SOLUTION FOR JANUARY 2026

Problem: Let n be a positive integer and let H, =1+ 3 + % +--- + +. Next let S(N) be the

smallest value of n such that H,, > N. Prove that

L SN+
N S(N) ©

HiNnT: It is known that
lim (H, —In(n)) =~
n— oo

where v € R is called the Fuler-Mascheroni constant and v ~ .57.

Proof: First notice that it follows from (1) that A}im S(N) = 0.
—00

Let us denote S(N) = ng. Then it follows that
Hyy >N > Hyy .
Similarly denote S(N + 1) = n; and so
Hy, >N+1>H,, 1.
Multiplying (2) by (—1) and rewriting gives
—Hpny < =N < —Hpy_1.

Adding (3) and (4) gives
H’I’Llfl - Hno <1< H’I’L1 - H’I’Lofl'

Next we rewrite the left-hand inequality in (5) as
(Hpy—1 —In(ny — 1)) — (Hp, — In(ng)) + (In(ng — 1) —In(ng)) < 1.

Thus

(Hp,—1 —In(ny — 1)) — (Hy, — In(ng)) + In (S<N+1)_1> <1.

S(N)
Let us denote K (n) = H, —In(n) and then we may rewrite the above as
S(N+1)—-1
In (22" —~

' ( S(V)

and so
S(N +1) < 1 L TR (S(N)=K(S(N+1)—1)
S(N) S(N)

Similarly rewriting the right-hand inequality in (5) yields

S(N +1) 1
sz (1 0]

)el—K(S(N—&-l))-‘rK(S(N)—l).

) <1+ K(no)— K(ny —1) =1+ K(S(N)) — K(S(N +1) — 1)



Thus

1 - K(S(N+D)+E(S(V)-1) _ SV +1) 1 14+ K(S(N))—K(S(N+1)—1)
- — . (6
(- 5m)¢ TS Ssm T )

Recall from earlier that S(N) — oo as N — oo. Also it follows from the hint that
K(S(N)) = vyas N — oc.
This then implies
K(S(N+1) =~ K(S(N)—1) =, and K(S(N+1)—1) > yas N — oco.

It follows then that the left-hand side and right-hand side of (6) converge to e as N — oco. Thus
S(N+1) _
Sy = ¢ L]

lim



