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ABSTRACT. For uncountable downwards closed subtrees U and W of an !1-tree T , we
say that U andW are strongly almost disjoint if their intersection is a finite union of count-
able chains. The tree T is strongly non-saturated if there exists a strongly almost disjoint
family of !2-many uncountable downwards closed subtrees of T . In this article we con-
struct a c.c.c. forcing which adds a Suslin tree together with a family of !2-many strongly
almost disjoint automorphisms of it (and thus the square of the Suslin tree is strongly non-
saturated). To achieve this goal, we introduce a new idea called �-separation, which is an
adaptation to the finite context of the notion of separation which was recently introduced
by Stejskalová and the first author for the purpose of adding automorphisms of a tree with
a forcing with countable conditions.
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1. INTRODUCTION

The consistency of the existence of a Suslin tree was originally proven independently by
Jech [Jec67] and Tennenbaum [Ten68] using the technique of forcing. In Jech’s forcing,
conditions are countable initial segments of the generic tree with a top level, whereas Ten-
nenbaum’s forcing consists of finite approximations of the generic tree. Jech’s forcing is
countably closed and Tennenbaum’s forcing is c.c.c. As a variation of his forcing for adding

Date: June 14, 2024.
2020 Mathematics Subject Classification. 03E05, 03E35, 03E40.
Key words and phrases. �-separation, strongly non-saturated, almost Kurepa Suslin tree.
The first author acknowledges support from the Simons Foundation under the Travel Support for Mathe-

maticians gift 631279.
1



2 JOHN KRUEGER AND EDUARDO MARTINEZ MENDOZA

a Suslin tree, Jech [Jec72] defined a countably closed forcing which adds a Suslin tree to-
gether with �-many automorphisms of it, where � is any infinite cardinal number satisfying
that �! D �. While it is not mentioned explicitly in his article, the automorphisms added by
Jech’s forcing are almost disjoint in the sense that any two of them agree on only countably
many elements of the tree. As a consequence of this fact, if � � !2 then the generic Suslin
tree is an almost Kurepa Suslin tree, which means that forcing with the Suslin tree turns
it into a Kurepa tree. Namely, applying the automorphisms to a generic branch produces
�-many distinct cofinal branches.

Another application of Jech’s forcing for adding a Suslin tree is due to Stewart [Ste66],
who designed a countably closed forcing which adds a Kurepa tree. This fact suggests the
question of whether there is a variation of Tennenbaum’s c.c.c. forcing for adding a Suslin
tree which adds a Kurepa tree. Jensen and Schlechta [JS90] proved that this is not always
possible: after forcing with the Lévy collapse to turn a Mahlo cardinal into !2, there does
not exist a c.c.c. forcing which adds a Kurepa tree. On the other hand, Jensen proved that
if □!1 holds then there exists a c.c.c. forcing which adds a Kurepa tree. Later, Veličković
[Vel92] proved the same result with a simpler argument using the function � of Todorčević
[Tod87], whose existence follows from □!1 . Other examples of using � to define c.c.c.
forcings were given later by Todorčević [Tod07, Chapter 7].

In light of these forcing constructions, a natural question is whether it is consistent that
there exists a c.c.c. forcing which adds an almost Kurepa Suslin tree. Note that the Jensen-
Schlechta limitation mentioned above also applies to this problem since an almost Kurepa
Suslin tree is a c.c.c. forcing which adds a Kurepa tree. The main result of this article is
that if □!1 holds then there exists a c.c.c. forcing with finite conditions which adds a Suslin
tree with !2-many almost disjoint automorphisms. In fact, the family of automorphisms
satisfies a very strong form of almost disjointness which we introduce next.

Recall that if U andW are uncountable downwards closed subtrees of an !1-tree T , then
U and W are almost disjoint if U \ W is countable. Observe that if b and c are distinct
cofinal branches of T , then b and c are uncountable downwards closed subtrees of T which
are almost disjoint. In fact, b\ c is a countable chain, and if T is normal then b\ c is equal
to the chain of elements less than or equal to the meet of b and c. This example of cofinal
branches suggests stronger forms of almost disjointness for uncountable downwards closed
subtrees U and W of T . We could ask for U \W to be a union of finitely many countable
chains, or the slightly stronger property that U \W is contained in the downward closure
of a finite subset of T . Let us say that U and W are strongly almost disjoint if U \ W
is a finite union of countable chains. Note that an automorphism of T is an uncountable
downwards closed subtree of the tree product T ˝ T , so we can talk about strongly almost
disjoint automorphisms of T considered as subtrees of T ˝ T .

König, Larson, Moore, and Veličković [KLMV08] introduced the idea of a saturated
Aronszajn tree, which is an Aronszajn tree satisfying that any family of almost disjoint
uncountable downwards closed subtrees of it has size at most !1. A standard example of a
non-saturated Aronszajn tree, due to Todorčević (see [Bau85, Section 2]), is the tree product
T ˝K, where T is any Aronszajn tree andK is a Kurepa tree. Namely, if fb˛ W ˛ < !2g is
a family of cofinal branches of K, then letting U˛ D T ˝ b˛ for each ˛ < !2, the family
fU˛ W ˛ < !2g is a witness that T ˝K is non-saturated.



AN ALMOST KUREPA SUSLIN TREE WITH STRONGLY NON-SATURATED SQUARE 3

With the above strengthening of almost disjointness at hand, we introduce the idea of an
!1-tree T being strongly non-saturated, by which we mean that there exists a family of size
at least !2 consisting of strongly almost disjoint uncountable downwards closed subtrees of
T . Since a Kurepa tree is strongly non-saturated, as witnessed by the family of its cofinal
branches, a strongly non-saturated !1-tree is a generalization of a Kurepa tree. It is not hard
to show that if there exists a strongly non-saturated Aronszajn tree, then CH fails. The non-
saturated Aronszajn tree from the previous paragraph is not strongly non-saturated. Namely,
since T is Aronszajn, we can fix a countable ordinal 
 such that T
 is infinite. Find ˛ and
ˇ such that the first ordinal ı for which b˛ and bˇ are different on level ı is greater than

 . Let x be the element of b˛ and bˇ with height 
 . Then U˛ \ Uˇ contains the infinite
antichain T
 � fxg, and therefore is not a finite union of countable chains. Since none of
the known examples of non-saturated Aronszajn trees are strongly non-saturated, a natural
question is whether it is consistent that there exists a strongly non-saturated Aronszajn tree.

Theorem. Assuming □!1 , there exists a c.c.c. forcing P which adds a Suslin tree together
with a family of !2-many strongly almost disjoint automorphisms of it. So P forces the
existence of an almost Kurepa Suslin tree T such that T ˝ T is a strongly non-saturated
Aronszajn tree.

The main technique used in this article is �-separation, which is a variation of the notion
of separation recently introduced by Stejskalová and the first author [KS] for the purpose
of adding automorphisms to an !1-tree by forcing with countable conditions. By working
the function � into the definition of separation, we are able to adapt many of the key tools
of [KS] to the finite context.

We assume that the reader has a background in !1-trees and forcing. Our notation is
standard; we refer the reader to [KS, Section 1] for basic terminology and definitions con-
cerning trees.

2. STANDARD FINITE TREES

The goal of this article is to define a forcing which adds a Suslin tree with some remark-
able properties by a c.c.c. forcing with finite conditions. While the tree does not exist in the
ground model, it is helpful to specify the levels of the tree there. Specifically, every member
of level ˛ < !1 of the generic tree is some ordinal 
 such that ! � ˛ � 
 < ! � .˛ C 1/.
With this in mind, we define the height of a countable ordinal 
 to be the unique ordinal ˛
such that ! � ˛ � 
 < ! � .˛ C 1/, and we denote the height of 
 by ht.
/.

