SOLUTION FOR APRIL 2016

Let x > 0 and y > 0. Let:

> 1
fxy) = /O e
Prove that: -
f(x,y) = m

and then calculate:

/01 </01f<x,y>dx) dy

/°° (arctan t)? Qb
0

12

and determine:

SOLUTION: Using partial fractions we see that:

(z*=y*) f(x y)=/00 vy dtz/m#dt—/m#dt
’ o (T+222)(1 +y2t2) o 1+ a2t o 1+y2t2

= (ztan!(at) — ytan~ ' (yt)) |3° = g(aj —9).

Thus for x # y we see:

2(z+y)

We also notice that f(z,y) is a continuous function and therefore it follows that:

f(x,y) =

flz,y) =

for all z > 0,y > 0.

2(x +vy)

Next integrating in = we get:

1
dt da.
/O :c+y // +x2t2 A+ 22 ©

We now interchange the order of integration on the right-hand side to obtain:
7r
—[In(1 + dz dt
5 (1 + / / 1+:1:2t2 1 +22) "

<t t 1 t t 1
:/ an~!(z )‘0 it :/ an~t(t) dt
0 t 1+ 422 0 t 1422

Then integrating in y and changing the order of integration again gives:

Vw Do tan=t(t) 1
| Fma s —neay= [ [ aray




:/°° /1 tan~'(t) 1 dydt:/"o (tan—1(t))? "
0 0 t 1 + y2t2 0 t2 '

Finally working out the integral on the left we obtain:

/0 Sin(l+y) ()] dy = T [(1+y)In(1 +) —yIn(y)} [} = F2In(2) = 7In(2).

B

Thus, )
> (tan”'(t)*
/o ; dt = 7ln(2).
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