represents g(α) with respect to the measures M^{pm−1} for ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U). (3) ∀^∗_V α < δ^1_3 α = h(f_{g(α)}; C; r_0(α)). This is easily seen to be well-defined.

Among all situations for V, we now select one for which the “bounding function” α → h(f_{g(α)}; d_t; K_1, . . . , K_t) is minimal. We denote this situation by S = (C, g, r). Thus, we have also fixed the type-2 tree of uniform cofinalities U, and associated ordering <^U and measure M^U . We will show that for some measure μ on an ordinal θ < δ^1_3 that V = V^{C,μ}.

We first note that it will be sufficient to show that for some θ < δ^1_3 that ∀^∗_V α < δ^1_3 r(α) < θ. For if this is the case, let μ = r(V). We claim then that V = V^{C,μ}. If not, let A ⊆ δ^1_3 have V measure one, but ∀^∗_μγ < θ ∃ c.u.b. C ⊆ δ^1_3 ∀f : dom(<^U ) → C of type U, h(f; C; γ) /∈ A. Fix B ⊆ γ with μ(B) = 1 such that ∀γ ∈ B ∃ c.u.b. C ⊆ δ^1_3 ∀f : dom(<^U ) → C of type U, h(f; C; γ) /∈ A. A simple argument (using the coding lemma for prewellorderings of length θ) shows that ∃ c.u.b. C ⊆ δ^1_3 ∀γ ∈ B ∀f : dom(<^U ) → C of type U, h(f; C; γ) /∈ A. Fix such a C. Since V(A) = 1 and μ(B) = 1, ∃α ∈ A (f_{g(α)} : dom(<^U ) → C and r(α) ∈ B). Since α = h(f_{g(α)}, C; r(α)), we have a contradiction.

The remainder of the argument involves considering cases. In each case we either show that r is bounded almost everywhere or else violate the minimality of the situation. To fix notation, suppose d_t = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m⟩ is of type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩. Case I. L(d_t) is defined.

We define a partial extension U^′ of U as follows. Let d^⋆ be as in lemma 5.3 applied to d_t. We refer the reader to the definition of L(d_t) after lemma 5.3. If i_m = 0 and L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}, L(d^t_{m−1}), k⟩, then U^′ has the extra sequence ⟨i_1, p_1, . . . , i_{m−1}, q, k+1⟩ in its domain, where ⟨i_1, d^t_1, . . . , i_{m−1}, L(d^t_{m−1}), k⟩ has type ⟨i_1, p_1, . . . , i_{m−1}, q, k⟩ and k is maximal such that ⟨i_1, p_1, . . . , i_{m−1}, q, k⟩ ∈ dom(U). If i_m = 0 and L(d_t) = ⟨i_1, p_1, . . . , i_{m−1} − 1⟩,

then U^′ has the extra sequence ⟨i_1, p_1, . . . , p_{m−2}, i_{m−1}⟩ inserted between ⟨i_1, p_1, . . . , p_{m−2}, i_{m−1} − 1⟩ ∈ dom(U) and ⟨i_1, p_1, . . . , p_{m−2}, i_{m−1}⟩ ∈ dom(U). Suppose now i_m > 0. If U(⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩)) = ω, or L(d^⋆) is not defined, or ⟨i_1, d^t_1, . . . , i_m, L(d^⋆), 0⟩ does not have type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, 0⟩ ∈ dom(U), then U^′ has the extra sequence ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ inserted between ⟨i_1, . . . , i_{m−1}, p_{m−1}, i_m − 1⟩ ∈ dom(U) and ⟨i_1, . . . , i_{m−1}, p_{m−1}, i_m⟩ ∈ dom(U). Finally, if ⟨i_1, d^t_1, . . . , i_m, L(d^⋆), 0⟩ has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, 0⟩ ∈ dom(U), then U^′ has the extra sequence ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, k + 1⟩ in its domain, where k is maximal such that ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, k⟩ ∈ dom(U).

To unify notation, let ⃗s = ⟨i^′_1, p^′_1, . . . , i^′_{l−1}, p^′_{l−1}, i^′_l⟩ be the unique sequence not ending in 0 in dom(U^′) − dom(U). For example, if L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m, L(d^⋆), k⟩, then ⃗s = ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, k + 1⟩, where L(d_t) has type ⟨i_1, p_1, . . . , i_{m−1}, p_{m−1}, i_m, q, k⟩.

By theorem 5.1, ∀^∗_V α ∃f^′ : dom(<^{U ′} ) → δ^1_3 of semi-type U^′ inducing f_{g(α)} of type U representing g(α) and such that r(α) < h(N_f ′ ; f^′; L(d_t); K_1, . . . , K_t).

Subcase (1): There is a measure one set A ⊆ δ^1_3 with respect to V such that for α ∈ A, if f_{g(α)} : dom(<^U ) → δ^1_3 of type U represents g(α), then there is an f^′ : dom(<^{U ′} ) → δ^1_3 of semi-type U^′ inducing f_{g(α)}, and such that for all α^′ ∈ A with g(α^′) = g(α) we have that r(α^′) < h(N_f ′ ; f^′; L(d_t); K_1, . . . , K_t).

Fix such a measure one set A. We then consider the partition P: we partition f^′ : dom(<^{U ′} ) → δ^1_3 of semi-type U^′ and f^′ of uniform cofinality ω on sequences in dom(<^{U ′} ) − dom(<^U ), with f^′ inducing f : dom(<^U ) → δ^1_3 of type U, according to whether or not ∃α ∈ A such that g(α) = [f] and ∀α^′ ∈ A with g(α^′) = g(α), r(α^′) < h(N_f ′ ; f^′; L(d_t); K_1, . . . , K_t). From the hypothesis of subcase (1) it follows that on the homogeneous side of the partition the above property holds. Fix now a homogeneous C ⊆ δ^1_3. We then have ∀^∗_V α < δ^1_3 r(α) < h(N_C ; f_{g(α)}; L(d_t); K_1, . . . , K_t).

Let x_t ∈ ω^ω be such that T_{xt} is well-founded and |T_{xt} ↾ sup_j j(γ)| > N_C (γ) on

a c.u.b. set. For a V measure one set of α, Let r^′(α) be the least ordinal such that ∀^∗h_1, . . . , h_t r(α)(⃗h) = |T_{xt} ↾ sup_j j(h(f_{g(α)}; L(d_t);⃗h))(r^′(α)(⃗h))|. It follows that for

some K_{t+1} ∈ W_1 ∪ S_1 that r^′(α) < h(f_{g(α)}; L(d_t); K_1, . . . , K_t, K_{t+1}), for almost all α. If we let S^′ be the situation (C^′; g; r^′) where C^′ = ⟨U, (x_0, . . . , x_{t−1}, x_t), (d_0, . . . , d_{t−1}, L(d_t), L(d_t)), (K_1, . . . , K_t, K_{t+1})⟩, it follows that we have produced a situation for the measure V with r^′(α) < h(f_{g(α)}; L(d_t); K_1, . . . , K_t, K_{t+1}). This violates the minimality assumption on our original situation.

Subcase (2): For every measure one set A ⊆ δ^1_3 with respect to V, for almost all α ∈ A, if f_{g(α)} : dom(<^U ) → δ^1_3 represents g(α) then for all f^′ : dom(<^{U ′} ) → δ^1_3 of semi-type U^′ inducing f, ∃α^′ ∈ A such that g(α^′) = g(α) and r(α^′) ≥ h(N_f ′ ; f^′; L(d_t); K_1, . . . , K_t).

Let g^′ : δ^1_3 → δ^1_3 represent the least equivalence class with respect to V which has a representative satisfying:

(a) ∀^∗_V α < δ^1_3 g^′(α) is represented by a function f^′ : dom(<^{U ′} ) → δ^1_3 of semitype U^′ inducing f : dom(<^U ) → δ^1_3 of type U representing g(α).

(b) There is a V measure one set A ⊆ δ^1_3 such that for α_1, α_2 ∈ A with g(α_1) = g(α_2), if r(α_1) ≤ r(α_2) then g^′(α_1) ≤ g^′(α_2).

(c) There does not exist a V measure one set A ⊆ δ^1_3 such that for almost all α ∈ A ∃f^′ : dom(<^{U ′} ) → δ^1_3 of semi-type U^′ inducing f : dom(<^U ) → δ^1_3 of type U representing g(α) and such that for all α^′ ∈ A with g(α^′) = g(α), g^′(α) ≤ [f^′].

Note that there is a function g̃ satisfying (a)-(c) above. To see this, consider g̃(α) = the equivalence class of the least f^′ : dom(<^{U ′} ) → δ^1_3 of semitype U^′ such that f^′ induces f : dom(<^U ) → δ^1_3 representing g(α) and r(α) < h(N_f ′ ; f^′; L(d_t); K_1, . . . , K_t). Then g̃ satisfies (a)-(c), so g^′ is well defined.

Consider the measure g^′(V). By countable additivity of V and theorem 4.2 there is type-2 tree of uniform cofinalities, which we also denote by U^′, extending the partial tree U^′ (i.e., a uniform cofinality for sequences of type ⃗s ∈ dom(U^′)−dom(U) is now specified) such that ∀^∗_V α < δ^1_3 g^′(α) is represented by an f^′ : dom(<^{U ′} ) → δ^1_3 of type U^′. Also, if C ⊆ δ^1_3 is c.u.b. then ∀^∗_V α < δ^1_3 g^′(α) is represented by f^′ : dom(<^{U ′} ) → δ^1_3 having range in C. For if not, by composing f^{′⃗s} with l(α) .= sup{β < α : β ∈ C} we would get a function g^{′′} also satisfying (a)-(c) above and strictly smaller than g^′ almost everywhere. This implies that g^′(V) is the measure induced from the weak partition relation on δ^1_3 and functions f^′ : dom(<^{U ′} ) → δ^1_3 of type U^′.

Let d̃_t be the generalized type-2 description defined as follows. If L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m, L(d^⋆), k⟩, then d̃_t = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m, L(d^⋆), k + 1⟩. If L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m − 1⟩, then d̃_t = ⟨i_1, d^t_1, . . . , i_{m−1}, d^t_{m−1}, i_m⟩. If L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}, L(d^t_{m−1}), k⟩, then d̃_t = ⟨i_1, d^t_1, . . ., i_{m−1}, L(d^t_{m−1}), k + 1⟩. Finally, if L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1} − 1⟩, then L(d_t) = ⟨i_1, d^t_1, . . . , i_{m−1}⟩. Notice the definition of d̃_t parallels the definition of U^′ in all cases.

Consider now the following partition P: we partition f^′ : dom(<^{U ′} ) → δ^1_3 of type U^′ with the extra value f̃(⟨i^′_1, α_1, . . . , i^′_{l−1}, α_{l−1}, i^′_l⟩) (for ⟨i^′_1, α_1, . . . , i^′_{l−1}, α_{l−1}, i^′_l⟩ of type ⃗s) inserted between f^′(⟨i^′_1, α_1,. . .,i^′_{l−1}, α_{l−1}, i^′_l⟩) and N_f ′ (f^′(⟨i^′_1, α_1, . . . , i^′_{l−1}, α_{l−1}, i^′_l⟩)), with f̃(⟨i^′_1, α_1, . . . , i^′_{l−1}, α_{l−1}, i_l⟩) of uniform cofinality ω, according to whether h(N_{f̃} ; f^′; d̃_t; K_1, . . . , K_t) ≥ sup{r(α): α ∈ A ∧ g^′(α) ≤ [f^′]},

where A is a V measure one set on which (b) holds for g^′. It follows readily from properties (b) and (c) for g^′ that on the homogeneous side of P the stated property holds. Fixing a c.u.b. C homogeneous for the partition, we then have ∀^∗_V α < δ^1_3 if f^′_{g′(α)} : dom(<^{U ′} ) → δ^1_3 of type U^′ represents g^′(α), then r(α) < h(N_C ; f^′_{g′ (α)}; d̃_t; K_1, . . . , K_t). Let x_t ∈ ω^ω be such that T_{xt} is well-founded and |T_{xt} ↾ sup_j j(α)| > N_C (α) on a c.u.b. set. Let r^′ be such that

∀^∗_V α r^′(α) < h(sup_j j; f^′_g′_{(α)}; d̃_t; K_1, . . . , K_t) and ∀^∗_V α ∀^∗h_1, . . . , h_t r(α)(⃗h) = |T_{xt} ↾ h(sup_j j; f^′_g′_{(α)}; d̃_t;⃗h)(r^′(α)(⃗h))|. By countable additivity, let K_{t+1} ∈ W_1 ∪ S_1 be such that ∀^∗_V α r^′(α) < h(f^′_g′_{(α)}; d̃_t; K_1, . . . , K_t, K_{t+1}).

Let C^′ = ⟨U^′; (x_0, . . . , x_{t−1}, x_t); (d_0, . . . , d_{t−1}, d̃_t, d̃_t); (K_1, . . . , K_t, K_{t+1})⟩. Then S^′ = (C^′; g^′; r^′) is a situation for V with a smaller bounding function r^′(α) < h(f^′_{g′(α)}; d̃_t; K_1, . . . , K_t, K_{t+1}). This violates the minimality of S.

Case (II): L(d_t) is not defined.

Note that d_t is either of the form ⟨1, d^t_1, 0⟩ or ⟨1⟩.

From theorem 5.1 we have ∀^∗_V α < δ^1_3 ∃f : dom(<^U ) → δ^1_3 of type U ∃γ < f(⟨1⟩) r(α) < γ. As in case (I), we consider cases.

First suppose there is a measure one set A with respect to V such that for α ∈ A and f_{g(α)} : dom(<^U ) → δ^1_3 of type U representing g(α), ∃γ < f(⟨1⟩) sup{r(α^′): α^′ ∈ A ∧ g(α^′) = g(α)} < γ. An easy partition argument then shows ∃γ < δ^1_3 ∀^∗_V α r(α) < γ. Otherwise, for all A of V measure one, for almost all α ∈ A, if f_{g(α)} of type U represents g(α) and γ < f_{g(α)}(⟨1⟩), then there is an α^′ ∈ A with g(α^′) = g(α) and r(α^′) > γ. A pressing down argument as in case (I), but easier, then gives a situation (C^′, g^′, r^′) for V which violates the minimality of S. Here U^′ will have the extra sequence ⟨1⟩ inserted below ⟨1⟩ ∈ dom(U) (that is, ⟨i_1⟩ ∈ dom(U) is identified with ⟨i_1 + 1⟩ ∈ dom(U^′)). Also, for almost all α and f^′_{g′ (α)} of type U^′ representing g^′(α), we will have ∀^∗h_1, . . . , h_t, h_{t+1} r^′(α)(h_1, . . . , h_{t+1}) < f^′_{g′ (α)}(⟨1⟩) for some K_{t+1} ∈ W_1 ∪ S_1.

This completes the proof of theorem 5.2. Λ

CHAPTER 6

The Strong Partition Relation on δ^1_3

We use the analysis of measures (theorem 5.2) in the previous chapter to get a coding for the subsets of δ^1_3 sufficiently nice to establish the strong partition relation on δ^1_3. The argument for converting an analysis of the measures on κ to a coding of the subsets of κ is due to Kunen (see [11]). Throughout this chapter, T ⊆ (ω × δ^1_3)^{<ω} denotes the Martin tree of §2.

Recall the main result of the last section, theorem 5.2, showed that any measure V on δ^1_3 is of the form V = V^{C,μ} for some complex C = ⟨U, (x_0, . . . , x_{t−1}), (d_0, . . . , d_t), (K_1, . . . , K_t)⟩, and measure μ on some θ < δ^1_3. Recall that A ⊆ δ^1_3 has measure one with respect to V^{C,μ} if ∀^∗_μγ < θ ∃ c.u.b. C ⊆ δ^1_3 such that for all f : dom(<^U ) → C of type U, h(f; C; γ) ∈ A (where h(f; C; γ) is defined just before lemma 5.2). We observed in the proof of theorem 5.2 that this is equivalent to: ∃D ⊆ θ of μ measure one ∃ c.u.b. C ⊆ δ^1_3 ∀γ ∈ D ∀f : dom(<^U ) → C of type U h(f; C; γ) ∈ A. Also, it is clear that we may take as a base for the measure sets A such that ∃D ⊆ θ of μ measure one ∃ c.u.b. C ⊆ δ^1_3 ∀α [α ∈ A ⇔ ∃f : dom(<^U ) → C ∩ α of type U h(f; C; γ) ∈ A]. Note also that the computation of h(f; C; γ) only requires that T_{xi} ↾ η(ν) be well-founded for certain values of η, ν which are less than sup_j j(sup f).

We first code (sufficiently many) c.u.b. subsets of δ^1_3. Every real σ ∈ ω^ω can be viewed, in some standard manner, as a strategy for player II in a two person integer game. We let σ(x) be the result of following this strategy against I’s play of x. Let K ⊆ (ω × δ^1_3)^{<ω} be the Kunen tree constructed from the Π^1_3 complete set P and Π^1_3 scale {ϕ_n} on P (with ϕ_0 onto δ^1_3). Recall K may be constructed as follows. Let U ⊆ (ω × δ^1_3)^{<ω} be the tree of the scale {ϕ_n}, and V ⊆ (ω × ℵ_ω)^{<ω} a tree with p[V ] a complete Σ^1_3 set. Define K̃ ⊆ (ω × ω × δ^1_3 × ω × ℵ_ω)^{<ω} by: (σ, x, ⃗α, y, ⃗β) ∈ [K̃] ⇔ ∀n (x_n, ⃗α_n) ∈ [U] ∧ σ(x) = y ∧ (y, ⃗β) ∈ [V ]. Here x_n(m) = x(⟨n, m⟩), and ⃗α_n(m) = ⃗α(⟨n, m⟩), where (n, m) → ⟨n, m⟩ is a bijection between ω^2 and ω. Weaving the last four coordinates of K̃ into a single coordinate produces the tree K. Say an ordinal α < δ^1_3 is good if ∀β < α ∃x ∈ P (ϕ_0(x) = β ∧ ∀n ϕ_n(x) < α). Let GO ⊆ δ^1_3 denote the (c.u.b.) set of good ordinals, and GO^′ the set of limit points of GO. K then has the usual property that for all f : δ^1_3 → δ^1_3, there is a σ with K_σ well-founded and such that for all good α of cofinality ω, |K_σ ↾ α| > f(α).