Our forcing poset consists of conditions with two components, where the first component
is a finite tree and the second component is a finite indexed family of functions defined on
the tree. In this section we develop some basic ideas about the finite trees which appear in
our conditions.

Definition 2.1. A standard finite tree is a pair .T;<T / satisfying:
(1) T is a finite subset of f0g [ .!1 n !/ and 0 2 T ;
(2) <T is a tree ordering on T , meaning a strict partial-ordering such that for any

x 2 T , the set fy 2 T W y <T xg is linearly ordered by <T ;
(3) if x <T y then ht.x/ < ht.y/;
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(4) for all x 2 T and for all ˛ 2 fht.z/ W z 2 T g\ ht.x/, there exists some y 2 T such
that ht.y/ D ˛ and y <T x.

Suppose that .T;<T / is a standard finite tree. We oftentimes abbreviate .T;<T / by just
T . Define htŒT � D fht.x/ W x 2 T g. For all ˛ 2 htŒT �, define T˛ D fx 2 T W ht.x/ D ˛g.
Note that T˛ is an antichain of T by Definition 2.1(3). If x 2 T˛ and ˇ 2 htŒT � \ ˛, we
write x ↾T ˇ (or just x ↾ ˇ is T is understood from context) for the unique y 2 Tˇ such that
y <T x, and if X � T˛, define X ↾ ˇ D fx ↾ ˇ W x 2 Xg. For such a set X , we say that X
has unique drop-downs to ˇ if the map x 7! x ↾ ˇ onX is injective. If x <T y, then we say
that y is a successor of x in T , and if x <T y and ht.y/ D min.htŒT �n.ht.x/C1//, then we
say that y is an immediate successor of x in T . The set of successors of x in T is denoted
by SuccT .x/ and the set of immediate successors of x in T is denoted by ISuccT .x/.

If T and U are standard finite trees, we say that U is an extension of T (or U extends T )
if T � U and <T � <U . We claim that if U extends T , then U end-extends T in the sense
that <T D <U \ .T �T /. For if not, then there are distinct x; y 2 T such that x 6<T y but
x <U y. By Definition 2.1(4), we can fix z 2 T such that htT .z/ D htT .x/ and z <T y.
Then in U , z and x are both below y but are incomparable since they have the same height,
which contradicts that <U is a tree ordering.

Let T be a standard finite tree. Observe that by Definition 2.1(1), 0 is the unique element
of T with height 0, and by Definition 2.1(4), 0 �T x for all x 2 T . In other words, every
standard finite tree has 0 as a root. For any set Y � T , define the downward closure of Y
to be the set fz 2 T W 9x 2 Y z �T xg. For any x; y 2 T , let x ^T y (or just x ^ y if
T is understood from context) denote the <T -largest element z of T such that z �T x and
z �T y. Note that x^y exists since T has a root. A simple fact which is useful below is that
if x and y are in T , ˛ � ht.x/; ht.y/, and x ↾ ˛ ¤ y ↾ ˛, then x ^ y D .x ↾ ˛/ ^ .y ↾ ˛/.

Definition 2.2. If T and U are standard finite trees, we say that U is a simple extension of
T if:

� U is an extension of T ;
� U n T �

S
fU˛ W ˛ 2 htŒU � n htŒT �g;

� if ˛ 2 htŒU � n htŒT � is less than max.htŒT �/ and ˇ is the least element of htŒT �
greater than ˛, then Tˇ has unique drop-downs to ˛.

Note that in the third bullet point, Tˇ D Uˇ so Uˇ has unique drop-downs to ˛.
We leave the easy proofs of the next two lemmas to the reader.

Lemma 2.3. The relation on the set of all standard finite trees of being a simple extension
is transitive.

Lemma 2.4. Suppose that T and U are standard finite trees and U is a simple extension of
T . Then for all a and b in T , a ^T b D a ^U b.

Lemma 2.5. Suppose that T and U are standard finite trees, U is a simple extension of
T , ˛ 2 htŒU � n htŒT � is less than max.htŒT �/, and ˇ D min.htŒT � n .˛ C 1//. Assume
that a0 2 U˛, aC0 is the unique element of Tˇ above a0, a1 2 T , and aC0 and a1 are
incomparable in T . Then a0 ^U a1 D aC0 ^T a1.
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Proof. By Lemma 2.4, aC0 ^T a1 D a
C
0 ^U a1. First, assume that htT .a1/ < ˛. Since aC0

and a1 are incomparable in T , a1 is not below a0 in U . So a1 ¤ aC0 ↾T ht.a1/ D a0 ↾U
ht.a1/, and a0 ^U a1 and aC0 ^T a1 are both equal to .aC0 ↾T ht.a1// ^U a1. Secondly,
assume that htT .a1/ > ˛. By the minimality of ˇ, htT .a1/ � ˇ. Since a1 is incomparable
with aC0 in T , a1 ↾T ˇ ¤ aC0 . As U is a simple extension of T , a1 ↾U ˛ D .a1 ↾T ˇ/ ↾U
˛ ¤ a0. So a0 ^U a1 and aC0 ^T a1 are both equal to a0 ^U .a1 ↾U ˛/. □

Lemma 2.6. Suppose that T is a standard finite tree and B � !1 is a finite set such that
htŒT � � B . Then there exists a standard finite tree U which is a simple extension of T such
that htŒU � D B .

Proof. We prove that if T is a standard finite tree and ˛ 2 !1 n htŒT �, then there exists a
standard finite tree TC which is a simple extension of T such that htŒTC� D htŒT � [ f˛g.
Once we prove this statement, the lemma follows easily by induction on the size of B n A
using Lemma 2.3. If ˛ > max.htŒT �/, pick some x 2 T with height equal to max.htŒT �/,
and define TC by adding an immediate successor of x with height ˛. Suppose that ˛ <
max.htŒT �/. Since 0 2 htŒT �, we can fix successive elements ˇ < ı of htŒT � such that
ˇ < ˛ < ı. Fix some injective mapping x 7! x� from Tı into fz 2 !1 W ht.z/ D ˛g.
Define the underlying set of TC to be equal to T [ fx� W x 2 Tıg. Let <TC consist of
the relations in <T , together with the new relations x� <TC z whenever x �T z and
y <TC x

� whenever y �T x ↾ ˇ. □

Definition 2.7. A standard finite tree T is normal if for all x 2 T and for all ˛ 2 htŒT � n
.ht.x/C 1/, there exists some y 2 T such that ht.y/ D ˛ and x <T y.

Definition 2.8. A standard finite tree T is Hausdorff if for every limit ordinal ı 2 htŒT �,
letting ˇ D max.htŒT � \ ı/, Tı has unique drop-downs to ˇ.

Given a standard finite tree T and an element x below the top level of T , it is a simple
matter to define an extension U of T such that htŒU � D htŒT �, U n T � ISuccU .x/, and
ISuccU .x/ is as large as you want. In particular, repeating this process and working our
way up the levels of the tree, we can build a normal extension of T . The next two lemmas
follow from this observation.

Lemma 2.9. Suppose that T is a standard finite tree. Then there exists a standard finite
tree U which extends T such that htŒU � D htŒT � and U is normal.

Lemma 2.10. Suppose that T is a standard finite tree, ˛ 2 htŒT � \ max.htŒT �/, X �
T˛, and n is a positive natural number such that each element of X has at most n-many
immediate successors in T . Then there exists a standard finite tree U which extends T such
that:

� htŒT � D htŒU �;
� U n T �

S
fISuccU .x/ W x 2 Xg;

� every element of X has exactly n-many immediate successors.
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3. STANDARD FUNCTIONS

The second component of a condition in our forcing is a finite indexed family of partial
functions defined on its standard finite tree. In this section we introduce and analyze some
basic ideas concerning such functions.

