PROBLEM OF THE MONTH
NOVEMBER 2014 - SOLUTION

Determine:

when a > 0.

00 4o —1 tap—l
/ tan™!(az) — tan~*(x) i
0 z

Solution:

do == In(a) when a > 0.
T 2

/°° tan~!(az) — tan~!(x)
0

First we rewrite:

00 o1 tan—l b —1 by —1
/ tan™"(ax) — tan™ ' (x) de — Tim (/ tan™" (ax) da:—/ tan™" () dm).
0 T b—o0 0 X 0 x

Making the change of variables in the first integral:
u = ax,du=adzr

gives:

b —1 ab -1
/ tan™ ! (ax) dx:/ tan™*(u) du
0

0 T u
Therefore we can rewrite (1) as:

b -1 b -1 ab 1
lim ( / tan” (az) )0 / tan” () da:) T A O,
0 0

b— o0 x T b—oo Jp X

Now we make another change of variables:
xr=by,dr =bdy

which gives:
ab -1 a -1
t t b
fim [t (@) e [7 tanT (by)
b—o0 b X b—o0 1 Yy

dy.

Finally, since tan™'(by) — % uniformly on [1,00) U [a, 00) then from (1)-(2):

oo -1 _ -1 a -1 a1
/ tan™" (ax) — tan™" () de — lim tan™" (by) dy = E/ Loy = gln(a).
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