Definition 6.1. A real σ is good if K_σ is well-founded. Also σ is good below β if ∀γ < β K_σ ↾ γ is well-founded. To each real σ we associate a closed set C_σ ⊆ δ^1_3 given by: C_σ = {α ∈ GO^′ : ∀β < α K_σ ↾ β is well-founded of rank < α}. We say a c.u.b. C ⊆ GO^′ is good if there is a good real σ such that C = C_σ .

A key fact is the following:

Lemma 6.1. Every c.u.b. C ⊆ δ^1_3 contains good c.u.b. set.

Proof. Let f(α) = the least β ∈ C greater than α. Let σ be a good real such that |K_σ ↾ α| > f(α) for all good α of cofinality ω. Then C_σ ⊆ C. □

Definition 6.2. A set A ⊆ δ^1_3 is simple if there is a complex C, a good c.u.b. C = C_σ , and a D ⊆ δ^1_3 with sup D < δ^1_3 such that

A = {α : ∃δ ∈ D ∃f : dom(<^U ) → C ∩ α of type U (α = h(f; C; δ))}.

Here U and the function (δ, f) → h(f; C; δ) are as determined from C.

Note that a simple set is described by a bounded set D, a complex C (which may be coded by a real), and a good real σ. We let S_{D,C,σ} denote the corresponding simple set.

The Kunen argument now yields:

Theorem 6.1. Every A ⊆ δ^1_3 is a countable union of simple sets.

Proof. Following Kunen’s argument, assume the theorem fails and fix a counterexample A ⊆ δ^1_3. Let I ⊆ P(δ^1_3) be the countably additive ideal consisting of those I ⊆ δ^1_3 such that I ∩ A is contained in a countable union of simple sets each of which is contained in A, and I ∩ A^c is contained in a countable union of simple sets each of which is contained in A^c. By hypothesis, I is a proper ideal. By AD, the filter dual to I can be extended to a (countably additive) measure V [V is induced by the Martin measure on the degrees D and the map f : D → δ^1_3 given by f(d) = least ordinal not in ⋃ {B_x : x ∈ d}, where the real x ∈ ω^ω codes the element B_x of I in some manner]. Without loss of generality, suppose V(A) = 1. From theorem 5.2, there is a measure μ on some θ < δ^1_3, and a complex C such that V = V^{C,μ}. Thus, there is a D ⊆ θ, and a c.u.b. C ⊆ δ^1_3 such that {α < δ^1_3 : ∃δ ∈ D ∃f : dom(<^U ) → C ∩ α of type U [α = h(f; C; δ)]} ⊆ A. By lemma 6.1, let C_σ ⊆ C be a good set. Thus, S_{D,C,σ} ⊆ A, and V(S_{D,C,σ}) = 1. This contradicts S_{D,C,σ} ∈ I. □ Fix a Δ^1_3 coding x → R_x ⊆ (ℵ_ω)^3 for the subsets of (ℵ_ω)^3, say by the coding of [11]. This gives a coding for the bounded subsets of δ^1_3 as well. To be specific, x ∈ ω^ω codes the bounded set D_x as follows: δ ∈ D_x iff ∃α < ℵ_ω ((R_x)_α is wellfounded of rank δ). Here R_α = {(β, γ): (α, β, γ) ∈ R}. Thus, every real x codes a bounded D_x ⊆ δ^1_3.

To each real z we now associate a set A_z ⊆ δ^1_3 as follows. First, decode z into an infinite sequence of triples (x_n, y_n, σ_n) ∈ (ω^ω)^3, in some standard manner. Let D_n = D_{xn} be the bounded subset of δ^1_3 coded by x_n as above. Let C_n = C_{σn} be the closed subset of δ^1_3 coded by σ_n. If y_n does not have the correct “syntactical form” to code a complex for some n, set S_n = ∅. Otherwise, decode y_n into C_n = ⟨U, (w_0, . . . , w_{t−1}), (d_0, . . . , d_t), (K_1, . . . , K_t)⟩ which satisfies the requirements for being a complex except that we do not require that the T_{wi} be well-founded. To D_n, C_n and C_n we associate the set S_n = {α < δ^1_3 : ∃δ ∈ D_n ∃f : dom(<^U ) → C_n ∩α of type U [∀i T_{wi} ↾ η(ν) is well-founded for all η, ν such that T_{wi} ↾ η(ν) is used in the definition of h(f; C; δ) ∧ α = h(f; C; δ)]}. More precisely, α ∈ S_n iff ∃δ ∈ D_n ∃f : dom(<^U ) → C_n ∩α of type U such that h(f; C; δ) is well-defined and equal to α.

By this we mean α_1 is well-defined, in the well-founded part of T_{x0} ↾ sup_j j(h(f; d_0; ))

= T_{x0} ↾ sup_j j(sup f), and α = |T_{x0} ↾ sup_j j(h(f; d_0; ))(α_1)|. To say α_1 is well-

defined, we in turn mean ∀^∗_{K1} h_1 α_2(h_1) is well-defined, in the well-founded part of T_{x1} ↾ sup_j j(h(f; d_1; h_1)), and α_1(h_1) = |T_{x1} ↾ sup_j j(h(f; d_1; h_1))(α_2(h_1))|, etc. (c.f.

the definition of h(f; C; γ) before lemma 5.2). Note that if ∀i T_{wi} ↾ sup_j j(sup f)) is

well-founded then h(f; C; δ) is well defined. We then set A_z = ∪_n S_n. Thus every

real z codes a set A_z ⊆ δ^1_3.

We next prove a result which shows that our coding is reasonable. Theorem 6.2. The coding z → A_z ⊆ δ^1_3 satisfies the following properties. (1) For every A ⊆ δ^1_3 ∃z ∈ ω^ω (A = A_z). Thus, every set is coded. (2) For any α < δ^1_3, {z : α ∈ A_z} ∈ Δ^1_3.

Proof. Part (1) follows immediately from the previous theorem. Fix α < δ^1_3, and let B_α = {z : α ∈ A_z }. So, z ∈ B_α ⇔ α ∈ A_z ⇔ ∃n α ∈ S_{Dn(z),Cn(z),σn(z)}. Fixing n, it is enough to show that E_α = {z : α ∈ S_{D(z),C(z),σ(z)}} ∈ Δ^1_3. Now, z ∈ E_α ⇔ ∃x [(x codes a function f_x : dom(<^U ) → α of type U) ∧ (f_x has range in C_{σ(z)}) ∧ (∃δ ∈ D(z) (α = h(f; C(z); δ))]. Note that h(f; C(z); δ) depends only on [f] = (. . . , η^{⟨i1 ,p1,...,im−1 ,pm−1,im⟩}, . . .), the ordinals represented by f with respect to the measures M^{pm−1} . Thus we may write h(⃗η; C; δ). Also, if f : dom(<^U ) → δ^1_3 has range almost everywhere in some C, then there is an f^′ with range everywhere in C and with [f^′] = [f]. Thus we may write: z ∈ E_α ⇔ ∃⃗η < sup_j j(α) [(⃗η is

representable by a function f : dom(<^U ) → δ^1_3 of type U having range in C_{σ(z)} almost everywhere)∧(∃δ ∈ D(z) (α = h(⃗η; C(z); δ))]. Since Δ^1_3 is closed under < δ^1_3 unions and intersections, it is enough to fix ⃗η, and hence fix f : dom(<^U ) → δ^1_3 of type U representing ⃗η, and show the expression inside the square brackets defines a Δ^1_3 set. We isolate a useful lemma.

Lemma 6.2. Let μ be a measure on ℵ_ω, and suppose that Δ^1_3 sets R_β (x) ⊆ ω^ω are given for β < ℵ_ω. Then S(x) defined by S(x) ⇔ ∀^∗_μβ R_β (x) is Δ^1_3.

Proof. For notational simplicity, we consider the case where μ = S^1_1 = the ω cofinal normal measure on ω_2. The general case is entirely similar, since a general μ is equivalent to a measure M^B for some type ≤ 1 tree of uniform cofinalities, and thus is described by the strong partition relation on ω_1, c.u.b. sets C ⊆ ω_1, and functions f : dom(≺) → C for some ordering ≺, and this is in effect all we will use about the measure S^1_1 (we will, in fact, only need this lemma for measures of the form M^B).

We first prove the lemma when μ = W^1_1 = the normal measure on ω_1. Let K_1 ⊆ (ω × ω_1)^{<ω} be a “Kunen tree” for ω_1 (i.e., for any f : ω_1 → ω_1 ∃σ (T_σ is wellfounded ∧ |T_σ ↾ α| > f(α) on a c.u.b. set)). Any y ∈ ω^ω with (K_1)_y well-founded codes a c.u.b. set C_y ⊆ ω_1, namely, C_y = {α < ω_1 : ∀β < α |(K_1)_y ↾ β| < α}. Thus, S(x) ⇔ ∀^∗β < ω_1 R_β (x) ⇔ ∃y [(K_1)_y is well-founded ∧ ∀β < ω_1 (β ∈ C_y → R_β (x))] ⇔ ∀y [(T_y is well-founded) → ∃β < ω_1 (β ∈ C_y ∧ R_β (x))]. This easily shows that S(x) ∈ Δ^1_3.

Suppose now that μ = S^1_1 . If z = ⟨γ, w⟩ where γ < ω_1 , w ∈ ω^ω, and (K_1)_w is well-founded, let f_z : ω_1 → ω_1 be given by f_z(α) = |(K_1)_z ↾ α(γ)|. Thus, for any f : ω_1 → ω_1 there is such a z with f = f_z on a c.u.b. set. Now, S(x) ⇔ ∀^∗_μβ < ω_2 R_β(x) ⇔ ∃y [(K_1)_y is well-founded ∧ ∀ω_1 < β < ω_2 of cofinality ω ((any (some) f : ω_1 → ω_1 representing β has range almost everywhere in C_y) → R_β (x))] ⇔ ∀y [((K_1)_y is well-founded) → ∃ω_1 < β < ω_2 of cofinality ω ((any (some) f : ω_1 → ω_1 representing β has range almost everywhere in C_y ) ∧ R_β(x))]. It is enough to fix ω_1 < β < ω_2, and fix z = ⟨γ, w⟩ such that f_z represents β, and show that U(x, y) ⇔ (f_z has range almost everywhere in C_y) is Δ^1_3. However, U(x, y) ⇔ ∀^∗α < ω_1 (|(K_1)_z ↾ α(γ)| ∈ C_y ). This is easily Δ^1_3 from the first case. □

From the lemma it follows that {z : f has range almost everywhere in C_{σ(z)}} is Δ^1_3 for fixed f. Thus for fixed δ < α < δ^1_3 and fixed f : dom(<^U ) → δ^1_3 of type U, we must show that F (z) ⇔ [α = h(f; C(z); δ)] is Δ^1_3. We have: F (z) ⇔ ∃α_0, α_1 < α[(α_0 = sup f) ∧ |T_{y0} ↾ sup_j j(α_0)(α_1)| = α ∧ (α_1 = h_1(f; C(z); δ)].

Here C(z) = ⟨U, (y_0, . . ., y_{t−1}), (d_0, . . . , d_t), (K_1, . . ., K_t)⟩ is the complex coded by z, and we define inductively: h_1(f; C(z); δ) is represented with respect to K_1 by [h_1] → h_1(f; C(z); δ; h_1) = |T_{y1} ↾ sup_j j(h(f; d_1; h_1))(h_2(f; C(z); δ; h_1))|,

and h_2(f; C(z); δ; h_1) is represented with respect to K_2 by [h_2] → h_2(f; C(z); δ; h_1, h_2) = |T_{y2} ↾ sup_j j(h(f; d_1; h_1, h_2))(h_3(f; C(z); δ; h_1, h_2))|,

etc., and where h_t(f; C(z); δ; h_1, . . . , h_t) = δ. Fix α_0, α_1, and a function [h_1] → α_1([h_1]) representing α_1 with respect to K_1. The first two conjuncts in the above expression for F (z) easily define Δ^1_3 sets. Thus we consider

G(z) ⇔ (α_1 = h_1(f; C(z); δ)) ⇔ ∀^∗[h_1] (α_1([h_1]) = h_1(f; C(z); δ; h_1). Note that h_1(f; C(z); δ; h_1) depends only on [h_1]. Thus, by lemma 6.2 we may fix [h_1], and hence h_1 representing [h_1], and show that H(z) is Δ^1_3 where

H(z) ⇔ (α_1([h_1]) = h_1(f; C(z); δ; h_1)) ⇔ ∃β_0, β_1 < α[β_0 = h(f; d_1; h_1)∧ |T_{y1} ↾ sup_j j(β_0)(β_1)| = α_1([h_1]) ∧ β_1 = h_2(f; C(z); δ; h_1)].

Continuing, we show that F (z) ∈ Δ^1_3. This completes the proof that E_α ∈ Δ^1_3. □

To establish the strong partition relation on δ^1_3 we must code functions f : δ^1_3 → δ^1_3 in a sufficiently nice manner. Of course, any function may be viewed as a subset of δ^1_3, and we may then use our coding of subsets of δ^1_3. This, however, does not seem quite sufficient to get the desired coding of functions. Instead, we must make a minor modification to our coding of subsets.

Definition 6.3. For each real z ∈ ω^ω we define a relation F_z ⊆ δ^1_3 × δ^1_3 as follows: First, decode z into a sequence of triples (x_n, y_n, σ_n) ∈ (ω^ω)^3 . Let D_n = D_{xn} be the bounded subset of δ^1_3 × δ^1_3 coded by x_n as before. Let C_n = C_{σn} be the closed subset of δ^1_3 coded by σ_n. If y_n does not have the correct “syntactical form” to code a complex for some n, set S_n = ∅. Otherwise, decode y_n into C_n = ⟨U, (w_0, . . . , w_{t−1}),(d_0, . . . , d_t), (K_1, . . . , K_t)⟩ which satisfies the requirements for being a complex except that we do not require that the T_{wi} be well-founded. To D_n, C_n, and C_n we associate the set S_n = {(α, β) ∈ δ^1_3 × δ^1_3: ∃δ_0, δ_1 < α (δ_0, δ_1) ∈ D_n ∧∃f : dom(<^U ) → C_n ∩ α of type U (∀i T_{wi} ↾ η(ν) is well-founded for all η, ν such that T_{wi} ↾ η(ν) is used in the definitions of h(f; C_n; δ_0), h(f; C_n; δ_1) and (α, β) = (h(f; C_n; δ_0), h(f; C_n; δ_1)))}. We then set F_z = ∪_n S_n.

The essential difference between the coding here and the previous coding of subsets (extended to a coding of pairs) is that we now require f : dom(<^U ) → C_n ∩α rather than f : dom(<^U ) → C_n ∩ ⟨α, β⟩, where ⟨α, β⟩ = the ordinal coding (α, β).

We introduce two families of sets related to our coding. For α < δ^1_3 let V (α) = {z : ∀γ ≤ α∃ν < δ^1_3 [F_z(γ, ν) ∧ ∀(δ_0, δ_1) < α∀f∀n[(δ_0, δ_1) ∈ D_n(z) ∧ (f : dom(<^{Un(z)}) → α is of type U_n(z) with range in C_{σn(z)}) ∧ (α = h(f; C_n(z); δ_0)] ⇒ (ν = h(f; C_n(z)); δ_1)]}.

For α, β < δ^1_3, let W (α, β) = {z : ∀γ ≤ α∃ν ≤ β [F_z (γ, ν) ∧ ∀(δ_0, δ_1) < α∀f∀n[(δ_0, δ_1) ∈ D_n(z) ∧ (f : dom(<^{Un(z)}) → α is of type U_n(z) with range in C_{σn(z)}) ∧ (α = h(f; C_n(z); δ_0)] ⇒ (ν = h(f; C_n(z); δ_1))].

Note that W (α, β) ⊆ V (α) for all α, β. Also, z ∈ V (α) requires that F_z(γ) be defined for all γ ≤ α, and the value F_z (γ) be unique in a strong sense. Similarly for W (α, β).

We have: W (α, β)(z) ⇔∀γ ≤ α∃ν ≤ β[F_z (γ, ν) ∧ ∀n ∈ ω∀(δ_0, δ_1) ∈ D_n ∩ (α × α) ∀⃗η < sup_j j(α) representable by a f : dom(<^{Un} ) → δ^1_3 of type U_n

having range almost everywhere in C_{σn(z)} {(h(⃗η; C_n(z); δ_0) = γ) ⇒ (h(⃗η; C_n(z); δ_1) = ν)}].

This shows that W (α, β) ∈ Δ^1_3.

We have now our desired coding of functions F : δ^1_3 → δ^1_3. Theorem 6.3. The coding z → F_z ⊆ δ^1_3 ×δ^1_3 satisfies:

(1) For every function F : δ^1_3 → δ^1_3 ∃z(F = F_z ), i.e., every function is coded.

(2) For all α, β < δ^1_3 W (α, β) ∈ Δ^1_3.

(3) If R ⊆ V (α) is Σ^1_3 for some α < δ^1_3 , then ∃β < δ^1_3 ∀z ∈ R F_z (α) < β. Proof. (2) has already been established. The proof of (1) is a variation of the argument for coding subsets. To be specific, fix a function F ⊆ δ^1_3 × δ^1_3. We call a subfunction G ⊆ F simple if G = S_{(x,y,σ)} for some reals x, y, σ, with S defined as in definition 6.3, with all the trees T_{wi} well-founded. It is enough to show that F is the countable union of simple sets. If not, let I ⊆ P(δ^1_3) be the ideal consisting of those I ⊆ δ^1_3 such that F ↾ I is contained in a countable union of simple subfunctions of F . Then, I is a proper ideal, and we may extend the dual filter to a measure V. We may identify V with a measure V^′ on X = {(α, β): β = F (α)}. As in the first step of the proof of theorem 5.2, we let g_0 : δ^1_3 → δ^1_3 be a representative for the least V equivalence class which has a representative satisfying:

(a) There is a measure one set A ⊆ δ^1_3 such that g_0 ↾ A is monotonically increasing.