Definition 3.1. Let T be a standard finite tree and let f be a partial function from T to T .
� f is strictly increasing if for all x; y 2 dom.f /, if x <T y then f .x/ <T f .y/;
� f is level preserving if for all x 2 dom.f /, ht.x/ D ht.f .x//;
� if f is level preserving and strictly increasing, then f is downwards closed in T if

whenever x 2 dom.f / and ˇ 2 htŒT � \ ht.x/, then x ↾ ˇ 2 dom.f /.

Definition 3.2. Let T be a standard finite tree. A partial function f from T to T is called
a standard function on T if it is injective, strictly increasing, level preserving, downwards
closed, and satisfies that for all x 2 dom.f / n f0g, f .x/ ¤ x.

Lemma 3.3. Let T be a standard tree and let f be a standard function on T . Then f �1 is
strictly increasing. Moreover, if c and d are in the domain of f and are incomparable in
T , then f .c/ and f .d/ are also incomparable in T .

Proof. Let c; d 2 dom.f / and assume that f .c/ <T f .d/. We claim that c <T d . Since
f is level preserving, ht.c/ D ht.f .c// and ht.d/ D ht.f .d//. So ht.c/ < ht.d/. Suppose
for a contradiction that c 6<T d . Then d ↾ ht.c/ ¤ c. Since f is strictly increasing,
f .d ↾ ht.c// <T f .d/. So f .c/ and f .d ↾ ht.c// are both equal to f .d/ ↾ ht.c/, which
contradicts that f is injective.

Now assume that c; d 2 dom.f / are incomparable in T . If c and d have the same
height, then they are different. Since f is injective and level preserving, f .c/ and f .d/ are
distinct and have the same height, and hence are incomparable in T . Assume without loss
of generality that ht.c/ < ht.d/. Since f is level preserving, ht.f .c// < ht.f .d//. So if
f .c/ and f .d/ are comparable in T , then f .c/ <T f .d/. Since f �1 is strictly increasing,
c <T d , which is a contradiction. □

Lemma 3.4. Suppose that T and U are standard finite trees, U is an extension of T ,
htŒU �\.max.hŒT �/C1/ D htŒT �, and F is a standard function on T . Then F is a standard
function on U .

Proof. Clearly, F is injective, strictly increasing, level preserving, and has no fixed points
other than 0 (considered as a partial function from U to U ). The assumption about the
height function easily implies that F is downwards closed in U . □

For a standard finite tree T , define T ˝ T to be the set of all pairs .a; b/ such that for
some ˛ 2 htŒT �, a and b are in T˛. A set Z � T ˝ T is downwards closed if for all
.a; b/ 2 Z, if .c; d/ 2 T ˝ T , c �T a, and d �T b, then .c; d/ 2 Z. Note that a partial
function f from T to T is level preserving iff f � T ˝ T . For any partial level preserving
function f from T to T , the downward closure of f is the set of all .a; b/ 2 T ˝ T such
that for some x 2 dom.f /, a �T x and b �T f .x/.

Lemma 3.5. Let T be a standard finite tree and let f � T ˝T be downwards closed. Then
f is a strictly increasing function iff for all pairs .a0; b0/ and .a1; b1/ in f , ht.a0 ^ a1/ �
ht.b0 ^ b1/.
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Proof. For the reverse implication, we prove the contrapositive: if f is not a strictly increas-
ing function, then there exist .a0; b0/ and .a1; b1/ in f such that ht.b0^b1/ < ht.a0^a1/.
If f is not a strictly increasing function, then it is either not a function or it is a function
but it is not strictly increasing. Suppose that f is not a function. Then there exist a, b0, and
b1 in T such that b0 ¤ b1 and .a; b0/ and .a; b1/ are both in f . Since b0 and b1 have the
same height as a, and hence the same height as each other, they are incomparable in T . So
ht.b0 ^ b1/ < ht.b0/ D ht.a/ D ht.a ^ a/, and the pairs .a; b0/ and .a; b1/ are as desired.
Now suppose that f is a function but it is not strictly increasing. Then there are c <T d

such that f .c/ 6<T f .d/. Note that ht.f .c// D ht.c/ < ht.d/ D ht.f .d//, and therefore
f .c/ and f .d/ are incomparable in T . So c ^ d D c and f .c/ ^ f .d/ <T f .c/. Hence,
the pairs .c; f .c// and .d; f .d// are as required.

For the forward implication, we prove that if f is a strictly increasing function, then for
any .a0; b0/ and .a1; b1/ in f , ht.a0^a1/ � ht.b0^b1/. In other words, we prove that for
all a0 and a1 in the domain of f , ht.a0^a1/ � ht.f .a0/^f .a1//. Since f is downwards
closed, a0 ^ a1 2 dom.f /, and as f is strictly increasing, f .a0 ^ a1/ �T f .a0/; f .a1/.
By the definition of meet, f .a0^a1/ �T f .a0/^f .a1/. Hence, ht.a0^a1/ D ht.f .a0^
a1// � ht.f .a0/ ^ f .a1//. □

Lemma 3.6. Let T be a standard finite tree and let f be a strictly increasing, level pre-
serving, and downwards closed partial function from T to T . Then f is injective iff for all
a0 and a1 in the domain of f , ht.a0 ^ a1/ D ht.f .a0/ ^ f .a1//.

Proof. By Lemma 3.5, for all a0 and a1 in the domain of f , ht.a0 ^ a1/ � ht.f .a0/ ^
f .a1//. For the reverse implication, we prove the contrapositive: suppose that f is not
injective, and we find a0 and a1 in the domain of f such that ht.a0 ^ a1/ < ht.f .a0/ ^
f .a1//. Since f is not injective, there are distinct a0 and a1 and some b such that f .a0/ D
b and f .a1/ D b. Since a0 and a1 have the same height as b, and hence the same height
as each other, they are incomparable in T . So ht.a0 ^ a1/ < ht.a0/ D ht.b/ D ht.f .a0/^
f .a1//.

For the forward implication, suppose that f is injective and we show that for all a0 and
a1 in the domain of f , ht.a0 ^ a1/ � ht.f .a0/ ^ f .a1//. Suppose for a contradiction that
ht.a0 ^ a1/ < ht.f .a0/ ^ f .a1//. Let � D ht.f .a0/ ^ f .a1//. Then ht.a0 ^ a1/ < �.
Note that � � ht.f .a0// D ht.a0/ and � � ht.f .a1// D ht.a1/, so a0 ↾ � and a1 ↾ �
are defined. As ht.a0 ^ a1/ < �, a0 ↾ � ¤ a1 ↾ � . Since f is downwards closed, a0 ↾ �
and a1 ↾ � are in the domain of f , and as f is strictly increasing and level preserving,
f .a0 ↾ �/ D f .a0/ ↾ � D f .a0/ ^ f .a1/ D f .a1/ ↾ � D f .a1 ↾ �/, which contradicts
that f is injective. □

The next lemma follows immediately from the previous one.

Lemma 3.7. Let T be a standard finite tree and let f be a standard function on T . Then
for all a0 and a1 in the domain of f , ht.a0 ^ a1/ D ht.f .a0/ ^ f .a1//.

Lemma 3.8. Let T be a standard finite tree and let f be a standard function on T . Suppose
that U is a simple extension of T . Let g be the downward closure of f in U . Then:

� g is a standard function on U ;
� g ↾ T D f ;
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� if ˛ 2 htŒU � n htŒT � is less than max.htŒT �/ and ˇ is the least element of htŒT �
greater than ˛, then for all x; y 2 Uˇ , g.x/ D y iff g.x ↾ ˛/ D y ↾ ˛.

Proof. We leave it to the reader to verify the second and third bullet points, which is straight-
forward. We prove that g is a standard function on U . It suffices to prove this in the special
case that htŒU � n htŒT � is a singleton. For then we can prove the general statement by
induction on the size of htŒU � n htŒT �. So let htŒU � n htŒT � consist of one ordinal ˛. If
˛ > max.htŒT �/, then f D g, and easily f is a standard function on U . Assume that
˛ < max.htŒT �/ and let ˇ D min.htŒT � n .˛ C 1//.

