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Of all triangles with base length by and perimeter Py prove that the one that has maximum
area must be isosceles.

Solution: Consider a triangle with sides of length by, a,c. Heron’s formula for the area of a
triangle is:

A= \/so(so —a)(so —bo)(so —¢)

where sg = %. We also know that 2sg = Py = bp+a+c and therefore ¢ = Py — by — a. Rewriting
then gives:

A2 = 80(80 — bo)(So — CL)(SO — (PO — bo — a)) = 50(80 - bo)(So - a)(bo — S0 + a).

The only variable here is a and so A2 is a parabola which opens down and thus A% and hence
A has an absolute maximum when the derivative of the right-hand side is 0. That is when
so —bg + sog — 2a = 0. Thus 2a = 2sy — by = a + ¢ and rewriting this then gives ¢ = a. Thus
the triangle must be isosceles. O