(b) There is no measure one set on which g_0 is bounded.

Clearly g_0(α) ≤ α almost everywhere. As before, g_0(V) is a normal measure N on δ^1_3. Fix a measure one set A ⊆ δ^1_3 on which (a) holds, and g_0(α) ≤ α for α ∈ A. Define h_0(γ) = sup{max(α, β): α ∈ A ∧ g_0(α) = γ ∧ F (α) = β}.

So, h_0(γ) < δ^1_3 for all γ < δ^1_3. Extend g_0 to g^′_0 defined on X by g^′_0(α, β) = g_0(α). Thus g^′_0(V^′) = N as well. Let x_0 be such that T_{x0} is well-founded (recall T is the “Martin” tree of §2) and |T_{x0} ↾ sup_j j(γ)| > h_0(γ) on a c.u.b. set. On a measure one set, let r_0(α, β), s_0(α, β) < sup_j j(g_0(α)) be the ordinals such that

|T_{x0} ↾ sup_j j(g^′_0(α, β))(r_0(α, β))| = α, and |T_{x0} ↾ sup_j j(g^′_0(α, β))(s_0(α, β))| = β.

From here, the argument is essentially identical to that of theorem 5.2. Now a situation S = (C, g^′, r, s) will involve two functions r, s, and part (2) of definition 5.7 becomes

(2^′): ∀^∗_V ′ (α, β) < δ^1_3 max(r(α, β), s(α, β)) < h(f_g′_{(α,β)}; d_t; K_1, . . . , K_t). Part (3) of 5.7 becomes

(3^′): ∀^∗_V ′ (α, β) < δ^1_3 α = h(f_g′_{(α,β)}; C; r(α, β)), β = h(f_g′_{(α,β)}; C; s(α, β)). Continuing as before leads to a contradiction.

Finally, we prove (3). Suppose R ⊆ V (α) is Σ^1_3 and ∀β < δ^1_3 ∃z ∈ R F_z(α) > β. We will produce a Σ^1_3 well-founded relation of length δ^1_3, a contradiction. Define:

z ≺ w ⇔ (z, w ∈ R) ∧ (F_z (α) < F_w(α)) ⇔ (z, w ∈ R) ∧ ∃n, m, x, y∃(δ_0, δ_1) ∈ α × α∃(ϵ_0, ϵ_1) ∈ α × α[(x codes a function f_x : <^{Un(z)}→ α of type U_n(z)) ∧ (y codes a function f_y : <^{Um(w)}→ α of type U_m(w)) ∧ (f_x has range in C_{σn (z)} almost everywhere) ∧ (f_y has range in C_{σm (w)} almost everywhere) ∧ (δ_0, δ_1) ∈ D_n(z) ∧ (ϵ_0, ϵ_1) ∈ D_m(w) ∧ h(f_x; C_n(z); δ_0) = α ∧ h(f_y; C_m(w); ϵ_0) = α ∧ h(f_x; C_n(z); δ_1) < h(f_y; C_m(w); ϵ_1)].

Now, all of the conjuncts inside the square brackets except the last are easily seen to define Δ^1_3 sets. For the last conjunct (for fixed δ_1, ϵ_1, x, y) we have h(f_x; C_n(z); δ_1) < h(f_y; C_m(w); ϵ_1) ⇔ ∃ζ_1, ρ_1 < sup_j j(α) [ζ_1 = h_1(f_x; C_n(z); δ_1)∧

ρ_1 = h_1(f_y; C_m(w); ϵ_1) ∧ |T_{a0} ↾ sup_j j(sup f_x)(ζ_1)| < |T_{b0} ↾ sup_j j(sup f_y)(ρ_1)|].

Here (a_0, a_1, . . .) and (b_0, b_1, . . .) are the reals appearing in C_n(z) and C_m(w), and h_1(· · · ) is defined in the proof of theorem 6.2. Again, all the conjuncts except the last in this expression are easily Δ^1_3. Also, for any fixed θ_1, . . . , θ_4 < δ^1_3, there is a

Σ^1_3 relation M(a, b) such that

M(a, b) ∩ {(a, b): T_a ↾ (θ_1)(θ_2), T_b ↾ (θ_3)(θ_4) are well-founded } = {(a, b): |T_a ↾ (θ_1)(θ_2)| < |T_b ↾ (θ_3)(θ_4)|}.

This shows that ≺ is Σ^1_3, a contradiction. This completes the proof of theorem 6.3. □ From this point, the argument for getting the strong partition relation on δ^1_3, due to Martin (see [5]), is fairly standard. For the sake of completeness, we give a brief sketch.

Theorem 6.4. δ^1_3 → (δ^1_3)^{δ13} .

Proof. Given a partition P : (δ^1_3)^{δ13} → {0, 1}, consider the game G: I and II play reals z, w ∈ ω^ω respectively. If there is a least α < δ^1_3 such that z /∈ V (α) or w /∈ V (α), then two wins provided z /∈ V (α). Suppose that ∀α < δ^1_3 z, w ∈ V (α). Hence z, w code functions F_z , F_w : δ^1_3 → δ^1_3 via our coding. In this case, let h: δ^1_3 → δ^1_3 be defined by h(α) = sup_{β<ω·(α+1)} max{F_z(β), F_w (β)}. II wins then if

P(h) = 1. Suppose without loss of generality that II wins, and fix a winning strategy σ for II. For α, β < δ^1_3, let S(α, β) = σ^{′′}W (α, β). Thus, S(α, β) ∈ Σ^1_3. Note that S(α, β) ⊆ V (α). From property (3) of the coding, h(α, β) .= sup{F_w(α): w ∈ S(α, β)} < δ^1_3. Let D ⊆ δ^1_3 be c.u.b. and closed under h, and let C be the set of closure points of D. We claim that C is homogeneous for P. For let f : δ^1_3 → C be of uniform cofinality ω. Let f^′ : δ^1_3 → D induce f, i.e., f(α) = sup_{β<ω·(α+1)}f^′(β).

Let z code f^′, that is F_z = f^′, and let I play z against II’s strategy σ to produce w = σ(z). Since z ∈ V (α) for all α < δ^1_3, w ∈ V (α) for all α as well. Thus F_w is a function from δ^1_3 to δ^1_3. From the definition of D we have F_w(ω · β + n) < F_z (ω · β + n + 1). Hence,

h(α) = sup β<ω·(α+1) max{F_z (β), F_w(β)} = sup_{β<ω·(α+1)}F_z (β) = f(α).

Thus, P(f) = 1, and we are done. □

The Lower Bound For δ^1_5

In this section we use the strong partition relation on δ^1_3 to establish the lower bound for δ^1_5. Our main tool is the following theorem of Martin:

Theorem 7.1 (Martin). Assume κ → (κ)^κ. Then for any measure V on κ, the ultrapower j_V (κ) is a cardinal.

Proof. Fix V such that j_V (κ) is not a cardinal, and let F : j_V (κ) → λ be a bijection, with λ < j_V (κ). Consider the partition P: we partition f, g : κ → κ of uniform cofinality ω with f(α) < g(α) < f(α + 1) according to whether F ([f]_V ) < F ([g]_V ). It is clear by well-foundedness that we can not have a c.u.b. set homogeneous for the contrary side of the partition. Let C ⊆ κ be c.u.b. and homogeneous for P. Fix an ordinal θ with λ < θ < j_V (κ), and let h: κ → κ represent θ. Define h^′ : κ → C inductively by: h^′(α) = the ω · (h(α) + 1)^{st} element in C greater than sup_{β<α}h^′(β). Since κ is regular, this is well defined. We then produce

an order preserving map H from θ into λ, a contradiction. Namely, if δ < θ, let f_δ : κ → κ represent δ with respect to V. Define f^′_δ : κ → C by: f^′_δ(α) = the ω · (f_δ(α) + 1)^{st} element of C greater than sup_{β<α}h^′(β) if f_δ(α) < h(α), and f^′_δ(α) =

the ω^{th} element of C greater than sup_{β<α}h^′(β) otherwise. Then set H(δ) = F ([f^′_δ]_V ).

It is easy to see that this is well-defined and order-preserving from θ into λ. □

The remainder of this section is devoted to a proof of the next theorem.

Theorem 7.2. δ^1_5 ≥ (ℵ_ωω^ω )^+.

Since (δ^1_5)^− = the supremum of the ultrapowers of δ^1_3 by the measures on δ^1_3, we must show that there are at least ω^{ωω} distinct ultrapowers. Recall that if <^V is a well-ordering, and f : dom(<^V ) → ON, then we say f if of the correct type if f is order-preserving, of uniform cofinality ω, and non-continuous, that is, f(θ) > sup{f(ν): ν <^V θ} for all θ ∈ dom(<^V ) of limit rank. We say f : dom(<^V ) → ON is of continuous type if f is order-preserving, continuous, and of uniform cofinality ω at points of non-limit rank. We will consider measures V which are induced from the weak partition relation on δ^1_3 , functions f : dom(<^V ) → δ^1_3 of continuous type for some ordering <^V of order type < δ^1_3, and finitely many measures v_i(V) on dom(<^V ). We call a measure of this form an order measure. Note that a function f : dom(<^V ) → δ^1_3 of the correct type induces a f̃ of continuous type by f̃(θ) = sup{f(ν): ν <V θ} for θ of limit rank. Using functions of continuous type allows us to state the basic lemmas of this section in terms of the normal measures on δ^1_3.

Definition 7.1. Let U, V be order measures on δ^1_3 corresponding to orderings <^U , <^V and measures v_i(U), v_j (V). Then:

(1) U ⊕ V is the order measure defined as follows: let <^U ⊕ <^V be the lexicographic ordering on pairs (a, α), where a = 0 and α ∈ dom(<^U ) or a = 1 and α ∈ dom(<^V ). Then U ⊕ V corresponds to ordering <^U ⊕ <^V and measures {v_i(U)} ∪ {v_j (V)}.

(2) U ⊗ V is the order measure defined as follows: let <^U ⊗ <^V be the lexicographic ordering on pairs (β, α) where α ∈ dom(<^U ), β ∈ dom(<^V ). Then U ⊗ V corresponds to ordering <^U ⊗ <^V and measures {v_j (V) × v_i(U)}. Here u × v denotes the product measure.

Note that both these operations are associative.

For V a measure on δ^1_3, let |V| = the ordinal δ (< ω^{ωω} ) such that j_V (δ^1_3) = ℵ_{ω+δ}.

Definition 7.2. We say the order measure V on δ^1_3 has true ultrapower ≥ θ if for any order measure U on δ^1_3, |U ⊕ V| ≥ |U| + θ. Let |V|_t = the largest θ such that V has true ultrapower ≥ θ.

Consider first μ_ω = the ω-cofinal normal measure on δ^1_3. This may be represented as an order measure with <^V = order type of ω + 1, and v(V) = the principal measure on {ω}. It is clear from theorem 7.1 that μ_ω has true ultrapower ≥ 1 (since one can embed the U ultrapower into a proper initial segment of the U ⊕ μ_ω ultrapower). Thus^n⊕_{i=1}μ_ω has true ultrapower ≥ n. Since δ^1_3 = ℵ_{ω+1}, it follows that

(δ^1_5)^− ≥ ℵ_{ω·2}.

Consider now μ_{ω1} = the ω_1-cofinal normal measure on δ^1_3. This may be represented as the order measure with ordering <^{ω1} = order type of ω_1, with v = W^1_1 = the normal measure on ω_1. The following lemma is analogous to those used in the embedding theorems (c.f. statement (B) of theorem 1.2).

Lemma 7.1. Fix n < ω. Then there is a measure μ on ω_ω and a function H defined on dom(μ) satisfying:

(1) ∀^∗_μα H(α): n → ω_1 is order-preserving.

(2) For any A ⊆ ω_1 of W^1_1 measure one, ∀^∗_μα H(α) has range in A.

The proof is trivial, letting μ = W^n_1 = the n-fold product of the normal measure on ω_1. Λ

Lemma 7.2. For any order measure V on δ^1_3 , |V ⊗ μ_{ω1} |_t ≥ |V|_t · ω.

Proof. Fix n < ω. It is enough to show that for any order measure U that |U ⊕ (V ⊗ μ_{ω1} )| ≥ |U ⊕ (^n⊕_{i=1}V)|. We show that |V ⊗ μ_{ω1} | ≥ |^n⊕_{i=1} V|, the general case being

essentially identical. We define an embedding π from the ultrapower of δ^1_3 by^n⊕_{i=1}V

into the ultrapower of δ^1_3 by V ⊗ μ_{ω1} . Fix F : δ^1_3 → δ^1_3 representing an equivalence class with respect to^n⊕_{i=1}V. We may view F as defined on functions f :^n⊕_{i=1} <^V → δ^1_3,

hence f is defined on pairs (m, γ) where 1 ≤ m ≤ n and γ ∈ dom(<^V ). We define a function G which will represent π([F ]) with respect to V ⊗ μ_{ω1} . Fix a g : <^V ⊗ <^{ω1} → δ^1_3 of continuous type, and we define G([g]). We represent G([g]) with respect to μ = W^n_1 by the function which assigns to (α_1, . . . , α_n) ∈ (ω_1)^n the value G([g])(α_1, . . . , α_n) = F (f) where f(m, γ) = g(H(α_1, . . . , α_n)(m), γ) = g(α_m, γ).

From (2) of lemma 7.1 it follows that G depends only on [g]. It also follows easily that π(F ) depends only on [F ], and that π is an embedding. □

Applying the lemma immediately gives that |V^n⊗_{i=1} μ_{ω1} |_t ≥ |V|_t · ω^n.

Consider next μ_{ω2} = the ω_2 cofinal normal measure on δ^1_3. This may be represented as the order measure with ordering <^{ω2} = order type of ω_2, and measure v = S^1_1 = the ω-cofinal normal measure on ω_2.

Lemma 7.3. Fix n < ω. Then there is a measure μ on ω_ω and a function H defined on dom(μ) satisfying:

(1) ∀^∗_μα H(α) is an ordinal representable with respect to W^n_1 by an order-

preserving function h:^n⊗_{i=1} <^{ω1} →<^{ω2} .

(2) For every A ⊆ ω_2 of v measure one, ∀^∗_μα H(α) is representable by h having range in A.

Proof. Let μ = S^{n+1}_1 , a measure on ω_{n+2}. Recall that this measure is induced by the strong partition relation on ω_1, functions f : dom(<_{n+1}) → ω_1 of the correct type, and W^{n+1}_1 . Here <_{n+1} is the order on n + 1-tuples (α_1, . . . , α_{n+1}) <_{n+1} (β_1, . . . , β_{n+1}) iff (α_{n+1}, α_1, . . . , α_n) <^{lex} (β_{n+1}, β_1, . . . , β_n). Let f : dom(<_{n+1}) → ω_1 of the correct type represent α < ω_{n+2}. Let α_1 < . . . < α_n < ω_1. Then H(α) is represented by the function whose value at (α_1, . . . , α_n) is H(α)(α_1, . . . , α_n) = [g]_W 1_1 , where g : ω_1 → ω_1 is defined by: g(β) = f(α_1, . . . , α_n, β). It is easy to check that this is well-defined, and that (1) and (2) above are satisfied. □

Lemma 7.4. For any n < ω and any order measure V on δ^1_3, |V ⊗ μ_{ω2} |_t ≥ |V ⊗^n⊗_{i=1}μ_{ω1} |_t.

Proof. A straightforward modification of lemma 7.2 using lemma 7.3. □

Applying lemma 7.4 gives that |V^n⊗_{i=1} μ_{ω2} |_t ≥ |V|_t · ω^{ω·n}.

Finally, we consider the order measures V_m on δ^1_3 corresponding to the ordering <^{Vm} = order type of ω_{m+1}, and measure v = S^m_1 on ω_{m+1}.

Lemma 7.5. Fix n, m < ω. There is a measure μ on ω_ω and a function H defined on dom(μ) satisfying:

(1) ∀^∗_μα H(α) is representable with respect to the n-fold product of S^m_1 by an

order-preserving function h:^n⊗_{i=1} <^{Vm} →<^{Vm+1} of the correct type.

(2) For any A ⊆ ω_{m+2} of S^{m+1}_1 measure one, ∀^∗_μα H(α) is represented by h having range almost everywhere in A.

Proof. Note that the n-fold product of S^m_1 is the measure induced by the strong partition relation on ω_1, functions f : dom(<_{n,m}) → ω_1 of the correct type, and W^m_1 , where <_{n,m} is the ordering on tuples (k, α_1, . . . , α_m) for 1 ≤ k ≤ n and α_1 < . . . < α_m < ω_1 defined by: (i, α_1, . . . , α_m) <_{n,m} (j, β_1, . . . , β_m) iff (α_m, i, α_1, . . . , α_{m−1}) <^{lex} (β_m, j, β_1, . . . , β_{m−1}). Let μ = S^{n+m+1}_1 . Fix f : dom(<^{n+m+1}) → ω_1 of the correct type representing α < ω_{n+m+2} and we define H(α). Fix g : dom(<_{n,m}) → ω_1 of the correct type representing (β_1, . . . , β_n) ∈ (ω_{m+1})^n. We then set H(α)(β_1, . . . , β_m) = [h]_W m+1_1 , where h is defined by:

h(γ_1, . . . , γ_{m+1}) = f(γ_1, . . . , γ_m, g(1, γ_1, . . . , γ_m), . . . , g(n, γ_1, . . . , γ_m), γ_{m+1}). It is again easy to see that this is well-defined and that (1) and (2) are satisfied. □ As before, a straightforward modification of the proof of lemma 7.2 using lemma 7.5 now shows:

Lemma 7.6. For any n, m < ω and any order measure V on δ^1_3, |V ⊗ V_{m+1}|_t ≥ |V ⊗^n⊗_{i=1}V_m|_t.

Noting that μ_{ω2} = V_1, and applying the above lemma for m = 1, 2, . . . successively then shows that |V ⊗^n⊗_{i=1}V_m|_t ≥ |V|_t · ω^{ωm·n}. From this it follows that |V_m|_t ≥ ω^{ωm} . Theorem 7.2 now follows.