Since f is downwards closed, if .a; b/ 2 g n f , then a and b have height ˛ and hence
neither of them are in T . So .a; b/ 2 g n f iff a and b have height ˛ and there are aC and
bC in Tˇ above a and b respectively such that f .aC/ D bC. If a D b, then since U is a
simple extension of T , aC D bC, contradicting the fact that f is a standard function. So
assuming that g is a function, it has no fixed points other than 0.

By definition, g � U ˝U is downwards closed, so if g is a function then it is obviously
level preserving. So it suffices to prove that g is an injective strictly increasing function. By
Lemmas 3.5 and 3.6, it suffices to prove that whenever .a0; b0/ and .a1; b1/ are in g, then
ht.a0 ^U a1/ D ht.b0 ^U b1/. We consider three cases.

Case 1: .a0; b0/ and .a1; b1/ are both in f . By Lemmas 2.4 and 3.7, ht.a0 ^U a1/ D
ht.a0 ^T a1/ D ht.b0 ^T b1/ D ht.b0 ^U b1/.

Case 2: .a0; b0/ and .a1; b1/ are both in g n f . Then a0, b0, a1, and b1 are in U˛.
Fix aC0 , bC0 , aC1 , and bC1 in Tˇ above a0, b0, a1, and b1 respectively such that f .aC0 / D
bC0 and f .aC1 / D bC1 . First, assume that a0 ¤ a1. Then aC0 ¤ aC1 , and since f is
injective, bC0 ¤ b

C
1 . By unique drop-downs, b0 ¤ b1. Hence, a0 ^U a1 D aC0 ^T a

C
1 and

b0 ^U b1 D b
C
0 ^T b

C
1 . So ht.a0 ^U a1/ D ht.aC0 ^T a

C
1 /, which by Lemma 3.7 is equal

to ht.bC0 ^T b
C
1 / D ht.b0^U b1/. Secondly, assume that a0 D a1. By unique drop-downs,

aC0 D a
C
1 . So bC0 D b

C
1 , and hence b0 D b1. Therefore, ht.a0 ^ a1/ D ˛ D ht.b0 ^ b1/.

Case 3: One of .a0; b0/ and .a1; b1/ is in g n f and the other is in f . Without loss
of generality, assume that .a0; b0/ is in g n f and .a1; b1/ is in f . Then a0 and b0 are
in U˛, and there are aC0 and bC0 above a0 and b0 respectively with height ˇ such that
f .aC0 / D bC0 . If a1 �T aC0 , then since f is strictly increasing, b1 �T bC0 . Hence,
a0 <U a1 and b0 <U b1. So ht.a0 ^U a1/ D ht.a0/ D ht.b0/ D ht.b0 ^U b1/. If
a1 <T aC0 , then since f is strictly increasing, b1 <T bC0 , so a1 <U a0 and b1 <U b0.
Therefore, ht.a0 ^U a1/ D ht.a1/ D ht.b1/ D ht.b0 ^U b1/.

Finally, assume that aC0 and a1 are incomparable in T . By Lemma 3.3, bC0 and b1 are
also incomparable in T . Since U is a simple extension of T , by Lemma 2.5 we have that
a0 ^U a1 D aC0 ^T a1 and b0 ^U b1 D bC0 ^T b1. By Lemma 3.7, ht.aC0 ^T a1/ D
ht.bC0 ^T b1/. So ht.a0 ^U a1/ D ht.aC0 ^T a1/ D ht.bC0 ^T b1/ D ht.b0 ^U b1/. □

4. CONSISTENCY AND �-SEPARATION

In this section, we introduce and develop some of the main tools we use to define and
analyze our forcing, namely, consistency and �-separation. These ideas are natural modifi-
cations to the finite context of the notions of consistency and separation which were intro-
duced recently by Stejskalová and the first author for the purpose of forcing automorphisms
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of an !1-tree with countable conditions. Roughly speaking, �-separation allows configura-
tions of indexed families of automorphisms which are prohibited by the original definition
of separation, but only if they occur low enough in the tree according to the function �.

Definition 4.1 (Consistency). Let T be a standard finite tree and let f be a standard func-
tion on T . Let ˇ < ˛ be ordinals in htŒT �. Suppose that X � T˛ and X has unique
drop-downs to ˇ. We say that X ↾ ˇ and X are f -consistent if for all x; y 2 X ,
f .x ↾ ˇ/ D y ↾ ˇ iff f .x/ D y.

Note that in the above definition, since f is strictly increasing, f .x/ D y implies that
f .x ↾ ˇ/ D y ↾ ˇ. So consistency is equivalent to the upward direction of the definition,
namely, that for all x; y 2 X , if f .x ↾ ˇ/ D y ↾ ˇ then f .x/ D y.

The proof the following lemma is routine.

Lemma 4.2. Let T be a standard finite tree and let f be a standard function on T . Let
ˇ < ı < ˛ be ordinals in htŒT �. Suppose that X � T˛, X has unique drop-downs to ˇ, and
X ↾ ˇ and X are f -consistent. Then X ↾ ı has unique drop-downs to ˇ and X ↾ ˇ and
X ↾ ı are f -consistent.

The next lemma follows immediately from Lemma 3.8.

Lemma 4.3. Let T be a standard finite tree and let f be a standard function on T . Suppose
that U is a simple extension of T and g is the downward closure of f in U . If ˛ 2
htŒU � n htŒT � is less than max.htŒT �/ and ˇ is the least element of htŒT � above ˛, then U˛
and Uˇ are g-consistent.

Definition 4.4 (Separation). Let T be a standard finite tree and let ff� W � 2 Ag be a
finite indexed family of standard functions on T . Let ˛ 2 htŒT � be greater than 0 and
let a0; : : : ; an�1 be distinct elements of T˛. We say that ff� W � 2 Ag is separated on
.a0; : : : ; an�1/ if for all i < n, there exists at most one triple .j;m; �/ such that j < i ,
m 2 f1;�1g, � 2 A, and f m� .ai / D aj .

Under the assumptions of the above definition, for i; j < n we sometimes refer to an
equation of the form f m� .ai / D aj , where � 2 A and m 2 f�1; 1g, as a relation between
ai and aj with respect to ff� W � 2 Ag. Note that if ff� W � 2 Ag is separated on
.a0; : : : ; an�1/, then for any B � A, ff� W � 2 Bg is separated on .a0; : : : ; an�1/.

Definition 4.5 (Separation for Sets). Let T be a standard finite tree and let ff� W � 2 Ag
be a finite indexed family of standard functions on T . Let ˛ 2 htŒT � be greater than 0 and
let X � T˛. We say that ff� W � 2 Ag is separated on X if there exists some injective tuple
Ea D .a0; : : : ; an�1/ which lists the elements of X such that ff� W � 2 Ag is separated on Ea.

Lemma 4.6. Let T be a standard finite tree and let ff� W � 2 Ag be a finite indexed family
of standard functions on T . Suppose that ˛ 2 htŒT � is greater than 0, X � T˛, and
ff� W � 2 Ag is separated on X . Then for all x; y 2 X and for all pairs .m; �/ and .n; �/
in f�1; 1g � A, if f m� .x/ D y and f n� .x/ D y, then .m; �/ D .n; �/.

Proof. Fix an injective tuple Ea D .a0; : : : ; aq�1/ which lists the elements of X so that
ff� W � 2 Ag is separated on Ea. Fix i; j < q so that ai D x and aj D y. By replacing m
and n with �m and �n if necessary, we may assume without loss of generality that j < i .
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Then f m� .aj / D ai and f n� .aj / D ai , which by separation imply that the triples .i; m; �/
and .i; n; �/ are equal. So .m; �/ D .n; �/. □

Lemma 4.7 (Strong Persistence). Let T be a standard finite tree and let ff� W � 2 Ag be
a finite indexed family of standard functions on T . Let 0 < ˛ < ˇ be in htŒT � and let
X � T˛. Assume that ff� W � 2 Ag is separated on X . Then ff� W � 2 Ag is separated on
the set Y D fb 2 Tˇ W 9x 2 X x <T bg.

