SOLUTION FOR FEBRUARY 2018

Determine the values of § € [0, 7] for which:
> sin?(nf)
Z ———= converges.
n=1 n

SOLUTION: The series only converges at § =0 and 6 = .

First of all if & = 0 and 6 = 7 then each term in the series is 0 and so the series
converges to 0.

So now let us suppose 0 < 6 < 7. Let:
. 9 1
an = sin“(nd); b, = —.
n
Also let:

A, = zn:an; S, = Zanbn.
k=1

Then it is straightforward to show for ¢ > p:

q
Sq = Sp =Y Ax(br — bry1) + Agby — Ap_1b, (1)
k=p
and: . . .
A, = Z ap, = Z sin?(nf) = % (1 + cos(2n0)) .
k=1 k=1 k=1
It is straightforward to show:
= sin((2n+1)0) 1
2kp) = 2T )T
;COS( 9) dsin(6) 2

Therefore:
n+1 sin((2n+ 1)0)

2 2sin(6)
Thus since sin((2n + 1)) > —1 and since sin(d) > 0 for 0 < § < 7 we get:

A, =

n+1 1
> ‘'- -
An 2 2 2sin(0)

and so for any fixed value of 6 with 0 < 6 < 7 then sin(¢) > 0 and therefore for
n > ng where ng is sufficiently large:

An =

~ 3



Then returning to (1) and assuming ¢ > ny we obtain:

q q
k /1 1 1 1 1
Sq—Sno Z E — <I€ — M>+4—Ano_1bno = E W+Z_An0_lb7Lo — 00 as q — 0Q.

k‘:’no k‘:’no

Thus S, — 0o as ¢ — co. Therefore:

o . 2
0
E M diverges for 0 < x < 7.
n

n=1