Analysis of Measures on (δ^1_5)^−

Our goal in this section is to analyze the measures on (δ^1_5)^−. The arguments are similar in outline to the analysis of measures on δ^1_3 of §5. Our first main task is to extend the notions of a type-2 tree of uniform cofinalities and a type-2 complex to the third level. This will require first analyzing the possible uniform cofinalities for a measure M^C , where C is a type ≤ 2 tree of uniform cofinalities (defined below). Again, the methods are similar to those at the previous level, but descriptions will now play a more central role.

We first extend the notion of a type-2 tree of uniform cofinalities slightly.

Definition 8.1. A type ≤ 2 tree of uniform cofinalities is a triple of the form C = ⟨m; R; U⟩ where m < ω, R is a type-1 tree of uniform cofinalities, and U is a type-2 tree of uniform cofinalities.

To each type ≤ 2 tree of uniform cofinalities C we associate the measure M^C = W^m_1 × M^R × M^U , where we recall M^R is the measure on (ℵ_ω)^{<ω} corresponding to R, and M^U is the measure on (δ^1_3)^{<ω} corresponding to U (c.f. definitions 4.5, 5.4).

Thus, M^C is a measure on tuples ⃗θ = (α_1, . . . , α_m, . . . , β^{⃗r}, γ^{⃗s}, . . .)_{⃗r∈dom(R),⃗s∈dom(U)}. We say a tuple ⃗θ as above is of type C if α_1 < . . . < α_m and there are functions g : dom(<^R) → ω_1, f : dom(<^U ) → δ^1_3 of types R, U respectively such that g, f represent the ordinals ⃗β and ⃗γ respectively. Thus, the set of ⃗θ of type C has measure one with respect to M^C . To conserve notation, we will frequently express ⃗θ as ⃗θ = (⃗α, β⃗r, γ⃗s). We say the type ≤ 2 tree C_2 = ⟨m_2; R_2; U_2⟩ extends C = ⟨m_1; R_1; U_1⟩ if m_2 ≥ m_1, R_2 extends R_1, and U_2 extends U_1 (we allow R_2 = R_1, U_2 = U_1). We say C_2 is an immediate extension of C_1 if C_2 ≠ C_1 and there are no extensions of C_1 properly between C_1 and C_2. This means that either m_2 = m_1 + 1 and R_2 = R_1, U_2 = U_1, or else m_2 = m_1 and there is a unique sequence not ending in 0 in dom(R_2) − dom(R_1), or a unique sequence not ending in 0 in dom(U_2) − dom(U_1) (and the other components being equal).

As before, if C_2 extends C_1 and we are given an increasing map from m_1 to m_2, and a way of identifying dom(R_1) with a subset of dom(R_2), and similarly for dom(U_1), dom(U_2), then the measure M^{C2} projects to the measure M^{C1} in a natural manner.

Also as before, a partial type ≤ 2 tree of uniform cofinalities is a triple C^′ = ⟨m^′; R^′; U^′⟩ where at most one of R^′, U^′ is a partial tree. Recall this means that there is a unique sequence ⃗r ∈ dom(R) (or ⃗s ∈ dom(U)) for which R(⃗r) (or U(⃗s)) is undefined, and this sequence does not end in 0 and is maximal in dom(R) (or dom(U)). Likewise, C^′ = ⟨m^′; R^′; U^′⟩ is a partial extension of C = ⟨m; R; U⟩ if either m^′ = m + 1, R^′ = R, and U^′ = U, or m^′ = m and the distinguished sequence in dom(R^′) ∪ dom(U^′) is the only sequence in dom(C^′) − dom(C) (where again we have implicitly a way of identifying dom(R) with a subset of dom(U^′), etc.). In the first case, by the “extra sequence” in dom(C^′) we mean the integer ≤ m + 1 not identified with an integer ≤ m in dom(C). We say ⃗θ^′ is of semi-type C^′ if the representing functions g^′, f^′ are of semi-types R^′, U^′ respectively (if, say the distinguished sequence ⃗s is in dom(U^′) − dom(U), then recall this means that the uniform cofinality of the “component function” f^{⃗s} of f is not restricted). If ⃗θ is of type C, and ⃗θ^′ is of semi-type C^′, we say ⃗θ^′ extends ⃗θ if ⃗θ^′ ↾ (dom(R)∪dom(U)) = ⃗θ. Thus, ⃗θ^′ consists of ⃗θ together with one extra ordinal corresponding to the extra sequence in dom(C^′).

The next theorem analyzes uniform cofinalities of functions F : δ^1_3 → δ^1_3 with respect to the measures M^C. It is analogous to theorem 4.2.

Theorem 8.1. Let C = ⟨m, R, U⟩ be a type ≤ 2 tree of uniform cofinalities, and M^C the associated measure. Suppose F : dom(M^C ) → δ^1_3 has range in the limit ordinals. Then F has uniform cofinality with respect to M^C described by one of the following cases.

(1) ∀^∗_{M C} ⃗θ F (⃗θ) has uniform cofinality ω.

(2) There is a partial extension C^′ of C such that ∀^∗_{M C} ⃗θ F (⃗θ) has uniform cofinality the order type of {⃗θ^′ : ⃗θ^′ is of semi-type C^′ and extends ⃗θ}.

Proof. Fix C and F : dom(M^C ) → δ^1_3. Let r : δ^1_3 → δ^1_3 be such that r(α) is greater than the supremum of the F (⃗θ) for ⃗θ = (⃗α, β^{⃗r}, γ^{⃗s}) of type C and the γ^{⃗s} representable by a f : dom(<^U ) → α. Let T_x be well-founded and such that |T_x ↾ sup_j j(α)| > r(α) on a c.u.b. set. This produces a function S : dom(M^C ) → δ^1_3

and an l : {(⃗θ, β): β < S(⃗θ)} → δ^1_3 such that ∀^∗_W m_1 ⃗α ∀^∗_{M R} β^{⃗r} ∀^∗f : dom(<^U ) → δ^1_3 of type U we have (1) F (⃗θ) = sup β<S(⃗θ) l(⃗θ, β) and (2) S(⃗θ) ≤ sup_j j(sup f), where

⃗θ = (⃗α; β⃗r; [f]). If equality holds in (2), and there is no S̃ strictly smaller than S on a M^C measure one set for which (1) holds (for some l̃), then clearly F has uniform cofinality ω. So, assume strict inequality holds in (2).

For tuples ⃗u = (d; K_1, . . . , K_a), ⃗v = (d^′; K^′_1, . . . , K^′_b), where d, d^′ are generalized type-2 descriptions defined relative to U and the ⃗K, ⃗K^′ respectively, define ⃗u ≺ ⃗v iff ∀^∗f : dom(<^U ) → δ^1_3 of type U, h(f; d; ⃗K) < h(f; d^′; ⃗K^′) (c.f. definition 5.5 and the paragraph immediately following). Let now ⃗u = (d; K_1, . . . , K_a) be ≺ minimal such that there exists a function S : dom(M^C ) → δ^1_3 and an l : {(⃗θ, β): β < S(⃗θ)} → δ^1_3 such that ∀^∗_W m_1 ⃗α ∀^∗_{M R} β^{⃗r} ∀^∗f : dom(<^U ) → δ^1_3 of type U we have (1) F (⃗θ) = sup β<S(⃗θ) l(⃗θ, β) and (2) S(⃗θ) ≤ h(f; d; K_1, . . . , K_a), where again ⃗θ = (⃗α; β^{⃗r}; [f]).

We may assume that equality holds in (2) almost everywhere and there does not exist a S̃ < S almost everywhere also satisfying (1) (for some l̃). For otherwise, fix S̃, l̃ satisfying (1) and ∀^∗_W m_1 ⃗α ∀^∗_{M R} β^{⃗r} ∀^∗f S̃(⃗θ) < h(f; d; K_1, . . . , K_a). If L(d) is not defined, then by theorem 5.1 it follows that ∃δ < δ^1_3 ∀^∗⃗θ S̃(⃗θ) < δ. Thus there is a measure one set on which S̃ depends only on ⃗α, β^{⃗r}. Theorem 4.2 now finishes the argument. Assume next that L(d) is defined. Then there is a C ⊆ δ^1_3 such that ∀^∗⃗α ∀^∗β^{⃗r} ∀^∗f S̃(⃗θ) < h(N_C ; f; L(d); K_1, . . . , K_a). Let x be such that T_x is well-founded and |T_x ↾ sup_j j(α)| > N_C (α) on a c.u.b. set. This produces

an S^′, l^′ satisfying (1) and (2) with the bound h(sup_j j; f; L(d); K_1, . . . , K_a). Either

F has uniform cofinality ω almost everywhere, or there is a K_{a+1} such that ∀^∗⃗α ∀^∗β^{⃗r} ∀^∗f S^′(⃗θ) ≤ h(f; L(d); K_1, . . . , K_a, K_{a+1}). The latter alternative violates the minimality of (d; K_1, . . . , K_a).

Thus, we are in the case where there is some (d; K_1, . . . , K_a) such that ∀^∗α ∀^∗β^{⃗r} ∀^∗f F (⃗θ) has uniform cofinality h(f; d; K_1, . . . , K_a), and L(d) is defined. Say L(d) = ⟨j_1, d_1, . . . , d_{l−1}, j_l⟩ has type ⟨j_1, q_1, . . . , q_{l−1}, j_l⟩ ∈ dom(U). Let U^′ be the partial extension of U having the extra tuple ⟨j_1, q_1,. . .,j_{l−1}, q_{l−1}, k+1⟩ in its domain, where k is maximal such that ⟨j_1, q_1, . . . , j_{l−1}, q_{l−1}, k⟩ ∈ dom(U), and where we identify ⟨j_1, q_1, . . . , j_{l−1}, q_{l−1}, j⟩ ∈ dom(U) with ⟨j_1, q_1, . . . , j_{l−1}, q_{l−1}, j⟩ ∈ dom(U^′) for j ≤ j_l, and with ⟨j_1, q_1, . . . , j_{l−1}, q_{l−1}, j + 1⟩ ∈ dom(U^′) for j > j_l. From theorem 5.1 it follows that for almost all f : dom(<^U ) → δ^1_3 of type U that h(f; d; K_1, . . . , K_a) is the supremum of the [f^{′⟨j1 ,q1 ,...,ql−1,jl+1⟩}] for f^′ : dom(U^′) → δ^1_3 of semi-type U^′ with [f^′] extending [f]. Letting C^′ = ⟨m, R, U^′⟩ then verifies (2) of the theorem. □

We now define another collection of measures on (δ^1_3)^{<ω}. Let ⃗t be a tuple of the form ⃗t = (f_m; K_1, . . . , K_t) where K_i ∈ W_1 ∪ S_1, and f_m is a formal symbol where m ∈ ω. We say that a tuple of the form ⃗u = (d; K_{t+1}, . . . , K_a) represents an ordinal with respect to ⃗t provided K_{t+1}, . . . , K_a ∈ W_1 ∪ S_1 and either d = d^{(fm)} ∈ D̄ is defined and satisfies condition D relative to K_1, . . . , K_t, K_{t+1}, . . . , K_a, or else d ∈ D and satisfies C relative to this sequence of measures. Recall that if f : ω_{m+1} → δ^1_3 of the correct type and h_1, . . . , h_t are given, then h(f; d; h_1, . . . , h_t, K_{t+1}, . . . , K_a) is represented with respect to K_{t+1} by [h_{t+1}] → h(f; d; h_1, . . . , h_t, h_{t+1}, K_{t+2}, . . . , K_a), etc., and where h(f; d; h_1, . . . , h_t, . . . , h_a) = f(h(d_i; h_1, . . . , h_a)).

Definition 8.2. Let ⃗t = (f_m; K_1, . . . , K_t), and suppose ⃗u_1, . . . , ⃗u_k represent ordinals with respect to ⃗t, where say ⃗u_i = (d_i; K^i_{t+1}, . . . , K^i_{ai} ). Then v^{(⃗t,⃗u1,...,⃗uk )} is the measure on (δ^1_3)^k defined as follows. We define A to have v^{(⃗t,⃗u1,...,⃗uk )} measure one if there is a c.u.b. C ⊆ δ^1_3 such that for all f : ω_{m+1} → C of the correct type, for almost all h_1, . . . , h_t with respect to K_1, . . . , K_t, (α_1, . . . , α_k) ∈ A, where α_i = h(f; d_i; h_1, . . . , h_t, K^i_{t+1}, . . . , K^i_{ai} ). We refer to measures of this kind as description measures.

We let h(f; ⃗u_i; h_1, . . . , h_t) abbreviate h(f; d_i; h_1, . . . , h_t, K^i_{t+1}, . . . , K^i_{ai} ) for d_i ∈ D̄, and h(⃗u_i; h_1, . . . , h_t) abbreviate h(d_i; h_1, . . . , h_t, K^i_{t+1}, . . . , K^i_{ai} ) for d_i ∈ D. We

frequently just write h(f; ⃗u_i;⃗h) or h(⃗u_i;⃗h).

We say the description measure v^′ = v^{(⃗t′,⃗u′1 ,...,⃗u′l)} extends the description measure v^{(⃗t,⃗u1,...,⃗uk )} provided ⃗t^′ extends ⃗t as sequences, l ≥ k, and ⃗u^′_i = ⃗u_i for i ≤ k. In this case, the measure v^′ project to the measure v (by deleting the last l − k components of the tuple).

Note that it is possible for the same measure to be represented as a description measure in different ways.

We consider now the possible uniform cofinalities for functions F : (δ^1_3)^k → δ^1_3 with respect to description measures.

Theorem 8.2. Let v = v^{(⃗t,⃗u1 ,...,⃗uk )} be a description measure, where ⃗t = (f_m; K_1, . . . , K_t). Suppose F : (δ^1_3)^k → δ^1_3. Then there is a tuple ⃗u = (d; K_{t+1}, . . . , K_a) defining an ordinal with respect to ⃗t such that ∀^∗f ∀^∗h_1, . . . , h_t F (α_1, . . . , α_k) has uniform cofinality h(f; ⃗u;⃗h) (or h(⃗u;⃗h) if d ∈ D̄), where α_i = h(f; ⃗u_i; h_1, . . . , h_t). Proof. The proof is very similar to that of theorem 8.1. Say ⃗u_i = (d_i; K^i_{t+1}, . . . , K^i_{ai} ). As in theorem 8.1, we get an S : dom(v) → δ^1_3, an l : {(α_1, . . . , α_k, β): β < S(α_1, . . . , α_k)} → δ^1_3, and a ⃗u = (d; K_{t+1}, . . . , K_a) such that: (1) ∀^∗_vα_1, . . . , α_k F (⃗α) = sup_{β<S(⃗α)}l(⃗α, β). (2) ∀^∗f ∀^∗h_1, . . . , h_t S(α_1, . . . , α_k) ≤ h(f; ⃗u; h_1, . . . , h_t), where again α_i = h(f; ⃗u_i; h_1, . . . , h_t). We may assume [S]_v is chosen minimal. We may also assume ⃗u is chosen minimal, subject to satisfying (2), in the ordering ⃗u_1 ≺ ⃗u_2 iff ∀^∗f ∀^∗h_1, . . . , h_t h(f; ⃗u_1;⃗h) < h(f; ⃗u_2;⃗h). If equality holds almost everywhere in (2), we are done, so assume strict inequality holds almost everywhere.

First assume d ∈ D̄ and L̄(d) is defined. By theorem 3.1, ∃C ⊆ δ^1_3 such that ∀^∗f ∀^∗h_1, . . . , h_t S(α_1, . . . , α_k) < h(N_C ; f; L̄(d); h_1, . . . , h_t, ⃗K). Fix a real x such that T_x is well-founded and |T_x ↾ sup_j j(β)| > N_C (β) on a c.u.b. set. For v almost

all ⃗α, let S̃(⃗α) be the least ordinal δ such that ∀^∗h_{t+1}, . . . , h_a |T_x ↾ δ(⃗h)| > S(⃗α)(⃗h). Thus, ∀^∗f ∀^∗h_1, . . . , h_t S̃(⃗α) ≤ h(sup_j j; f; L(d);⃗h), where α_i = h(f; ⃗u_i;⃗h). Now for

v almost all ⃗α and β < S̃(⃗α), define l̃(⃗α, β) = l(⃗α, γ) if γ < S(⃗α), and = 0 otherwise, where γ is defined by: ∀^∗h_{t+1}, . . . , h_t γ(⃗h) = |T_x ↾ (S̃(⃗α)(⃗h))(β(⃗h))|. Thus S̃, l̃ is also a “lifting” of F (i.e., satisfies (1)), and so by minimality S̃ ≤ S almost everywhere. If S̃ = S almost everywhere and ∀^∗f ∀^∗h_1, . . . , h_t S̃(⃗α) = h(sup_j j; f; L(d);⃗h), then S̃ has uniform cofinality ω almost everywhere, and thus so

does F . Otherwise we must have ∀^∗f ∀^∗h_1, . . . , h_t S(⃗α) < h(sup_j j; f; L(d);⃗h), and

thus for some K̃ we have ∀^∗f ∀^∗h_1, . . . , h_t S(⃗α) < h(f; L(d);⃗h; K_{t+1}, . . . , K_a, K̃), violating the minimality of ⃗u.

If d ∈ D̄ and L̄(d) is not defined, or if d ∈ D, then by theorem 3.1 (or trivially) ∃δ < δ^1_3 ∀^∗_vα_1, . . . , α_k S(α_1, . . . , α_k) < δ. By taking a well-ordering of ℵ_ω of length > δ we may assume S(⃗α) ≤ ℵ_ω almost everywhere. Thus, either F has uniform cofinality ω, or for some least m, S(⃗α) < ℵ_{m+1} almost everywhere. In this case, we assume ⃗u is minimal such that ∀^∗f ∀^∗h_1, . . . , h_t S(α_1, . . . , α_k) ≤ h(⃗u; h_1, . . . , h_t) (and thus d = d^{(fm )}). If equality holds almost everywhere, we are done. If strict inequality holds almost everywhere and L(d) is defined, we again violate the minimality of d, using theorem 3.2. Otherwise, by theorem 3.2 again, ∃δ < ω_1 ∀^∗_vα_1, . . . , α_k S(⃗α) < δ. Easily, F then has uniform cofinality ω. □

The next several definitions generalize the corresponding notions which were used in the analysis of measures on δ^1_3.