Proof. Fix an injective tuple Ea D .a0; : : : ; an�1/ which lists the elements of X so that
ff� W � 2 Ag is separated on Ea. Now let Eb D .b0; : : : ; bp�1/ be any injective tuple which
lists the elements of Y so that for all j < i < p, if j � and i� are such that bj ↾ ˛ D aj�

and bi ↾ ˛ D ai� , then j � � i�. For each i < p, let i� < n be such that bi ↾ ˛ D ai� .
Suppose for a contradiction that i < p and there exist distinct triples .j0; m0; �0/ and

.j1; m1; �1/ such that for each k < 2, jk < i , mk 2 f1;�1g, �k 2 A, and f mk�k .bi / D bjk .
Consider k < 2. Then j �

k
� i�. Since f mk�k is strictly increasing, f mk�k .ai�/ D aj�

k
. As

f�k has no fixed points other than 0, jk� < i�. Because ff� W � 2 Ag is separated on Ea,
the triples .j �0 ; m0; �0/ and .j �1 ; m1; �1/ are equal. Hence, m0 D m1 and �0 D �1. So
bj0 D f

m0
�0 .bi / D f

m1
�1 .bi / D bj1 . Therefore, j0 D j1. But then the triples .j0; m0; �0/

and .j1; m1; �1/ are equal, which is a contradiction. □

For the remainder of the article we assume that □!1 holds, and we work with a function
� whose existence follows from □!1 . The function � was introduced by Todorčević [Tod87,
Section 2]. The basic properties of � which we use are as follows:

� � is a function with domain !22 and codomain !1;
� �.˛; ˛/ D 0 for all ˛ < !2;
� �.˛; ˇ/ D �.ˇ; ˛/ for all ˛; ˇ < !2;
� let F be an uncountable family of finite subsets of !2 and let � < !1; then there

exist distinct x and y in F such that for all � 2 x n y, � 2 y n x, and 
 2 x \ y,

�.�; �/ � maxf�.�; 
/; �.�; 
/; �g:

Note that in last property, if x\y ¤ ;, then for all � 2 x ny and � 2 y nx, �.�; �/ � �.
We refer to the last bullet point above as the special property of �. It was proven in [Vel92,
Lemma 4.5].

We now introduce our �-variation of the concept of separation.

Definition 4.8 (�-Separation). Let T be a standard finite tree and let ff� W � 2 Ag be
a finite indexed family of standard functions on T . Let ˛ 2 htŒT � be greater than 0 and
let a0; : : : ; an�1 be distinct elements of T˛. We say that ff� W � 2 Ag is �-separated on
.a0; : : : ; an�1/ if for all i < n, if .j0; m0; �0/ and .j1; m1; �1/ are distinct triples satisfying
that for each k < 2, jk < i , mk 2 f�1; 1g, �k 2 A, and f mk�k .ai / D ajk , then j0 D j1 and
�.�0; �1/ � ˛.

Note that separation implies �-separation. If ff� W � 2 Ag is �-separated on the tuple
.a0; : : : ; an�1/, then for any B � A, ff� W � 2 Bg is �-separated on .a0; : : : ; an�1/.

The proof of the next lemma is easy.

Lemma 4.9. Let T be a standard finite tree and let ff� W � 2 Ag be a finite indexed family of
standard functions on T . Let ˛ 2 htŒT � be greater than 0 and let a0; : : : ; an�1 be distinct



AN ALMOST KUREPA SUSLIN TREE WITH STRONGLY NON-SATURATED SQUARE 11

elements of T˛. Suppose that for all � and � in A, �.�; �/ < ˛. Then ff� W � 2 Ag is
separated on .a0; : : : ; an�1/ iff ff� W � 2 Ag is �-separated on .a0; : : : ; an�1/.

Definition 4.10 (�-Separation for Sets). Let T be a standard finite tree and let ff� W � 2 Ag
be a finite indexed family of standard functions on T . Let ˛ 2 htŒT � be greater than 0 and
letX � T˛. We say that ff� W � 2 Ag is �-separated onX if there exists some injective tuple
Ea D .a0; : : : ; an�1/ which lists the elements of X such that ff� W � 2 Ag is �-separated on
Ea.

Lemma 4.11. Let T be a standard finite tree and let ff� W � 2 Ag be a finite indexed family
of standard functions on T . Let ˛ 2 htŒT � be greater than 0 and let X � T˛. Suppose that
ff� W � 2 Ag is �-separated on X . If Y � T˛ n X and for all � 2 A, Y is disjoint from the
domain and range of f� , then ff� W � 2 Ag is �-separated on X [ Y .

Proof. Fix an injective tuple Ea which lists the elements of X so that ff� W � 2 Ag is �-
separated on Ea. Let Eb be any injective tuple which lists the elements of Y . Since there are
no relations between the elements of Y and X [ Y with respect to ff� W � 2 Ag, it easily
follows that ff� W � 2 Ag is �-separated on the concatenation Ea_ Eb. □

Lemma 4.12 (Downward Persistence). Let T be a standard finite tree and let ff� W � 2 Ag
be a finite indexed family of standard functions on T . Let 0 < ˛ < ˇ be in htŒT �. Suppose
thatX � Tˇ has unique drop-downs to ˛ and for all � 2 A,X ↾ ˛ andX are f� -consistent.
If ff� W � 2 Ag is �-separated on X , then ff� W � 2 Ag is �-separated on X ↾ ˛.

Proof. Let Ea D .a0; : : : ; an�1/ be an injective tuple which lists X so that ff� W � 2 Ag is
�-separated Ea. By unique drop-downs, Ea ↾ ˛ D .a0 ↾ ˛; : : : ; an�1 ↾ ˛/ is an injective tuple
which lists the elements of X ↾ ˛. We claim that ff� W � 2 Ag is �-separated on Ea ↾ ˛.
Suppose that i < n and .j0; m0; �0/ and .j1; m1; �1/ are distinct triples satisfying that for
each k < 2, jk < i , mk 2 f�1; 1g, �k 2 A, and f mk�k .ai ↾ ˛/ D ajk ↾ ˛. By consistency,
f
mk
�k .ai / D ajk . As ff� W � 2 Ag is �-separated on Ea, j0 D j1 and �.�0; �1/ � ˇ > ˛. □

Lemma 4.13. Let T be a standard finite tree and let ff� W � 2 Ag be a finite set of standard
functions on T . Suppose that U is a simple extension of T . For each � 2 A, let g� be
the downward closure of f� in U . Assume that ˛ 2 htŒU � n htŒT � is less than max.htŒT �/,
ˇ is the least element of htŒT � above ˛, and ff� W � 2 Ag is �-separated on Tˇ . Then
fg� W � 2 Ag is �-separated on U˛. In particular, if ff� W � 2 Ag is �-separated on Tˇ for
all ˇ 2 htŒT �, then fg� W � 2 Ag is �-separated for all ˇ 2 htŒU �.

Proof. Immediate from Lemmas 4.3 and 4.12 (Downward Persistence). □

Proposition 4.14 (Characterization of �-Separation). Let T be a standard finite tree and let
ff� W � 2 Ag be a finite indexed family of standard functions on T . Let ˛ 2 htŒT � be greater
than 0 and let X � T˛. Then ff� W � 2 Ag is �-separated on X if and only if:

(1) for all x; y 2 X , if .m0; �0/ and .m1; �1/ are distinct pairs, where for each k < 2,
mk 2 f�1; 1g, �k 2 A, and f mk�k .x/ D y, then �.�0; �1/ � ˛;

(2) there does not exist a loop with respect to ff� W � 2 Ag, by which we mean a
sequence hc0; : : : ; cp�1i such that p � 4, hc0; : : : ; cp�2i is injective, c0 D cp�1,
and for all i < p�1 there exists some � 2 A andm 2 f�1; 1g such that f m� .ci / D
ciC1.
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Proof. Suppose that ff� W � 2 Ag is �-separated on X , and let Ea D .a0; : : : ; an�1/ be an
injective tuple which lists X such that ff� W � 2 Ag is separated on Ea. We prove that (1)
and (2) hold.

(1) Suppose that x; y 2 X and .m0; �0/ and .m1; �1/ are distinct pairs satisfying that for
each k < 2, mk 2 f�1; 1g, �k 2 A, and f mk�k .x/ D y. We prove that �.�0; �1/ � ˛. Fix
j and i less than n such that x D ai and y D aj . By replacing m0 and m1 by �m0 and
�m1 if necessary, we may assume without loss of generality that j < i . Since the triples
.j;m0; �0/ and .j;m1; �1/ are distinct, it follows by �-separation that �.�0; �1/ � ˛.

(2) Suppose for a contradiction that there exists a sequence hc0; : : : ; cp�1i such that
p � 4, hc0; : : : ; cp�2i is injective, c0 D cp�1, and for all i < p � 1 there exists some
�i 2 A and mi 2 f�1; 1g such that f mi�i .ci / D ciC1. For each i < p fix ji < n such that
ci D aji . By shifting the sequence if necessary, we may assume without loss of generality
that j0 D maxfji W i < p � 1g. Let j � D j0. Note that j � D jp�1, j1 < j �, and
jp�2 < j

�. Then f m0�0 .aj�/ D aj1 and f �mp�2�p�2 .aj�/ D ajp�2 . But the triples .j1; m0; �0/
and .jp�2;�mp�2; �p�2/ are distinct and j1 ¤ jp�2, which contradicts �-separation.

Conversely, assume that (1) and (2) hold and we prove that ff� W � 2 Ag is �-separated
onX . We build by induction an injective tuple Ea D .a0; : : : ; an�1/ which lists the elements
of X so that ff� W � 2 Ag is �-separated on Ea. This tuple splits into consecutive segments
satisfying:

(a) if c and d are in X and are in distinct segments of Ea, then there does not exist
.m; �/ 2 f�1; 1g � A such that f m� .c/ D d ;

(b) for each member b of a segment different from the first element a of that segment,
there exists a finite sequence hc0; : : : ; cpi such that c0 D b, cp D a, and for all
i < p, ciC1 appears earlier in the segment than ci does and for some .m; �/ 2
f�1; 1g � A, f m� .ci / D ciC1.

For the first member of the first segment, let a0 be an arbitrary member of X . Assuming
that .a0; : : : ; ak/ has been defined and is part of the first segment, let akC1 be any element
of X n fa0; : : : ; akg satisfying that there exist i � k, � 2 A, and m 2 f�1; 1g such
that f m� .akC1/ D ai . Note that (b) holds for akC1 assuming that it holds for ai . If
there does not exist such an element akC1, then we move on to the next segment using
the same instructions as above, by picking the first element of the next segment arbitrarily
and successively choosing new elements related to earlier members of the segment. We
continue in this manner defining a sequence of segments, and stop once we have listed all
of the members of X . This completes the definition of Ea D .a0; : : : ; an�1/, and properties
(a) and (b) clearly hold.

Let us prove that ff� W � 2 Ag is �-separated on Ea. Consider i < n, and suppose that
.j0; m0; �0/ and .j1; m1; �1/ are distinct triples satisfying that for each k < 2, jk < i ,
mk 2 f�1; 1g, �k 2 A, and f mk�k .ai / D ajk . We prove that j0 D j1 and �.�0; �1/ � ˛.

By (a), ai , aj0 , and aj1 must belong to the same segment of Ea. Let d be the first
member of this segment. We claim that j0 D j1. Suppose not. For each k < 2, let
Eck D .ck0 ; : : : ; c

k
pk
/ be a sequence as described in (b) satisfying that ck0 D ajk and ck

pk
D d .

Since these sequences both end at d , we can fix fix 1 � q0 � p0 and 1 � q1 � p1 such
that c0

q0
D c1

q1
but for all r < q0 and s < q1, c0r ¤ c1s . Now the sequence resulting from
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the concatenation of the four sequences hai i, hc00 ; : : : ; c
0
q0
i, the reverse of hc10 ; : : : ; c

1
q1�1
i,

and hai i is a loop, contradicting (2).
So indeed j0 D j1. Let j � D j0. Then the pairs .m0; �0/ and .m1; �1/ are distinct and

for each k < 2, f mk�k .ai / D aj . By (1), �.�0; �1/ � ˛. □

The proof of the following is very similar to the proof of [KS, Proposition 5.12].

Proposition 4.15 (1-Key Property). Let T be a standard finite tree which is normal and let
ff� W � 2 Ag be a finite indexed family of standard functions on T . Assume:

� 0 < ˛ < ˇ are in htŒT �;
� X � T˛;
� ff� W � 2 Ag is separated on X ;
� whenever f� .x/ D y holds, where x; y 2 X and � 2 A, then SuccT .x/ � dom.f� /

and SuccT .y/ � ran.f� /.

Then for all b 2 Tˇ such that b ↾ ˛ 2 X , there exists a set Y � Tˇ with unique drop-downs
to ˛ such that Y ↾ ˛ D X , b 2 Y , and for all � 2 A, X and Y are f� -consistent.

Proof. Let Ea D .a0; : : : ; an�1/ be an injective tuple which lists the elements of X in such
a way that ff� W � 2 Ag is separated on Ea. Fix Nn < n such that b ↾ ˛ D a Nn.

We claim that there exists a sequence

hi0; .i1; m1; �1/; : : : ; .il�1; ml�1; �l�1/i;

for some l � NnC 1, such that:

(1) Nn D i0 > i1 > � � � > il�1 � 0;
(2) for all 0 < k < l , �k 2 A, mk 2 f�1; 1g, and f mk�k .aik�1/ D aik ;
(3) there does not exist a triple .i; m; �/ such that i < il�1, m 2 f�1; 1g, � 2 A, and

f m� .ail�1/ D ai .

We construct the desired sequence by induction. Let i0 D Nn. Now let k � 0 and assume
that we have defined hi0; .i1; m1; �1/; : : : ; .ik; mk; �k/i as described in (1) and (2). If there
does not exist a triple .i; m; �/ such that i < ik , m 2 f�1; 1g, � 2 A, and f m� .aik / D ai ,
then let l D k C 1 and we are done. Otherwise, fix such a triple .i; m; �/ and let ikC1 D i ,
mkC1 D m, and �kC1 D � . This completes the construction. Note that (1) implies that
l � NnC 1.

Define a tuple .c0; : : : ; cl�1/ by induction as follows, maintaining that for all k < l ,
aik <T ck . Let c0 D b. Then ai0 D a Nn <T b D c0. Suppose that 0 < k < l

and ck�1 is defined so that aik�1 <T ck�1. By (2), f mk�k .aik�1/ D aik . By the last
bullet point in the assumptions of the proposition, ck�1 is in the domain of f mk�k . Define
ck D f

mk
�k .ck�1/. Since f mk�k is strictly increasing, aik <T ck . This completes the

definition of .c0; : : : ; cl�1/.
We now construct the set Y as described in the conclusion of the proposition. By induc-

tion on i < n we choose bi in Tˇ above ai , and let Y D fb0; : : : ; bn�1g. We maintain that
for all k < n:

(a) for all � 2 A, .a0; : : : ; ak/ and .b0; : : : ; bk/ are f� -consistent;
(b) for all m < l , if im � k then bim D cm.
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Assuming that we are able to define .b0; : : : ; bn�1/with these properties, then for all � 2 A,
.a0; : : : ; an�1/ and .b0; : : : ; bn�1/ are f� -consistent, and b Nn D bi0 D c0 D b, which
completes the proof.