Definition 8.3. A type-3 tree of uniform cofinalities is a function T satisfying the following:

(1) For each minimal (non-empty) type ≤ 2 tree of uniform cofinalities p_1 of the form p_1 = ⟨0, ∅, U⟩, ⟨p_1, i_1⟩ ∈ dom(T ) for 0 ≤ i_1 ≤ a, for some integer a depending on p_1.

(2) In general, if ⃗t = ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩ ∈ dom(T ), then T (⃗t) is either the symbol (s), the symbol (ω), or a partial extension of the type ≤ 2 tree of uniform cofinalities p_m. Also, T (⃗t) = (s) iff i_m = 0. In the first two cases, ⃗t is maximal in dom(T ). In the third case, for each type ≤ 2 tree p_{m+1} which completes the partial tree T (⃗t), we have ⟨p_1, i_1, . . . , i_m, p_{m+1}, i_{m+1}⟩ ∈ dom(T ) for 0 ≤ i_{m+1} ≤ a, for some integer a ≥ 0 (which depends on ⃗t, p_{m+1}).

Remark 8.1. The minimal type ≤ 2 trees of the form p_1 = ⟨0, ∅, U⟩ correspond to the three possible normal measures on δ^1_3. In general, we think of p_m as specifying a possible “type” for an m-tuple of ordinals < δ^1_3.

Suppose T is a type-3 tree of uniform cofinalities, and ⃗t = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T ). Recall M^{pm} is a measure on tuples ⃗θ of ordinals < δ^1_3 of size m. The sequence p_1, . . . , p_m determines an order of enumeration for the components of these tuples, and thus we may view M^{pm} as a measure on sequences (α_1, . . . , α_m). We say ⃗α is of type ⃗t if ⃗θ is of type p_m (that is, if p_m = ⟨l, R, U⟩, then ⃗θ = (δ_1, . . . , δ_l, β⃗r, γ⃗s)_{⃗r∈dom(R),⃗s∈dom(U)} is represented by g : dom(<R) → ω_1 and f : dom(<^U ) → δ^1_3 of types R, U respectively).

To each type-3 tree of uniform cofinalities T we associate an ordering <^T .

Definition 8.4. Let T be a type-3 tree of uniform cofinalities. Then <^T is lexicographic ordering on sequences ⟨α_1, i_1, . . . , α_m, i_m⟩ such that for some ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T ), (α_1, . . . , α_m) has type ⟨p_1, i_1, . . . , p_m, i_m⟩.

Note that <^T has order-type δ^1_3.

Definition 8.5. Let T be a type-3 tree of uniform cofinalities. We say a function F : dom(<^T ) → δ^1_3 is of type T if F satisfies:

(1) F is order preserving with respect to <^T .

(2) If ⃗ρ = ⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m⟩ is of limit rank in <^T then F (⃗ρ) = sup{F (⃗ρ^′) : ⃗ρ^′ <^T ⃗ρ}. Otherwise, F (⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality ω.

Using the strong partition relation on δ^1_3 we now associate to each type-3 tree of uniform cofinalities T a measure M^T in the usual manner.

Definition 8.6. Let T be a type-3 tree of uniform cofinalities. Then A has M^T measure one iff ∃ c.u.b. C ⊆ δ^1_3 ∀F : dom(T ) → C of type T , (. . . , δ^{⃗t}, . . .)_{⃗t∈dom(T )} ∈ A, where for ⃗t = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T ), δ^{⃗t} is represented with respect to M^{pm} by F^{⃗t} defined by: F^{⃗t}(α_1, . . . , α_m) = F (⟨α_1, i_1, . . . , α_m, i_m⟩). Each M^T is thus a measure on (δ^1_5^−)^{<ω}.

As with type-1 and type-2 trees, we defined a pruned subtree T^′ of the type- 3 tree T to be the function obtained by deleting some (possibly all) sequences ⃗t ending in 0 from dom(T ). We again define F : dom(T^′) → δ^1_3 having type T^′ in the natural manner. That is, if ⃗t = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T^′) is maximal, and T^′(⃗t) = p^′0, then for for ⃗ρ = ⟨α_1, i_1, . . . , α_m, i_m⟩ of type p_m, F (⃗ρ) has uniform cofinality {β : (α_1, . . . , α_m, β) has semi-type p^′}, if this set has limit order-type, and otherwise F (⃗ρ) has uniform cofinality ω. Also, F (⃗ρ) > sup{F (⃗ρ^′): ⃗ρ^′ <^T ⃗ρ}.

The next lemma shows, as usual, that the requirement that ⟨p_1, i_1, . . . , p_m, i_m⟩ be non-maximal in dom(T ) for i_m > 0 and T (⟨p_1, i_1, . . . , p_m, i_m⟩) ≠ (ω) causes no loss of generality.

Lemma 8.1. Let T be a type-3 tree of uniform cofinalities, and T^′ a pruned subtree of T . Suppose F^′ : dom(<^{T ′} ) → δ^1_3 is of type T^′ and has range in the additively closed ordinals. Then there is a F : dom(<^T ) → δ^1_3 of type T which induces F^′ by restriction. Furthermore, [F ] is unique in the sense that if G of type T also induces F^′, then for all ⃗t = ⟨p_1, i_1, . . . , p_m, 0⟩ ∈ dom(T ) and M^{pm} almost all (α_1, . . . , α_m) we have F^{⃗t}(⃗α) = G^{⃗t}(⃗α).

Proof. The existence of F follows immediately from the assumed uniform cofinality of F^{′⃗t} for ⃗t = ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T ) when ⃗t is maximal in dom(T ) and i_m > 0. Suppose then that G: dom(<^T ) → δ^1_3 is another such function. Let now ⃗t = ⟨p_1, i_1, . . . , p_m, i_m, p_{m+1}, 0⟩ ∈ dom(T ). Suppose H : dom(M^{pm+1} ) → δ^1_3 is such that H(α_1, . . . , α_m, β) < F^{⃗t}(α_1, . . . , α_m, β) for M^{pm+1} almost all (⃗α, β). Consider the case where p_m = (l; R; U), p_{m+1} = (l; R; U_2) where say ⃗s = ⟨j_1, q_1, . . . , q_{n−1}, j_n⟩ ∈ dom(U_2) − dom(U), the other cases being similar. For fixed ϵ_1 < · · · < ϵ_l, and g : dom(<^R) → ω_1 of type R, we partition f : dom(<^{U2} ) → δ^1_3 of type U_2 with the extra values h(⟨j_1, γ_1, . . . , γ_{n−1}, j_n⟩) of uniform cofinality ω inserted between η = f(⟨j_1, γ_1, . . . , γ_{n−1}, j_n − 1⟩) and N_f (η). We partition them according to whether H(α_1, . . . , α_m, β) < F^{⃗t}(α_1, . . . , α_m, β^′), where (⃗α, β) = ⃗ϵ ∪ [g] ∪ [f], and β^′ = [h]_M^γn−1 . A routine argument using the sliding lemmas for type-2 trees shows that for almost all ⃗ϵ and f that on the homogeneous side of the partition this property holds. It then follows that there is a M^{pm+1} measure one set A such that for (⃗α, β), (⃗α, β^′) ∈ A, we have H(⃗α, β) = H(⃗α, β^′). This shows that [F^{⃗t}] is determined from [F^′], and thus [F^{⃗t}] = [G^{⃗t}]. □

The next lemma is our sliding lemma for type-3 trees. It is analogous to lemmas 4.3, 5.2.

Lemma 8.2. Let T be a type-3 tree of uniform cofinalities, ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩ ∈ dom(T ), and a ∈ ω be maximal such that ⟨p_1, i_1, . . . , p_m, a⟩ ∈ dom(T ). Let F : dom(<^T ) → δ^1_3 be of type T , and let G: dom(M^{pm} ) → δ^1_3 be given.

(1) Suppose that ∀^∗_M p_m α_1, . . . , α_m G(α_1, . . . , α_m) < F (⟨α_1, i_1, . . . , i_{m−1}⟩).

Let T^′ be the partial extension of T with extra sequence ⟨p_1, i_1, . . . , i_{m−1}, p_m, a + 1⟩ in its domain. Then there is an F^′ : dom(<^{T ′} ) → ran(F ) of semi-type T^′ inducing F_2 : dom(<^T ) → δ^1_3 of type T with [F_2] = [F ] and such that ∀^∗_M p_m α_1, . . . , α_m G(α_1, . . . , α_m) < F^′(⟨α_1, i_1, . . . , i_{m−1}, α_m, a + 1⟩). (2) Suppose that ∀^∗_M p_m α_1, . . . , α_m G(α_1, . . . , α_m) < F (⟨α_1, i_1, . . . , α_m, i_m⟩), and i_m > 0. Let T^′ be as above except we now identify the sequence ⟨p_1, i_1, . . . , i_{m−1}, p_m, j⟩ ∈ dom(T ) with ⟨p_1, i_1, . . . , i_{m−1}, p_m, j⟩ ∈ dom(T^′) for j < i_m, and with ⟨p_1, i_1, . . . , i_{m−1}, p_m, j + 1⟩ ∈ dom(T^′) for j ≥ i_m.

Then there is an F^′ : dom(<^{T ′} ) → ran(F ) of semi-type T^′ inducing F_2 with [F_2] = [F ] and such that ∀^∗_M p_m α_1, . . . , α_m G(α_1, . . . , α_m) < F^′(⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m⟩). Proof. We consider (1), the proof of (2) being similar. Fix F : dom(<^T ) → δ^1_3 of type T and G as in (1). Define H on a M^{pm} measure one set by H(α_1, . . . , α_m) = the least β so that F (⟨α_1, i_1, . . . , i_{m−1}, β, 0⟩) > G(α_1, . . . , α_m). The other cases being similar but easier, we assume p_{m−1} is of the form p_{m−1} = ⟨l; R; Ũ⟩, and p_m = ⟨l; R; U⟩, that is, U is an immediate extension of Ũ with say ⟨j_1, q_1, . . . , q_{k−1}, j_k⟩ the extra sequence (not ending in 0) in dom(U)−dom(Ũ). The other case being similar, suppose j_k = s + 1 where s is maximal so that ⟨j_1, q_1, . . . , q_{k−1}, s⟩ ∈ dom(Ũ), thus ⟨j_1, q_1, . . . , q_{k−1}, j⟩ ∈ dom(Ũ) is identified with ⟨j_1, q_1, . . . , q_{k−1}, j⟩ ∈ dom(U) for j < j_k. Fix f_0 : l → ω_1, f_1 : dom(<^R) → ω_1 of type R such that for almost all f_2 : dom(<^U ) → δ^1_3, H(α_1, . . . , α_m) is defined, where f = f_0 ∪ f_1 ∪ f_2 : dom(<^{pm} ) → δ^1_3 represents α_1, . . . , α_m.

Consider the partition P(f_0, f_1): we partition functions f_2 : dom(<^U ) → δ^1_3 of type U with the extra value h(⟨j_1, γ_1, . . . , γ_{k−1}, j_k⟩) of uniform cofinality ω inserted between η = f_2(⟨j_1, γ_1, . . . , γ_{k−1}, j_k⟩) and N_{f2} (η) according to whether H(α_1, . . . , α_m) < β, where f = f_0 ∪f_1 ∪f_2 represents α_1, . . . , α_m, and β = [h]_M^qk−1 . Lemma 5.2 shows that on the homogeneous side of the partition the stated property holds. An easy additivity argument then shows that there is a c.u.b. C ⊆ δ^1_3 homogeneous for P(f_0, f_1) for almost all f_0, [f_1] (with respect to W^l_1 × M^R). Let C^′ = closure points of C. Define then F^′ as follows. If ⟨α^′_1, i^′_1, . . . , α^′_m′ , i^′_m′ ⟩ of type ⟨p^′_1, i^′_1, . . . , p^′_m′ , i^′_m′ ⟩ ∈ dom(T ) is represented by f^′ : dom(M^{p′}m^′ ) → δ^1_3 of type p^′_m′ , then F^′(⟨α^′_1, i^′_1, . . . , α^′_m′ , i^′_m′ ⟩) = F (⟨α^{′′}_1 , i^′_1, . . . , α^{′′}_m′ , i^′_m′ ⟩) where ⟨α^{′′}_1 , i^′_1, . . . , α^{′′}_m′ , i^′_m′ ⟩ is represented with respect to M^{p′}m^′ by f^{′′} = l ∘ f^′, where l(α) .= the ω · α^{th} element of C^′. It is not difficult to check that F^′ is well-defined, order preserving, [F^′] = [F ], and F^′ bounds G as required. Also, F^′ is of type T except for the requirement that F (⃗ρ) have uniform cofinality ω for ⃗ρ in certain measure zero sets with respect to the M^{p′}m^′ . It is trivial to redefine F on these measure zero sets to obtain also this last condition. □

Next we define the notion of a generalized description of type-3, defined relative to a type-3 tree of uniform cofinalities T . A type-3 generalized description d will have an index of the form ⃗t = (f_n; K_1, . . . , K_t) associated to it.

Definition 8.7. A type-3 generalized description relative to the type-3 tree of uniform cofinalities T is an object of the form d = d^{(fn;K1,...,Kt)} = ⟨d_1, i_1, . . . , d_m, i_m⟩ satisfying:

(1) Either d_i ∈ D̄ is a description defined and satisfying condition D relative to K_1, . . . , K_t, K^i_{t+1}, . . . , K^i_{ai} for some sequence K^i_{t+1}, . . . , K^i_{ai} of measures in W_1 ∪ S_1, or d_i ∈ D satisfies C for some such sequence.

(2) Let ⃗u_i = (d_i; K^i_{t+1}, . . . , K^i_{ai} ), and v(d) be the description measure v(d) = v^{(⃗t;⃗u1 ,...,⃗um)}, where ⃗t = (f_n; K_1, . . . , K_t). Then for some (necessarily unique) ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩ ∈ dom(T ), v(d) = M^{pm} . In other words, ∀^∗f ∀^∗h_1, . . . , h_t (α_1, . . . , α_m) has type p_m, where α_i = h(f; ⃗u_i; h_1, . . . , h_t).

We define the interpretation of a generalized type-3 description. Suppose d as above is defined relative to T , and suppose F : dom(<^T ) → δ^1_3 of type T is given. We define h(F ; d) .= h(F ; d; W^3_n , K_1, . . . , K_t) to be the ordinal which is represented with respect to the measure W^n_3 by the function which assigns to [f_n]_Sn_1 , for f_n : ω_{n+1} → δ^1_3 of the correct type, the value h(F ; d; f_n). This, in turn, is represented with respect to K_1, . . . , K_t in the usual manner by h(F ; d; f_n; h_1, . . . , h_t), where we set h(F ; d; f_n; h_1, . . . , h_t) = F (⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m⟩) where α_i = h(f_n; ⃗u_i; h_1, . . . , h_t) if d_i ∈ D̄ and α_i = h(⃗u_i; h_1, . . . , h_t) if d_i ∈ D. Likewise, given g : δ^1_3 → δ^1_3 we define h(g; F ; d), where we set h(g; F ; d; f_n; h_1, . . . , h_t) = g(h(F ; d; f_n; h_1, . . . , h_t)). Also, we order the type-3 generalized descriptions defined relative to T by: d_1 < d_2 iff for almost all F : dom(<^T ) → δ^1_3 of type T , h(F ; d_1) < h(F ; d_2).

As we did previously for type-2 descriptions, we extend the L operation to type-3 descriptions. Suppose T is a type-3 tree of uniform cofinalities, and d = d^{(fn;K1,...,Kt)} is a generalized type-3 description defined relative to T . Say d = ⟨d_1, i_1, . . . , i_{m−1}, d_m, i_m⟩. Let K^i_{t+1}, . . . , K^i_{ai} be the sequence of measures associated to d_i, and ⃗u_i = (d_i; K^i_{t+1}, . . . , K^i_{ai} ) the corresponding tuple. We define L(d) through the following cases.

(i): If i_m = 0, and there is a least integer e ≥ 1 such that ⟨d_1, i_1, . . . , i_{m−1}, L^{(e)}(d_m), 0⟩ has type ⟨p_1, i_1, . . ., i_{m−1}, q, 0⟩ for some ⟨p_1, i_1, . . ., i_{m−1}, q, 0⟩ ∈ dom(T ), then we set L(d) = ⟨d_1, i_1, . . . , i_{m−1}, L^{(e)}(d_m), k⟩ where k is maximal such that ⟨p_1, i_1, . . . , i_{m−1}, q, k⟩ ∈ dom(T ). Here, L^{(e)}(d_m) denotes the e-fold iterate of L computed relative to the measures K_1, . . . , K_t, K^m_{t+1}, . . . , K^m_{am} associated to d_m.

(ii): If i_m = 0, and an e as above does not exist, then we set L(d) = ⟨d_1, i_1, . . . , i_{m−1} − 1⟩ provided m > 1. If m = 1, we leave L(d) undefined.

(iii): If i_m > 0 and T (⟨p_1, i_1, . . . , p_m, i_m⟩) = ω, then L(d) = ⟨d_1, i_1, . . ., d_m, i_m − 1⟩. (iv): Suppose i_m > 0 and T (⟨p_1, i_1, . . . , p_m, i_m⟩) ≠ ω. Let ⃗u = (d^⋆; K_{t+1}, . . ., K_a) be as in theorem 8.2; thus for F : dom(<^T ) → δ^1_3 of type T , ∀^∗f ∀^∗h_1, . . . , h_t F (⟨α_1, i_1, . . . , α_m, i_m⟩) has uniform cofinality h(f; d^⋆; h_1, . . ., h_t, K_{t+1}, . . . , K_a), where α_i = h(f; d_i; h_1, . . . , h_t, K^i_{t+1}, . . . , K^i_{ai} ). Suppose there is a least integer e ≥ 1 such that if L^{(e)}(⃗u) = L^{(e)}(d^⋆) computed relative to the sequence of measures K_1, . . . , K_a, then v^{(⃗t;⃗u1 ,...,⃗um,L(e) (⃗u))} = M^q for some ⟨p_1, i_1, . . . , p_m, i_m, q, 0⟩ ∈ dom(T ). We set L(d) = ⟨d_1, i_1, . . ., d_m, i_m, L^{(e)}(d^⋆), k⟩, where k is maximal such that ⟨p_1, i_1, . . . , p_m, i_m, q, k⟩ ∈ dom(T ). (v): Suppose i_m > 0, T (⟨d_1, i_1, . . . , d_m, i_m⟩) ≠ ω, and an e as above does not exist. We set L(d) = ⟨d_1, i_1, . . . , d_m, i_m − 1⟩.