For the base case, if 0 2 fi0; : : : ; il�1g, then clearly 0 D il�1, so in this case we let
b0 D bil�1 D cl�1. Otherwise, let b0 be an arbitrary element of Tˇ above a0. Clearly, the
inductive hypotheses are maintained.

Now let 0 < k < n and assume that we have chosen bi for all i < k so that .b0; : : : ; bk�1/
satisfies (a) and (b).

Case 1: There does not exist a triple .j;m; �/ such that j < k, m 2 f�1; 1g, � 2 A, and
f m� .ak/ D aj . If k 2 fi0; : : : ; il�1g, then clearly k D il�1, and we let bk D bil�1 D cl�1.
So inductive hypothesis (b) holds. Otherwise, choose bk above ak arbitrarily. The inductive
hypothesis together with the fact that there are no relations between ak and members of
.a0; : : : ; ak�1/ with respect to ff� W � 2 Ag easily imply inductive hypothesis (a).

Case 2: There exists a triple .j;m; �/ such that j < k, m 2 f�1; 1g, � 2 A, and
f m� .ak/ D aj . By separation, the triple .j;m; �/ is unique. Note that ak D f �m� .aj /.
By the last bullet point in the assumptions of the proposition, bj is in the domain of f �m� .
Define bk D f �m� .bj /. Since aj <T bj and f �m� is strictly increasing, ak <T bk . By
the inductive hypothesis and the uniqueness of the triple .j;m; �/, it easily follows that for
all � 2 A, .a0; : : : ; ak/ and .b0; : : : ; bk/ are f� -consistent. So (a) holds. In the case that
k 2 fi0; : : : ; il�1g, by the uniqueness of the triple .j;m; �/ and the assumption of Case 2,
it must be the case that k D iq�1 for some q such that 0 < q � l � 1, j D iq , m D mq ,
and � D �q . By the induction hypothesis, biq D cq , and by the definitions of biq�1 and cq ,
biq�1 D f

�mq
�q .biq / D f

�mq
�q .cq/ D f

�mq
�q .f

mq
�q .cq�1// D cq�1. Thus, (b) holds. □

5. THE FORCING POSET

We now have the tools at hand to introduce and develop our forcing poset for adding a
Suslin tree together with !2-many automorphisms of it.

Definition 5.1. Let P be the forcing poset consisting of conditions which are pairs .T; F /
satisfying:

(1) T is a standard finite tree;
(2) F is a function whose domain is a finite subset of !2, and for all 
 2 dom.F /,

F.
/ is a standard function on T ;
(3) for all ˛ 2 htŒT � greater than 0, fF.�/ W � 2 dom.F /g is �-separated on T˛.

Let .U;G/ � .T; F / if:

(a) U extends T ;
(b) dom.F / � dom.G/ and for all 
 2 dom.F /, F.
/ � G.
/;
(c) suppose that 
 and � are distinct elements of dom.F /, x is in dom.G.
//\dom.G.�//,

and G.
/.x/ D G.�/.x/; then there exists some z 2 T such that x �U z and
F.
/.z/ D F.�/.z/.

Going forward, we abbreviate (3) by writing that F is �-separated on T˛.



AN ALMOST KUREPA SUSLIN TREE WITH STRONGLY NON-SATURATED SQUARE 15

The first component of a condition in P approximates a tree whose P-name we write
as T PG , and the second component approximates a sequence of functions on T PG whose P-
names we write as F PG� for all � < !2. We prove in Section 7 that the forcing poset P is
c.c.c. and forces that T PG is Suslin.

In this section we derive some basic lemmas which we use to prove that P forces that
T
PG is a normal !-ary !1-tree and that fF PG� W � < !2g is a strongly almost disjoint family

of automorphisms of T PG .

Lemma 5.2. Suppose that .T; F / 2 P, U is a standard finite tree which extends T , and
htŒU � \ .max.hŒT �/C 1/ D htŒT �. Then .U; F / 2 P and .U; F / � .T; F /.

Proof. By Lemma 3.4, F is a standard function on U . By Lemma 4.11, for all ˛ 2 htŒU �,
F is �-separated on U˛. So .U; F / 2 P, and it is simple to check that .U; F / � .T; F /. □

Lemma 5.3. Suppose that .T; F / 2 P and U is a standard finite tree which is a simple
extension of T . Let NF be the function with domain equal to dom.F / such that for all
� 2 dom.F /, NF .�/ is the downward closure of F.�/ in U . Then .U; NF / 2 P and .U; NF / �
.T; F /.

Proof. For proving that .U; NF / 2 P, we know that U is a standard finite tree by assumption,
for all � 2 dom. NF /, NF .�/ is a standard function on U by Lemma 3.8, and for all ˛ 2 htŒU �,
NF is �-separated on U˛ by Lemma 4.13. For showing that .U; NF / � .T; F /, properties (a)

and (b) of Definition 5.1 are immediate, and property (c) is easy to check. □

Lemma 5.4. Let Z � !1 be finite. Then the set of .U;G/ 2 P such that Z � htŒU � is
dense. In fact, for all .T; F / 2 P, there exists .U;G/ � .T; F / such that U is a simple
extension of T and htŒU � D htŒT � [Z.

Proof. Let .T; F / 2 P. By Lemma 2.6, we can find a standard finite tree U which is
a simple extension of T such that htŒU � D htŒT � [ Z. Define G with domain equal to
dom.F / so that for each 
 2 dom.G/, G.
/ is the downward closure of F.
/ in U . By
Lemma 5.3, .U;G/ 2 P and .U;G/ � .T; F /. □

Lemma 5.5. Let .T; F / 2 P and x 2 T . Then for any k > 0, there exists .W;H/ � .T; F /
such that ht.x/C 1 2 htŒW � and jISuccW .x/j � k.

Proof. By Lemma 5.4, fix .U;G/ � .T; F / such that U is a simple extension of T and
ht.x/ C 1 2 htŒU �. If jISuccU .x/j � k, then we are done. Otherwise, apply Lemma
2.10 (letting X D fxg and n D k) to find a standard finite tree W extending U such that
htŒW � D htŒU �, W n U � ISuccW .x/, and jISuccW .x/j D k. By Lemma 5.2, .W;G/ 2 P
and .W;G/ � .U;G/. □

Lemma 5.6. The set of conditions .U;G/ 2 P such that U is Hausdorff is dense.

Proof. Let .T; F / 2 P. For each limit ordinal ı 2 htŒT �, fix a successor ordinal ı� such
that max.htŒT � \ ı/ < ı� < ı. Let

Z D fı� W ı 2 htŒT �; ı is a limit ordinalg

Apply Lemma 5.4 to find .U;G/ � .T; F / such that U is a simple extension of T and
htŒU � D htŒT � [ Z. To show that U is Hausdorff, consider distinct x and y in Uı , where
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ı 2 htŒU � is a limit ordinal. Since htŒU � n htŒT � consists of successor ordinals, ı 2 htŒT �,
so x and y are in Tı . As U is a simple extension of T , x ↾ ı� ¤ y ↾ ı�. □

Lemma 5.7. The set of conditions .U;G/ 2 P such that U is normal is dense.

Proof. Let .T; F / 2 P. By Lemma 2.9, we can fix a standard finite tree U which is normal
such that U extends T and htŒU � D htŒT �. By Lemma 5.2, .U; F / 2 P and .U; F / �
.T; F /. □

Lemma 5.8. For any .T; F / 2 P, x 2 T , and countable ˛ > ht.x/, there exists .W;H/ �
.T; F / such that ˛ 2 htŒW � and for some y 2 W˛, x <W y.