The following theorem is the level three analog of theorem 5.1.

Lemma 8.3. Let T be a type-3 tree of uniform cofinalities, and let d = d^{(fn;K1,...,Kt)} be a generalized type-3 description defined relative to T . Say d = ⟨d_1, i_1, . . . , i_{m−1}, d_m, i_m⟩. (1) Suppose F : dom(<^T ) → δ^1_3 is of type T , Ω ∈ ON, and ∀^∗f ∀^∗h_1, . . . , h_t Ω(f, h_1, . . . , h_t) < h(F ; d; f; h_1, . . . , h_t). If d is not minimal with respect to L, then there is an F^′ : dom(<^T ) → ran(F ) of type T such that [F^′] = [F ] and ∀^∗f ∀^∗h_1, . . . , h_t Ω(f, h_1, . . . , h_t) < h(N_F ′ ; F^′; L(d); f; h_1, . . . , h_t) .= N_{F ′} (h(F_′; L(d); f; h_1, . . . , h_t)). If d is minimal with respect to L (that

is, L(d) is not defined), then Ω < δ^1_3.

(2) Suppose Ω ∈ ON and ∀^∗F : dom(<^T ) → δ^1_3 of type T ∀^∗f ∀^∗h_1, . . . , h_t Ω(F, f, h_1, . . . , h_t) < h(F ; d; f, h_1, . . . , h_t). If d is not minimal with respect to L, then there is a g : δ^1_3 → δ^1_3 such that ∀^∗F ∀^∗f ∀^∗h_1, . . . , h_t Ω(F, f, h_1, . . . , h_t) < h(g; F ; d; f; h_1, . . . , h_t) .= N_g(h(F ; d; f; h_1, . . . , h_t)). If d is minimal with respect to L, then Ω < δ^1_3.

Proof. (2) easily implies (1) by a straightforward partition argument using the strong partition relation on δ^1_3. To show (1), fix T , F : dom(<^T ) → δ^1_3 of type T , Ω ∈ ON, and d = ⟨d_1, i_1, . . . , i_{m−1}, d_m, i_m⟩ of type ⟨p_1, i_1, . . . , p_m, i_m⟩ as in the statement of the lemma. We consider the case i_m > 0 and T (⟨p_1, i_1, . . . , p_m, i_m⟩) ≠ ω, the other cases being similar. Let c : dom(M^{pm} ) → δ^1_3 represent the uniform cofinality of F^{⟨p1,i1 ,...,pm,im⟩} with respect to M^{pm} . Let ⃗t = (f_n; K_1, . . . , K_t), let ⃗u_i = (d_i; K^i_{t+1}, . . . , K^i_{ai} ) be the tuple corresponding to d_i, and let ⃗u = (d^⋆; K_{t+1}, . . . , K_a) be as in theorem 8.2. Thus, ∀^∗f_n ∀^∗h_1, . . . , h_t c(α_1, . . . , α_m) = h(f_n; d^⋆; h_1, . . . , h_t, K_{t+1}, . . . , K_a), where α_i = h(f_n; d_i; h_1, . . . , h_t; K^i_{t+1}, . . . , K^i_{ti} ). We thus have that ∀^∗f_n ∀^∗h_1, . . . , h_t ∃γ < h(f_n; d^⋆; h_1, . . . , h_t; K_{t+1}, . . . , K_a) [Ω(f_n, h_1, . . . , h_t) < F (⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m, γ, 0⟩)]. Let C^′ be the partial extension of p_m giving the uniform cofinality c as in theorem 8.1. Let p_m = ⟨l; R; U⟩, and suppose C^′ = ⟨l; R; U^′⟩, the other cases being similar but easier. It follows that d^⋆ ∈ D̄, as c(α_1, . . . , α_m) > ℵ_ω almost everywhere. If L̄(d^⋆) is defined, from theorem 3.1 it then follows that there is a r : δ^1_3 → δ^1_3 such that ∀^∗f_n ∀^∗h_1, . . . , h_t Ω(f_n, h_1, . . . , h_t) < F (⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m, h(r; f_n; L̄(d); h_1, . . . , h_t; K_{t+1}, . . . , K_a), 0⟩). In this case, let ṽ be the description measure v^{(⃗t,⃗u1,...,⃗um,L̄(⃗u))}, where L(⃗u) denotes (L(d^⋆); K_{t+1}, . . . , K_a) and L(d^⋆) is computed relative to the sequence K_1, . . . , K_t, . . . , K_{t+1}, . . . , K_a. Assume first that there is a G with G(α_1, . . . , α_m) < c(α_1, . . . , α_m) almost everywhere with respect to M^{pm} such that for ṽ almost all (α_1, . . . , α_m, γ) we have γ < G(α_1, . . . , α_m). From lemma 8.2, there is an F^′ : dom(<^T ) → δ^1_3 of type T such that [F^′] = [F ] and ∀^∗_M p_m α_1, . . . , α_m N_F ′ (F^′(⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m − 1⟩) > F (⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m, G(α_1, . . . , α_m), 0⟩), and we are done. If L̄(d^⋆) is not defined, then there is also a G < c almost everywhere such that ∀^∗f ∀^∗h_1, . . . , h_t Ω(f,⃗h) < F (⟨α_1, i_1, . . . , α_m, i_m, G(⃗α), 0⟩), where α_i = h(f_n; d_i;⃗h). We can get an F^′ as above also in this case, and we are done.

Assume now there is no such function G. Let H : dom(ṽ) → δ^1_3 represent the least equivalence class with respect to ṽ which has a representative satisfying:

(1) There is a measure one set A with respect to ṽ such that if (α_1, . . . , α_m, γ), (α_1, . . . , α_m, γ^′) ∈ A and γ ≤ γ^′ , then H(⃗α, γ) ≤ H(⃗α, γ^′).

(2) There does not exist a measure one set A with respect to ṽ such that if (α_1, . . . , α_m, γ), (α_1, . . . , α_m, γ^′) ∈ A then H(⃗α, γ) = H(⃗α, γ^′). (3) ṽ almost all α_1, . . . , α_m, γ are of semi-type C^′.

The reader will note the similarity between the definition of H and the argument used in the analysis of measures on δ^1_3.

Note that H exists, since if we define H(α_1, . . . , α_m, γ) = the least δ ≥ γ such that (α_1, . . . , α_m, δ) is of semi-type C^′, then (1)-(3) are easily seen to be satisfied, (2) following from the nonexistence of G.

Let v^{′′} = H̃(ṽ), where H̃ is the function H̃(α_1, . . . , α_m, γ) = (α_1, . . . , α_m, H(α_1, . . . , α_m)). We first claim that there is an immediate extension p_{m+1} of p_m extending C^′ such that v^{′′} = M^{pm+1} . By countable additivity of v^{′′} it is enough to show that for any c.u.b. C ⊆ δ^1_3 that for v^{′′} almost all α_1, . . . , α_m, γ there are f_0 : l → ω_1, f_1 : dom(<^R) → ω_1 of type R, and an f^′_2 : dom(<^{U ′} ) → C of semi-type U^′ with f^′ = f_0 ∪ f_1 ∪ f^′_2 representing (α_1, . . . , α_m, γ). Note that for any c.u.b. C ⊆ δ^1_3 that ∀^∗_v′′ α_1, . . . , α_m, γ ∃f_0, f_1 ∃f^′_2 : dom(<^{U ′} ) → δ^1_3 of semitype U^′ representing (α_1, . . . , α_m, γ) and such that f^′_2 induces f_2 : dom(<^U ) → C. Suppose the claim fails, fix a c.u.b. C to the contrary, and let C^′ be the set of closure points of C. Let ⟨j_1, q_1, . . . , q_{k−1}, j_k⟩ be the unique sequence not ending in 0 in dom(U^′) − dom(U). For (α_1, . . . , α_m, γ) of semi-type C^′ represented by f_0, f_1, f^′_2 with f^′_2 inducing f_2 : dom(<^U ) → C^′ of type C, we define f̃_2 : dom(<U^′ ) → δ^1_3 as follows: f̃_2 also induces f_2, and for ⟨j_1, β_1, . . . , β_{k−1}, j_k⟩ of type ⟨j_1, q_1, . . . , q_{k−1}, j_k⟩ we set f̃_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩) = the largest element of C in the interval (f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k − 1⟩), f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩], if there is an element of C in this interval, and otherwise = f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩). Thus, f^′_2 is of semi-type C^′. Let A have measure one with respect to v^{′′} and such that for (α_1, . . . , α_m, γ) ∈ A and f_0, f_1, f^′_2 representing (α_1, . . . , α_m, γ), f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩) > N_C (f(⟨j_1, β_1, . . . , β_{k−1}, j_k − 1⟩)) almost everywhere (with respect to M^{qk−1} ). This is possible from the nonexistence of G. Consider the map H^′ which assigns to (α_1, . . . , α_m, γ) the value δ, where for f_0, f_1, f^′_2 representing (α_1, . . . , α_m, γ), f_0, f_1, f̃_2 represent (α_1, . . . , α_m, δ). Then H^′ < H on A. Clearly H^′ satisfies (1) and (3), and the nonexistence of G also easily shows that (2) is satisfied. This contradicts the minimality of H.

Fix an immediate extension p_{m+1} of p_m extending C^′ so that v^{′′} = M^{pm+1} . A routine partition argument [partitioning functions f^′_2 : dom(<^{pm+1} ) → δ^1_3 of type p_{m+1} with the extra value g(⟨j_1, β_1, . . . , j_k⟩) of uniform cofinality ω inserted after f^′_2(⟨j_1, β_1, . . . , j_k⟩)] shows that there is a function s: δ^1_3 → δ^1_3 such that for almost all f_0, f_1, f^′_2 of type p_{m+1} representing (α_1, . . . , α_m, γ), γ^′ ≥ sup{l_r(ϵ): H(α_1, . . . , α_m, ϵ) ≤ γ}, where γ^′ is represented with respect to M^{qk−1} by (β_1, . . . , β_{k−1}) → N_s(f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩)), and l_r(ϵ) is defined by: ∀^∗_{Kt+1} h_{t+1} . . . ∀^∗_{Ka} h_a l_r(ϵ)(h_{t+1}, . . . , h_a) = N_r(ϵ(h_{t+1}, . . . , h_a)). Lemma 8.2 then shows that there is an F^′ : dom(<^T ) → δ^1_3 of type T with [F^′] = [F ] and such that for almost all f_0, f_1, f^′_2 of type p_{m+1} representing (α_1, . . . , α_m, γ), N_F ′ (F^′(⟨α_1, i_1, . . . , α_m, i_m, γ, k⟩)) ≥ F (⟨α_1, i_1, . . . , α_m, i_m, γ^′, 0⟩), where k is maximal such that ⟨p_1, i_1, . . . , p_m, i_m, p_{m+1}, k⟩ ∈ dom(T ), and γ^′ is as above. Thus we have produced a function F^′ and an H satisfying (1)-(3) such that [F^′] = [F ] and ∀^∗f_n ∀^∗h_1, . . . , h_t Ω(f_n, h_1, . . . , h_t) < N_F ′ (F^′(⟨α_1, i_1, . . . , α_m, i_m, H(α_1, . . . , α_m, γ, k⟩)), where

α_i = h(f_n; d_i;⃗h; K^i_{t+1}, . . . , K^i_{t2} ), and γ = h(f_n; L̄(d^⋆);⃗h; K_{t+1}, . . . , K_a). It is enough to show then that for some e ∈ ω that ∀^∗f_n ∀^∗h_1, . . . , h_t H(α_1, . . . , α_m, γ) = δ, with γ as above and δ = h(f_n; L̄^{(e)}(d^⋆);⃗h; K_{t+1}, . . . , K_a). To see this, let e ≥ 1 be maximal such that ∀^∗f_n ∀^∗h_1, . . . , h_t δ ≥ H(α_1, . . ., α_m, γ), with γ, δ as above. Assume strict inequality holds almost everywhere. From theorem 3.1 it follows that there is a function g : δ^1_3 → δ^1_3 such that ∀^∗f_n ∀^∗h_1, . . . , h_t H(α_1, . . . , α_m, γ) < l_g(ϵ), with γ as above, and ϵ = h(f_n; L̄^{(e+1)}(d^⋆); h_1, . . . , h_t; K_{t+1}, . . . , K_a). Note that L̄^{(e+1)}(d^⋆) is welldefined, as otherwise M^{pm+1} concentrates on tuples (α_1, . . . , α_m, γ) for γ ≤ γ_0 for some fixed γ_0 < δ^1_3, a contradiction. For fixed f_0, f_1 : dom(<^R) → ω_1, consider the partition P(f_0, f_1): we partition f^′_2 : dom(<^{U ′} ) → δ^1_3 of type U^′ with the extra value θ(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩) of uniform cofinality ω inserted between f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩) and N_f ′_2 (f^′_2(⟨j_1, β_1, . . . , β_{k−1}, j_k⟩)) according to whether [θ]_M^qk−1 > l_g([f^′_2^{⟨j1,...,jk ⟩}]_M^qk−1 ). On the homogeneous side of the partition the stated property holds, and in fact there is a c.u.b. C ⊆ δ^1_3 homogeneous for P(f_0, f_1) for almost all f_0, f_1. Now, ∀^∗f_n ∀^∗h_1, . . . , h_t H(α_1, . . . , α_m, γ) = [f^′_2^{⟨j1 ,...,jk ⟩}]_M^qk−1 for some f^′_2 : dom(<^{U ′} ) → C^′ of type p_{m+1}. However, ϵ = h(f_n; L̄^{(e+1)}(d^⋆); h_1, . . . , h_t; K_{t+1}, . . . , K_a) < H(α_1, . . . , α_m, γ). Since f^′_2 has range in C^′, it follows from the definition of C and monotonicity of l_g that l_g(ϵ) < H(α_1, . . . , α_m, γ) as well, a contradiction. □ Finally, we extend to the current setting the notion of complex (of type 3). As before, the complexes will generate arbitrary measures, this time on (δ^1_5)^−.

Definition 8.8. A type-3 complex is an object E of the form E = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t), (x_i, . . . , x_{t−1})⟩ satisfying:

(1) n ∈ ω, K_1, . . . , K_t ∈ W_1 ∪ S_1.

(2) T is a type-3 tree of uniform cofinalities. (3) d_i = d^{(fn;K1,...,Ki)} i , . . . , d_t = d^{(fn ;K1,...,Kt)} t are generalized type-3 descriptions defined relative to T . Also, d_i > · · · > d_t.

(4) T_{xi} , . . . , T_{xt} are well-founded where T is the Martin tree of §2.

For E a complex (with the above notation), and F : dom(<^T ) → δ^1_3 of type T , we define an ordinal h(F ; E). This is represented with respect to W^n_3 by the function which assigns to [f_n], for f_n : ω_{n+1} → δ^1_3 of the correct type, the value h(F ; E; f_n). This, in turn is represented with respect to K_1, . . . , K_i in the usual manner by h(F ; E; f_n; h_1, . . . , h_i). Then, h(F ; E; f_n; h_1, . . . , h_i) = |T_{xi} ↾ sup_j j(h(F ; d_i; f_n; h_1, . . . , h_i))(α_{i+1})|, where α_{i+1} is represented with respect to K_{i+1} by α_{i+1}(h_{i+1}) = |T_{xi+1} ↾ sup_j j(h(F ; d_{i+1}; f_n; h_1, . . . , h_{i+1}))(α_{i+2})|, . . ., and where

α_t(h_t) = h(F ; d_t; f_n; h_1, . . . , h_t).

If E is a type-3 complex, F : dom(<^T ) → δ^1_3 is of type T , and δ ∈ ON with δ < h(F ; d_t), we also define the ordinal h(F ; E; δ). This is defined just as h(F ; E) except we use α_t(h_t) = δ(f_n, h_1, . . . , h_t) in the above definition.

A partial type-3 complex E^′ is defined just as a type-3 complex except the underlying tree T^′ is now a partial type-3 tree of uniform cofinalities. For F : dom(<^{T ′} ) → δ^1_3, we define h(F ; E^′) and h(F ; E^′; δ) just as for complexes.

For each type-3 complex E and measure μ on δ^1_3 we define a measure V^{E,μ} on (δ^1_5)^−.

Definition 8.9. Let E be a type-3 complex and μ a measure on δ^1_3. We define A to have V^{E,μ} measure one if ∀^∗_μδ ∃ c.u.b. C ⊆ δ^1_3 ∀F : dom(<^T ) → C of type T , h(F ; E; δ) ∈ A. We now state the main result of this section.

Theorem 8.3. For any measure V on (δ^1_5)^− there is a type-3 complex E = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t), (x_i, . . . , x_{t−1})⟩ and a measure μ on δ^1_3 such that V = V^{E,μ}.

Fix the measure V for the remainder of the argument. We give the first step of the analysis directly first. Let θ < (δ^1_5)^− be the least ordinal such that V(θ) = 1. We may assume θ > δ^1_3. Suppose first that θ = (id; d^′; K_1, . . . , K_i) for some description d^′ and measures K_1, . . . , K_i ∈ W_1 ∪ S_1. Theorem 3.1 then gives a description d = d^{(fn} such that d is defined and satisfies condition D relative to K_1, . . . , K_i, and for all F : δ^1_3 → δ^1_3 we have that h(F ; d; K_1, . . . , K_i) < θ, and also ∀α < θ ∃F : δ^1_3 → δ^1_3 with α < h(F ; d; K_1, . . . , K_i). Let p_1 be the minimal non-empty type ≤ 2 tree of uniform cofinalities corresponding to the cofinality κ (= ω, ω_1, or ω_2) such that ∀^∗f_n ∀^∗h_1, . . . , h_i h(f_n; d; h_1, . . . , h_i) has cofinality κ. Let T^′ be the partial tree of uniform cofinalities with domain {⟨p_1, 1⟩} ∪ ∪_{pa} {⟨p_a, 0⟩},that is, T^′ has ⟨p_1, 1⟩ as the

only sequence not ending in 0 in its domain (and T^′(⟨p_1, 0⟩) = “undefined”). Note that an equivalence class of a function F : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ may be identified with the equivalence class of a function F : δ^1_3 → δ^1_3 with respect to the κ-cofinal normal measure on δ^1_3. Let d_i = ⟨d, 1⟩, and let E^′ be the partial complex ⟨(f_n; K_1, . . . , K_i), T^′; (d_i), ∅⟩. Note that ∀^∗f_n ∀^∗h_1, . . . , h_i h(F ; E^′)(f_n, h_1, . . . , h_i) = F (⟨h(f_n; d; h_1, . . . , h_i), 1⟩). Thus, ∀α < θ ∃F α < h(F ; E^′), and for all F , h(F ; E^′) < θ. Suppose now that θ is not of the above form. In particular, θ is not a cardinal.

Let d^′, K_1, . . . , K_i be such that (id; d^′; K_1, . . . , K_i) = |θ|^+. Then by theorem 3.1 again, there is a description d, a p_1 as above, and an F_1 : δ^1_3 → δ^1_3 such that ∀α < θ ∃F : δ^1_3 → δ^1_3 with F < F_1 almost everywhere with respect to M^{p1} = the κ-cofinal normal measure on δ^1_3 such that α < h(F ; d; K_1, . . . , K_i). Fix such an F_1, and fix x_i such that T_{xi} is well-founded and |T_{xi} ↾ sup_j j(α)| > F_1(α) on a c.u.b. set. For

α < θ, define Q(α) < (sup_j j; d; K_1, . . . , K_i) by: ∀^∗f_n ∀^∗h_1, . . . , h_i α(f_n,⃗h) = |T_{xi} ↾ sup_j j(h(f_n; d;⃗h))(Q(α)(f_n,⃗h))|.

Let V_2 = Q(V), and by countable additivity let K_{i+1} be such that V_2 concentrates on (id; d; K_1, . . . , K_i, K_{i+1}). If V_2 concentrates on a smaller ordinal, we repeat the argument working with V_2. Continuing, by well-foundedness we eventually produce reals (x_i, . . . , x_{j−1}), descriptions (d^′_i, . . . , d^′_j ), measures (K_i, . . . , K_j ), and a minimal type ≤ 2 tree of uniform cofinalities which we now call p_1 (corresponding to the κ-cofinal normal measure on δ^1_3) such that

(i) ∀^∗f_n ∀^∗h_1, . . . , h_i, . . . , h_j h(f_n; d^′_j ; h_1, . . . , h_i, . . . , h_j ) has cofinality κ. (ii) ∀^∗_V α < θ ∃F : δ^1_3 → δ^1_3 α < h(F ; E^′_j ).

(iii) ∀F : δ^1_3 → δ^1_3 ¬∀^∗_V α < θ ∃[F^′]_M p1 ≤ [F ]_M p1 α < h(F^′; E^′_j ).

where E^′_j = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_j ), T^′, (d_i, . . . , d_j ), (x_i, . . . , x_{j−1})⟩, T^′ is the partial type-3 tree having ⟨p_1, 1⟩ as the only sequence not ending in 0 in its domain, d_k = ⟨d^′_k, 0⟩ for k = 1, . . . , j − 1, and d_j = ⟨d^′_j , 1⟩. Note that for k = 1, . . . , j −1, h(F ; f_n; d_k; h_1, . . . , h_k) = h(f_n; d^′_k; h_1, . . . , h_k) for any F : dom(<^{T ′} ) → δ^1_3 of semi-type T^′, since F (⟨α, 0⟩) = α almost everywhere. For V almost all α, let r_j (α) be such that ∃F : δ^1_3 → δ^1_3 r_j (α) ≤ h(F ; d^′_j ; K_1, . . . , K_j ) and also α = h(F ; E^′_j ; r_j (α)). [Note that h(F ; E^′_j ; r_j (α)) does not depend on F ; this last equation is equivalent to ∀^∗f_n ∀^∗h_1, . . . , h_i α(f_n, h_1, . . . , h_i) = |T_{xi} ↾ sup_j j(h(F ; d^′_i; h_1, . . . , h_i))(α_{i+1})|, where α_{i+1} is represented with respect to K_{i+1}

by α_{i+1}(h_{i+1}) = |T_{xi+1} ↾ sup_j j(h(F ; d^′_{i+1}h_1, . . . , h_{i+1}))(α_{i+2})|, etc., and α_j (h_j ) =

r_j (α)(f_n, h_1, . . . , h_j ).]

Since the first case above is an instance of the second case, we adopt the notation of the second case. Let now g : θ → ON represent the least V equivalence class which has a representative satisfying:

(1) For α < θ, g(α) is represented by a function F : δ^1_3 → δ^1_3 with respect to M^{p1} = the κ-cofinal normal measure on δ^1_3 (we may also regard F as being a function from dom(<^{T ′} ) into δ^1_3 of semi-type T^′).

(2) There is a V measure one set A ⊆ θ such that for α, β ∈ A, if r_j (α) ≤ r_j (β), then g(α) ≤ g(β).

(3) There does not exist a V measure one set A and an F_0 such that g(α) ≤ [F_0] for α ∈ A.

Such a g exists since the function g̃ satisfies (1)-(3), where g̃(α) = least equivalence class of a function F such that r_j (α) ≤ h(F ; d_j ; K_1, . . . , K_j ). By countable additivity we may fix a uniform cofinality c with respect to M^{p1} such that ∀^∗_V α < θ if F : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ represents g(α), then F has uniform cofinality c almost everywhere with respect to M^{p1} . Let T be the tree of uniform cofinalities which extends T^′ by T (⟨p_1, 1⟩) = c. Let A be a measure one set on which (2) holds. Consider then the following partition P: we partition F, G: δ^1_3 → δ^1_3 with F (α) < G(α) < F (α + 1) for all α, and F of uniform cofinality c, G of uniform cofinality ω, according to whether h(G; d_j ; K_1, . . . , K_j ) > sup{r_j (α): α ∈ A ∧ g(α) ≤ [F ]}. By (2), (3) and standard arguments, it follows that on the homogeneous side of the partition the property stated in P holds. Fix a c.u.b. C ⊆ δ^1_3 homogeneous for P, and let x_j be such that T_{xj} is well-founded and |T_{xj} ↾ sup_j j(α)| > N_C (α) holds on

a c.u.b. set. By countable additivity we may fix a measure K_{j+1} ∈ W_1 ∪ S_1 such that ∀^∗_V α < θ ∃β ∈ ON satisfying:

(a) β < h(F_{g(α)}; d_j ; K_1, . . . , K_i, . . . , K_j , K_{j+1}), where F_{g(α)} : dom(<^T ) → δ^1_3 of type T represents g(α). That is, ∀^∗f_n ∀^∗h_1, . . . , h_i, . . . , h_j β(f_n, h_1, . . . , h_j ) < j_{Kj+1} (F (⟨α_1, 1⟩)), where α_1 = h(f_n; d^′_j ; h_1, . . . , h_j ).

(b) α = h(F_{g(α)}; E; β), where E = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_{j+1}), T , (d_i, . . . , d_j , d_{j+1}), (x_i, . . . , x_j )⟩, where d_{j+1} = d_j = ⟨d^′_j , 1⟩.

Let r(α) be the unique value of β satisfying (a) and (b) above. Thus we have specified a complex E and functions g, r : θ → ON satisfying the following:

(1) g(V) = M^T = the measure induced by the strong partition relation on δ^1_3 and functions F : dom(<^T ) → δ^1_3 of type T .

(2) ∀^∗_V α < θ r(α) < h(F_{g(α)}; d_{j+1}; K_1, . . . , K_{j+1}), where F_{g(α)} : dom(<^T ) → δ^1_3 of type T represents g(α).

(3) ∀^∗_V α < θ α = h(F_{g(α)}; E; r(α)).

This again leads us to the definition of a situation.

Definition 8.10. A situation for the measure V is a triple of the form S = (E, g, r) where E is a type-3 complex, E = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t), (x_i, . . . , x_{t−1})⟩, g, r : θ → ON, and: (1) g(V) = M^T = the measure induced from the strong partition relation on δ^1_3 and functions F : dom(<^T ) → δ^1_3 of type T (and the measures M^{pm} for ⟨p_1, i_1, . . . , i_{m−1}, p_m, i_m⟩ ∈ dom(T )).

(2) ∀^∗_V α < θ r(α) < h(F_{g(α)}; d_t; K_1, . . . , K_t), where F_{g(α)} : dom(<^T ) → δ^1_3 of type T represents g(α).

(3) ∀^∗_V α < θ α = h(F_{g(α)}; E; r(α)).

Among all situations for the measure V we now select one such that the function α → h(F_{g(α)}; d_t; K_1, . . . , K_t) is minimal. We denote this situation by (E, g, r) with E as in the previous definition.

Claim 3. ∀^∗_V α < θ r(α) < δ^1_3.

Granting this claim, we finish the proof of theorem 8.3 as follows. Let μ = r(V), so μ is a measure on δ^1_3 . We then claim that V = V^{E,μ}, that is, V(A) = 1 iff ∀^∗_μδ < δ^1_3 ∃ c.u.b. C ⊆ δ^1_3 ∀F : dom(<^T ) → C of type T [h(F ; E; δ) ∈ A]. If not, then fix A ⊆ θ with V(A) = 1 and D ⊆ δ^1_3 with μ(D) = 1 such that ∀δ ∈ D ∃ c.u.b. C ⊆ δ^1_3 ∀F : dom(<^T ) → C of type T h(F ; E; δ) /∈ A. Consider then the partition P: we partition F : dom(<^T ) → δ^1_3 of type T according to whether ∀δ < inf(F ) [(δ ∈ D) → h(F ; E; δ) /∈ A]. It is not difficult to check that on the homogeneous side of the partition the stated property holds. Fix a c.u.b. C homogeneous for P. Since g(V) = M^T and r(V) = μ, ∃α ∈ A [(r(α) ∈ D) ∧ (g(α) is represented by a function F : dom(<^T ) → C of type T )]. Fix such α, F . So, α = h(F ; E; r(α)) ∈ A. However, an easy special case of lemma 8.2 produces an F^′ : dom(<^T ) → C of type T with [F^′] = [F ] and inf(ran F^′) > r(α). Hence h(F ; E; r(α)) = h(F^′; E; r(α)) /∈ A, a contradiction.

The remainder of the proof consists of establishing the above claim. Using lemmas 8.2 and 8.3 the arguments are quite similar to those of theorem 5.2.

If L(d_t) is not defined, it follows immediately from lemma 8.3 that ∀^∗_V α r(α) < δ^1_3. So, assume L(d_t) is defined. To fix notation, say d_t = ⟨d^t_1, i_1, . . . , d^t_m, i_m⟩ has type ⟨p_1, i_1, . . . , p_m, i_m⟩ ∈ dom(T ).

We define a partial extension T^′ of T as follows (we refer the reader to the definition of L(d) before lemma 8.3). If i_m = 0 and L(d_t) = ⟨d^t_1, i_1, . . ., i_{m−1}, L^{(e)}(d^t_m), k⟩, then T^′ has the extra sequence ⃗s = ⟨p_1, i_1, . . ., i_{m−1}, q, k + 1⟩ in its domain, where L(d_t) has type ⟨p_1, i_1, . . . , i_{m−1}, q, k⟩. If i_m = 0 and L(d_t) = ⟨d^t_1, i_1, . . . , i_{m−1} − 1⟩, then T^′ has the extra sequence ⟨p_1, i_1, . . . , i_{m−1}⟩ in its domain inserted between ⟨p_1, i_1, . . . , i_{m−1} − 1⟩ ∈ dom(T ) and ⟨p_1, i_1, . . . , i_{m−1}⟩ ∈ dom(T ). Similarly, if L(d_t) = ⟨d^t_1, i_1, . . . , i_m −1⟩, then T^′ has the extra sequence ⟨p_1, i_1, . . . , i_m⟩ in its domain inserted between ⟨p_1, i_1, . . . , i_m − 1⟩ ∈ dom(T ) and ⟨p_1, i_1, . . . , i_m⟩ ∈ dom(T ). Finally, if L(d_t) = ⟨d^t_1, i_1, . . . , i_m, L^{(e)}(d^⋆), k⟩, then T^′ has the extra sequence ⃗s = ⟨p_1, i_1, . . . , i_m, q, k + 1⟩ in its domain, where L(d_t) has type ⟨p_1, i_1, . . . , i_m, q, k⟩.

Let d̃_t be the generalized type-3 description defined as follows. If L(d_t) = ⟨d^t_1, i_1, . . . , i_{m−1}, L^{(e)}(d^t_m), k⟩, then d̃_t = ⟨d^t_1, i_1, . . . , i_{m−1}, L^{(e)}(d^t_m), k + 1⟩. If L(d_t) = ⟨d^t_1, i_1, . . . , i_{m−1} − 1⟩, then d̃_t = ⟨d^t_1, i_1, . . . , i_{m−1}⟩. If L(d_t) = ⟨d^t_1, i_1, . . . , i_m − 1⟩, d̃_t = ⟨d^t_1, i_1, . . . , i_m⟩. Finally, if L(d_t) = ⟨d^t_1, i_1, . . ., i_m, L^{(e)}(d^⋆), k⟩, then d̃_t = ⟨d^t_1, i_1, . . . , i_m, L^{(e)}(d^⋆), k + 1⟩. Thus, in all cases d̃_t corresponds to the extra sequence in dom(T^′) − dom(T ).

To unify notation, let ⃗s = ⟨p^′_1, i^′_1, . . . , p^′_l, i^′_l⟩ be the unique sequence not ending in 0 in dom(T^′)−dom(T ). Note that in all cases L(d_t) has type ⃗t = ⟨p^′_1, i^′_1, . . . , p^′_l, i^′_l − 1⟩. Now, for V almost all α < θ, g(α) is represented by a function F_{g(α)} : dom(<^T ) → δ^1_3 of type T , and r(α) < h(F_{g(α)}; d_t; K_1, . . . , K_t). Recall this means that

∀^∗f_n ∀^∗h_1, . . . , h_t r(α)(f_n, h_1, . . . , h_t) < h(F_{g(α)}; d_t; f_n; h_1, . . . , h_t) = F_{g(α)}(⟨α_1, i_1, . . . , i_{m−1}, α_m, i_m⟩) where α_i = h(d_i; h_1, . . . , h_t; K^i_{t+1}, . . . , K^i_{ai} ). We apply lemma 8.3 with Ω = r(α).

From lemmas 8.2, 8.3 it follows that ∀^∗_V α ∃F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ inducing F : dom(<^T ) → δ^1_3 of type T representing g(α) and such that r(α) < h(F^′; d̃_t).

Case I. There is a measure one set A ⊆ θ with respect to V such that for α ∈ A, there is an F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ inducing F : dom(<^T ) → δ^1_3 of type T representing g(α), and such that for all β ∈ A with g(β) = [F ], r(β) < h(F^′; d̃_t).

Fix such a measure one set A. We consider the partition P: we partition F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ with F^{⃗s} of uniform cofinality ω, according to whether sup{r(β): g(β) ≤ [F ]∧β ∈ A} < h(F^′; d̃_t) = h(N_F ′ ; F ; L(d_t)), where F^′ induces F : dom(<^T ) → δ^1_3 of type T . By hypotheses and lemma 8.2, on the homogeneous side of the partition the stated property holds. Let C be homogeneous for P, and C^′ the set of limit points of C. Thus, for almost all α < θ and F_{g(α)} : dom(<^T ) → δ^1_3 of type T representing g(α) we have r(α) < h(N_C′ ; F_{g(α)}; L(d_t)). Let x_t be a real with T_{xt} well-founded and |T_{xt} ↾ sup_j j(γ)| > N_C′ (γ) on a c.u.b.

set. It follows that for almost all α < θ and F_{g(α)} representing g(α), there is an ordinal r^′(α) with r^′(α) < h(sup_j j; F_{g(α)}; L(d_t)) and such that ∀^∗f_n ∀^∗h_1, . . . , h_t

r(α)(f_n,⃗h) = |T_{xt} ↾ sup_j j(h(F_{g(α)}; L(d_t); f_n;⃗h))(r^′(α)(f_n,⃗h))|. Fix K_{t+1} such that

r^′(α) < h(F_{g(α)}; L(d_t); W^3_n , K_1, . . . , K_t, K_{t+1}) almost everywhere. Thus, ∀^∗_V α < θ ∀^∗f_n ∀^∗h_1, . . . , h_i α(f_n, h_1, . . . , h_i) = |T_{xi} ↾ sup_j j(h(F_{g(α)}; d_i; f_n; h_1, . . . , h_i))(α_{i+1})|,

. . ., etc., and

α_{t−1}(h_{t−1}) = |T_{xt−1} ↾ sup_j j(h(F_{g(α)}; d_{t−1}; f_n; h_1, . . . , h_{t−1}))(α_t)|,

α_t(h_t) = |T_{xt} ↾ (h(F_{g(α)}; L(d_t); f_n; h_1, . . . , h_t))(α_{t+1})|, where α_{t+1}(h_{t+1}) = r^′(α)(f_n, h_1, . . . , h_t, h_{t+1})). If we let E^′ = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t, K_{t+1}), T , (d_1, . . . , d_{t−1}, L(d_t), L(d_t)), (x_i, . . . , x_{t−1}, x_t)⟩, then the situation S^′ = (E^′, g, r^′) violates the minimality of S.

Case II. There does not exist a measure one set A ⊆ θ as in case (I). Note that this is equivalent to assuming that for any V measure one set A ⊆ θ, for V almost all α ∈ A if F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ induces F : dom(<^T ) → δ^1_3 of type T representing g(α), then ∃α^′ ∈ A such that g(α^′) = g(α) and r(α^′) > h(F^′; d̃_t).

Let g^′ : θ → ON represent the least V equivalence class having a representative satisfying:

(1) ∀^∗_V α < θ g^′(α) is represented by a function F^′ : dom(<^{T ′} ) → δ^1_3 of semitype T^′ inducing F : dom(<^T ) → δ^1_3 of type T representing g(α).

(2) There is a V measure one set A ⊆ θ such that for α_1, α_2 ∈ A with g(α_1) = g(α_2), if r(α_1) ≤ r(α_2) then g^′(α_1) ≤ g^′(α_2).

(3) There does not exist a V measure one set A ⊆ θ such that ∀^∗_V α ∈ A ∃F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ inducing F : dom(<^T ) → δ^1_3 of type T representing g(α) and such that sup{g^′(α^′) : α^′ ∈ A ∧ g(α^′) ≤ g(α)} < [F^′]. We easily have that g^′ exists since if we define g̃(α) = the equivalence class of the least F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ inducing F : dom(<^T ) → δ^1_3 of type T representing g(α) and such that r(α) < h(F^′; d̃_t), then g̃ satisfies (1)-(3).

We claim that for any c.u.b. C ⊆ δ^1_3 that ∀^∗_V α < θ g^′(α) is represented by a function F^′ : dom(<^{T ′} ) → C of semi-type T^′. If not, fix C to the contrary, and let C^′ be the set of closure points of C. Let A ⊆ θ be the measure one set of α such that for α ∈ A, g^′(α) is represented by a function F^′ : dom(<^{T ′} ) → δ^1_3 of semi-type T^′ inducing F : dom(<^T ) → C^′ of type T , and for almost all (α_1, . . . , α_l) with respect to M^{p′l} we have F^′(⟨α_1, i^′_1, . . . , α_l, i^′_l) /∈ C (recall ⃗s = ⟨p^′_1, i^′_1, . . . , p^′_l, i^′_l⟩ is the extra sequence not ending in 0 in dom(T^′) − dom(T )). Let A^′ ⊆ A be those α ∈ A such that if F^′ represents g^′(α), then ∀^∗_{M p}′_l α_1, . . . , α_l F^′(⟨α_1, i^′_1, . . . , α_l, i^′_l⟩) > N_C (F (⟨α_1, i^′_1, . . . , α_l, i^′_l − 1⟩). That A^′ has measure one follows easily from (3). For α^′ ∈ A^′ and representing function F^′ as above, define F̃ : dom(<^{T ′} ) → C of semi-type T^′ by: F̃ also induces F , and ∀^∗_{M p}′_l α_1, . . . , α_l F̃ (⟨α_1, i^′_1, . . . , α_l, i^′_l⟩) = the largest element of C less than F^′(⟨α_1, i^′_1, . . . , α_l, i^′_l⟩) . It follows easily that g̃ defined by g̃(α) = [F̃ ] is well-defined, satisfies (1)-(3) above, and g̃ < g^′ almost everywhere, violating the definition of g^′.

Let T^{′′} be the type-3 tree of uniform cofinalities completing T^′ (so T^{′′} is an immediate extension of T ) such that ∀^∗_V α < θ g^′(α) is represented by F^′ : dom(<^{T ′′} ) → δ^1_3 of type T^{′′}. Let A ⊆ θ be a V measure set on which (1) and (2) hold. Thus, g^′(V) = M^{T ′′} . Consider then the partition P: we partition F^′ of type T^{′′} with the extra values G(⟨α_1, i^′_1, . . . , α_l, i^′_l⟩) of uniform cofinality ω inserted after F^′(⟨α_1, i^′_1, . . . , α_l, i^′_l⟩) according to whether sup{r(α): α ∈ A ∧ (g^′(α) ≤ [F^′])} ≤ h(N_G; F^′; d̃_t; K_1, . . . , K_t). Lemma 8.2, property (2) for g^′, and the hypothesis for this case show that on the homogeneous side of the partition the stated property holds. Let C ⊆ δ^1_3 be a c.u.b. set homogeneous for P, and let x_t be a real with |T_{xt} ↾ sup_j j(γ)| > N_C (γ) on a c.u.b. set. It follows that ∀^∗_V α < θ ∃r^′(α) ∈ ON such

that if F^′ of type T^{′′} represents g^′(α), then r^′(α) < h(sup_j j; F^′; d̃_t; K_1, . . . , K_t) and ∀^∗f_n ∀^∗h_1, . . . , h_t r(α)(f_n, h_1, . . . , h_t) = |T_{xt} ↾ sup_j j(h(F^′; d̃_t; h_1, . . . , h_t))(r^′(α)(f_n, h_1, . . . , h_t))|.

Let K_{t+1} be such that ∀^∗_V α < θ r^′(α) < h(F^′; d̃_t; K_1, . . . , K_t, K_{t+1}). If we then set E^′ = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t, K_{t+1}), T^{′′}; (d_i, . . . , d_{t−1}, d̃_t, d̃_t); (x_i, . . . , x_{t−1}, x_t)⟩, it follows that S^′ = (E^′; g^′, r^′) violates the minimality of S.

This completes the proof of theorem 8.3. Λ

CHAPTER 9

The Weak Partition Relation on δ^1_5

We use the analysis of measures on (δ^1_5)^−, i.e. theorem 8.3, to obtain a coding of the subsets of (δ^1_5)^− sufficiently good to obtain the weak partition relation on (δ^1_5)^−. The arguments are very similar to those of §6. Again, the idea for converting an analysis of measures to a coding of subsets is due to Kunen. The weak partition relation on (δ^1_5)^− then easily follows; it is slightly easier here in fact since we do not need to modify the coding of subsets to get the desired coding of functions.

Recall from theorem 8.3 that every measure V on (δ^1_5)^− is of the form V = V^{E,μ} for some type-3 complex E = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t), (x_i, . . . , x_{t−1})⟩ and measure μ on δ^1_3. Recall that V^{E,μ}(A) = 1 iff ∀^∗_μδ < δ^1_3 ∃ c.u.b. C ⊆ δ^1_3 ∀F : dom(<^T ) → C of type T h(F ; E, δ) ∈ A, with h(F ; E, δ) defined after definition 8.8. We adopt the convention that all c.u.b. sets consist of points closed under all the embeddings j corresponding to measures in W_1 ∪ S_1.

Recall also from definition 6.1 the notions of good ordinal, good real σ, and the coding C_σ of c.u.b. sets. In particular, C_σ = GO^′ ∩ {β < δ^1_3 : ∀γ < β |K ↾ γ| < β}, where K ⊆ (ω × δ^1_3)^{<ω} is the Kunen tree (defined before definition 6.1 Throughout this chapter, T will denote the Martin tree of §2.

Definition 9.1. A set S ⊆ (δ^1_5)^− is simple with respect to the complex E if ∃ (a good real σ) ∃D ⊆ δ^1_3 S = {h(F ; E, δ): (δ ∈ D) ∧ (F : dom(<^T ) → C_σ is of type T )}. We say S is simple if it simple with respect to some complex E.

The Kunen argument, exactly as in theorem 6.1, shows that any A ⊆ (δ^1_5)^− is a countable union of simple sets.

A simple set is thus determined by a set D ⊆ δ^1_3, a complex E, and a good real σ coding a c.u.b. set. We denote the corresponding simple set by S_{D,E,σ}. Complexes E are clearly codable by reals in a straightforward manner, and we may code sets D ⊆ δ^1_3 by reals using the coding of §6, although any reasonable coding would suffice here. Thus, every real x is viewed as coding a set D_x ⊆ δ^1_3.

To each real z we associate a set A_z ⊆ (δ^1_5)^− as follows. First, decode z into an infinite sequence of triples (x_n, y_n, σ_n) in some standard manner. Let D_n = D_{xn} ⊆ δ^1_3 be the set coded by x_n. If for some n, σ_n is not good (i.e. K_{σn} is ill-founded) set S_n = ∅, otherwise let C_n = C_{σn} be the c.u.b. set coded by σ_n. If for some n, y_n does not have the correct “syntactical form” to code a complex, set S_n = ∅. Otherwise, decode y_n into E_n = ⟨(f_j ; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t), (w_i, . . . , w_{t−1})⟩. If for some n one of the trees T_{wk} is ill-founded, set S_n = ∅. Otherwise, set S_n = S_{Dn,En,σn} . Finally, let A_z = ∪_n S_n.

The next theorem shows our coding is reasonable. It is analogous to theorem 6.2.

Theorem 9.1.

(a) ∀A ⊆ (δ^1_5)^− ∃z ∈ ω^ω (A = A_z). Thus, every set is coded. (b) ∀α < (δ^1_5)^− {z : α ∈ A_z } ∈ Δ^1_5.

Proof. (a) is immediate from the above discussion. So fix α < (δ^1_5)^− and we show that B_α .= {z : α ∈ S_{Dx(z),Ey(z) ,σ(z)}} ∈ Δ^1_5 , where z codes the triple (x(z), y(z), σ(z)), from which (b) immediately follows. Let D_z, E_z, σ_z abbreviate D_{x(z)}, E_{y(z)}, σ(z). It suffices to fix the initial segment Ẽ = ⟨(f_n; K_1, . . . , K_i; K_{i+1}, . . . , K_t), T , (d_i, . . . , d_t)⟩ and show C_α = {z : (E_z extends Ẽ) ∧ α ∈ S_{Dz ,Ez,σz} } ∈ Δ^1_5. Since Ẽ is fixed, we may view C_α as a relation on tuples (x, ⃗w, σ), that is, C_α = {(x, ⃗w, σ): α ∈ S_{Dx,E,σ} where E = Ẽ^⌢ ⃗w}. We let h(F ; ⃗w, δ) abbreviate h(F ; Ẽ^⌢ ⃗w, δ), which only depends on [F ].

We have:

C_α(x, ⃗w, σ) ⇔ [K_σ is well-founded ] ∧ [∀j T_{wj} is well-founded ]

∧ ∃⃗η ∈ (δ^1_5^−)^{<ω} [(⃗η = [F ] for some F : dom(<^T ) → δ^1_3 of type T having range almost everywhere in C_σ ) ∧ ∃δ < δ^1_3 (δ ∈ D_x ∧ h(F ; ⃗w, δ) = α)]. The first two conjuncts are easily Π^1_4 . Since Δ^1_5 is closed under < δ^1_5 length unions and intersections, it suffices to to show, for fixed ⃗η, that the expression in square brackets in the third conjunct defines a Δ^1_5 set. We may assume ⃗η is representable by an F : dom(<^T ) → δ^1_3 of type T , as otherwise the set is empty. Since ⃗η is fixed, we may fix a function F : dom(<^T ) → δ^1_3 of type T representing ⃗η. Thus, for such fixed α, ⃗η, and F , we must show that D ∈ Δ^1_5, where:

D(x, ⃗w, σ) ⇔ [(F has range almost everywhere in C_σ ) ∧ ∃δ < δ^1_3 (δ ∈ D_x ∧ h(F ; ⃗w, δ) = α)]. With the analysis of measures on δ^1_3, theorem 5.2, the proof of lemma 6.2 easily generalizes to:

Lemma 9.1. Let μ be a measure on δ^1_3, and suppose sets R_β (x) ∈ Δ^1_5 are given for β < δ^1_3. Then S(x) defined by S(x) ⇔ ∀^∗_μβ R_β (x) is Δ^1_5. Λ

It follows that the first conjunct in the expression for D defines a Δ^1_5 set. Since “δ ∈ D_x” defines a Δ^1_3 set for any fixed δ < δ^1_3, it then suffices to show that for fixed α, δ, ⃗η, F that E ∈ Δ^1_5, where E( ⃗w) ⇔ (h(F ; ⃗w; δ) = α).

Let H : δ^1_3 → δ^1_3 represent α with respect to W^n_3 (recall Ẽ = ⟨(f_n; . . .) . . .⟩). As usual, we let H(f) abbreviate H([f]), etc. We then have:

E( ⃗w) ⇔∃u ∈ ω^ω [(u is good ) ∧ ∀ν < δ^1_3 {(ν is representable by a function f : ω_{n+1} → δ^1_3 of the correct type with range in C_u almost everywhere ) → (h(F ; ⃗w; δ; f) = H(f))}]. Here h(F ; ⃗w; δ; f) represents h(F ; ⃗w; δ) with respect to W^n_3 . Also:

E( ⃗w) ⇔∀u ∈ ω^ω [(u is good ) → ∃ν < δ^1_3 {(ν is representable by a function f : ω_{n+1} → δ^1_3 of the correct type with range in C_u almost everywhere ) ∧ h(F ; ⃗w; δ; f) = H(f)}]. Since “u is good” is Π^1_4, and for fixed f, “f has range in C_u almost everywhere” defines a Δ^1_3 set, it suffices to show that for fixed δ, F, f that the set F_0( ⃗w) ⇔ [h(F ; ⃗w; δ; f) = H(f)] is Δ^1_5. In fact, F_0 ∈ Δ^1_3. This follows easily from lemma 6.2 and standard tree computations. For example, the next step is to fix a function [h_1] → H(f, h_1) representing H(f) with respect to K_1. Then F_0( ⃗w) ⇔ ∀^∗h_1 [h(F ; ⃗w; δ; f, h_1) = H(f, h_1)], so by lemma 6.2 it suffices to show that for fixed h_1 that F_1( ⃗w) ⇔ [h(F ; ⃗w; δ; f, h_1) = H(f, h_1)] is Δ^1_3. At step i we must show, for fixed δ, F, f, h_1, . . . , h_i), that F_i( ⃗w) ⇔ [h(F ; ⃗w; δ; f, h_1, . . . , h_i) = H(f, h_1, . . . , h_i)] is Δ^1_3. Now,

F_i( ⃗w) ⇔ ∃δ_1, δ_2 < H(f, h_1, . . . , h_i) [δ_1 = h(F ; d_i; f; h_1, . . . , h_i)∧ δ_2 = α_{i+1}(F ; ⃗w; δ; f, h_1, . . . , h_i) ∧ |T_{xi} ↾ (sup_j j(δ_1))(δ_2)| = H(f, h_1, . . . , h_i)].

Here, α_{i+1}(. . .) is as in the definition of h(F ; E, δ). The third conjunct easily defines a Δ^1_3 set. For the first conjunct, where say d_i = ⟨d^i_1, i_1, . . . , d^i_m, i_m⟩, we have:

[δ_1 = h(F ; d_i; f, h_1, . . . , h_i)] ⇔ ∃ϵ_1, . . . , ϵ_m < δ_1 [ϵ_1 = h(f; d^i_1;⃗h; K^1_{i+1}, . . . , K^1_{a1} ) ∧ . . . ∧ ϵ_m = h(f; d^i_m;⃗h; K^m_{i+1}, . . . , K^m_{am} ) ∧ δ_1 = F (⟨ϵ_1, i_1, . . . , ϵ_m, i_m⟩)]. It follows readily that this defines a Δ^1_3 set as well. Proceeding inductively with the second conjunct (which defines the set F_{i+1}( ⃗w)) shows that F ( ⃗w) ∈ Δ^1_3. This completes the proof of theorem 9.1. □

It is straightforward at this point to obtain the weak partition on δ^1_5, as in Kunen’s proof of the weak partition relation on δ^1_3 . For the sake of completeness we give a brief sketch.

Theorem 9.2. For all λ < δ^1_5 we have δ^1_5 → (δ^1_5)^λ.

Proof. Fix λ, and a well-ordering ≺ of (δ^1_5)^− of length λ. Code functions f : λ → δ^1_5 via relations R ⊆ (δ^1_5^−)^3. Namely, if R is such that for all α < (δ^1_5)^− R_α is well-founded, where R_α = {(β, γ): R(α, β, γ)}, then R codes the function f_R defined by f_R(|α|_≺) = |R_α|. One then plays the Martin game (c.f. the proof of theorem 9.2) using this coding, and our coding of subsets of (δ^1_5)^− as in theorem 6.4. The following facts are used:

(1) ∀α < λ ∀β < δ^1_5 A_{α,β} = {x: x codes a function f_x such that ∀α^′ < α f_x(α^′) is defined and < β} ∈ Δ^1_5.

(2) If α < λ, B ∈ Σ^1_5, and ∀x ∈ B f_x(α) is defined, then sup_{x∈B}f_x(α) < δ^1_5.

Both facts follow easily from the closure properties of Δ^1_5 and theorem 9.1. □

Bibliography

[1] Steve Jackson, Structural consequences of AD, Handbook of Set Theory. [2] , AD and the projective ordinals, Cabal Seminar 81–85, Lecture Notes in Math., vol.

1333, Springer, Berlin, 1988, pp. 117–220.

[3] , A new proof of the strong partition relation on ω_1, Trans. Amer. Math. Soc. 320 (1990), no. 2, 737–745.

[4] , Admissible Suslin cardinals in L(R), J. Symbolic Logic 56 (1991), no. 1, 260–275. [5] Alexander S. Kechris, AD and the projective ordinals, Cabal seminar 76–77, Lecture Notes in Math., vol. 689, Springer, Berlin, 1978, pp. 91–132.

[6] , Homogeneous trees and projective scales, Cabal seminar 77–79, Lecture Notes in Math., vol. 839, Springer, Berlin, 1981, pp. 33–73.

[7] Donald A. Martin, AD and the normal measures on δ^1_3, Circulated manuscript. [8] Donald A. Martin and John R. Steel, The extent of scales in L(R), Cabal seminar 79–81, Lecture Notes in Math., vol. 1019, Springer, Berlin, 1983, pp. 86–96.

[9] , A proof of projective determinacy, J. Amer. Math. Soc. 2 (1989), no. 1, 71–125. [10] Yiannis N. Moschovakis, Descriptive set theory, Studies in logic, vol. 100, North–Holland, 1980.

[11] Robert M. Solovay, A Δ^1_3 coding of the subsets of ω_ω , Cabal seminar 76–77, Lecture Notes in Math., vol. 689, Springer, Berlin, 1978, pp. 133–150.

[12] John R. Steel, Scales in L(R), Cabal seminar 79–81, Lecture Notes in Math., vol. 1019, Springer, Berlin, 1983, pp. 107–156.

[13] W. Hugh Woodin, Supercompact cardinals, sets of reals, and weakly homogeneous trees, Proc.

Nat. Acad. Sci. U.S.A. 85 (1988), no. 18, 6587–6591.