Proof. By Lemma 5.4, we can fix .U;G/ � .T; F / such that ˛ 2 htŒU �. Now apply Lemma
5.7 to find .W;H/ � .U;G/ such that W is normal. □

Definition 5.9. For any generic filter G on P, let TG be the tree with underlying set
S
fT W

9F .T; F / 2 Gg, and ordered by x <TG y if there exists some .T; F / 2 G such that
x <T y. Let T PG be a P-name for this object.

Proposition 5.10. The forcing poset P forces:

� T
PG is a tree with height !V1 and countable levels;

� T
PG is normal and !-ary.

By normal, we mean that the tree has a root, every element has at least two immediate
successors, it is Hausdorff, and every element has elements above it at every higher level.
By !-ary, we mean that every element of the tree has !-many immediate successors.

Proof. Let G be a generic filter on P. It is easy to prove that .TG ; <TG / is a tree (the
well-foundedness follows from the fact that x <TG y implies that ht.x/ < ht.y/). Lemma
5.4 implies that the height function on TG coincides with the height function ht that we
defined on countable ordinals. It then follows that the levels of TG are countable and TG

has height !V1 . For being !-ary and normal, clearly 0 is the root of TG , Lemma 5.5 implies
that TG is !-ary, Lemma 5.6 implies that TG is Hausdorff, and Lemma 5.8 completes the
proof. □

Corollary 5.11. Assuming that P preserves !1, P forces that T PG is a normal !-ary !1-tree.

We prove in Section 7 that P is c.c.c., and hence P preserves !1. We also prove in Section
7 that P forces that T PG is Suslin.

Lemma 5.12. Suppose that .T; F / 2 P and � < !2. Then there exists .U;G/ � .T; F /
such that � 2 dom.G/.

Proof. If � 2 dom.F /, then we are done. Otherwise, define G with domain equal to
dom.F / [ f�g, where G ↾ dom.F / D F and G.�/ D ;. It is simple to check that
.T;G/ 2 P and .T;G/ � .T; F /. □

Lemma 5.13 (Augmentation). Suppose that .T; F / 2 P, � < !2, and x 2 T . Then there
exists .U;G/ � .T; F / such that � 2 dom.G/ and x is in the domain and range of G.�/.
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Proof. By Lemma 5.12, without loss of generality we may assume that � 2 dom.F /. We
prove the statement about x being in the domain by induction on the height of x; the proof
for the range is similar. For the base case, if x has height 0, then x D 0. So we can
extend .T; F / as required by mapping 0 to 0. Now suppose that x has height ˛ > 0.
If x 2 dom.F.�// then we are done, so assume not. Let x� be the largest member of
fz 2 T W z <T xg. By the inductive hypothesis, we may assume without loss of generality
that x� 2 dom.F.�//. Extend T to U by adding a single element z which is not in T above
F.�/.x�/ with height ˛. Define G with the same domain as F with the only change being
that G.�/.x/ D z.

To prove that .U;G/ is a condition, we only show that G is �-separated on U˛ since the
other properties are clear. Let Ea be an injective tuple which lists T˛ so that F is �-separated
on Ea. Since the only relation which z has with members of Ea is the equation G.�/�1.z/ D
x, clearly G is �-separated on Ea_z. Hence, .U;G/ 2 P, and easily .U;G/ � .T; F /. □

Definition 5.14. For any generic filter G on P and � < !2, define

FG� D
[
fF.�/ W 9T .T; F / 2 G and � 2 dom.F /g:

Let F PG� be a P-name for this object.

Proposition 5.15. The forcing poset P forces that for all � < !2, F PG� is an automorphism
of T PG .

Proof. A straightforward argument shows that F PG� is forced to be a function, and by Lemma
5.13, it is total and surjective. Whenever .T; F / 2 P and � 2 dom.F /, F.�/ is injective and
strictly increasing. It easily follows that F PG� is forced to be injective and strictly increasing.
So F PG� is forced to be a strictly increasing bijection, and hence an automorphism. □

Proposition 5.16. The forcing poset P forces that for all 
 < � < !2, F PG
 and F PG� are

strongly almost disjoint subsets of T PG ˝ T PG .

Proof. Let G be a generic filter on P. By Lemma 5.12, we can fix a condition .T; F / 2 G
such that 
 and � are in dom.F /. Suppose that FG
 .x/ D y and FG� .x/ D y. Then
clearly there exists some .W;H/ 2 G such that .W;H/ � .T; F /, H.
/.x/ D y, and
H.�/.x/ D y. By the definition of the ordering of P, there exist z and z� in T such that
x �W z, F.
/.z/ D z�, and F.�/.z/ D z�. Hence, in the tree TG˝TG , .x; y/ � .z; z�/.
It follows that FG
 \ F

G
� is a subset of the downward closure of the finite set f.a; b/ 2

TG ˝ TG W F.
/.a/ D bg, and therefore is a finite union of countable chains. □

In Section 7 we prove that P is c.c.c. and forces that T PG is Suslin. These two facts
combined with Corollary 5.11 and Propositions 5.15 and 5.16 complete the proof of the
main theorem.

6. MAKING THE FUNCTIONS BIJECTIVE

In order to prove that P forces that the generic tree T PG is Suslin, we need to apply Propo-
sition 4.15 (1-Key Property). The main challenge in doing this is to construct a condition
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which satisfies the assumption given in the fourth bullet point of that proposition. Namely,
we need to extend a condition so that some of its functions which are separated on a subset
of some level of its tree are total and surjective above that subset. In this section we achieve
this goal.

Lemma 6.1. Suppose that .T; F / 2 P, ˛ 2 htŒT �\max.htŒT �/,X � T˛, and n is a positive
natural number such that every element of X has at most n-many immediate successors.
Then there exists U such that:

(1) .U; F / 2 P and .U; F / � .T; F /;
(2) htŒT � D htŒU �;
(3) U n T �

S
fISuccU .x/ W x 2 Xg;

(4) every element of X has exactly n-many immediate successors in U .

Proof. Apply Lemma 2.10 to find a standard finite tree U which extends T and satisfies
(2), (3), and (4). By Lemma 5.2, .U; F / 2 P and .U; F / � .T; F /. □

Proposition 6.2. Suppose that .T; F / 2 P, ˛ 2 htŒT � \ max.htŒT �/ is positive, ˇ D
min.htŒT �n.˛C1//,X � T˛ is non-empty, andA � dom.F /. Assume that fF.�/ W � 2 Ag
is separated on X . Then there exists .U;G/ 2 P satisfying:

� .U;G/ � .T; F /;
� htŒT � D htŒU � and dom.F / D dom.G/;
� U n T �

S
fISuccU .x/ W x 2 Xg;

� for all x 2 X , ISuccU .x/ is non-empty;
� for all � 2 dom.G/ and for all z 2 dom.G.�// n dom.F.�//, both z and G.�/.z/

are in
S
fISuccU .x/ W x 2 Xg;

� fG.�/ W � 2 Ag is separated on
S
fISuccU .x/ W x 2 Xg;

� for all � 2 A and for all x; y 2 X , if x 2 dom.G.�// and G.�/.x/ D y, then
ISuccU .x/ � dom.G.�// and ISuccU .y/ � ran.G.�//.

Proof. Let q D jX j. Fix an injective tuple .a0; : : : ; aq�1/ which lists the elements of X so
that fF.�/ W � 2 Ag is separated on .a0; : : : ; aq�1/. Choose a natural number p > 0 such
that every element of X has at most p-many immediate successors. Applying Lemma 6.1,
fix U such that .U; F / 2 P, .U; F / � .T; F /, htŒT � D htŒU �, U nT �

S
fISuccU .x/ W x 2

Xg, and every element of X has exactly pq-many immediate successors in U . Let Y DS
fISuccU .x/ W x 2 Xg. For each i < q, fix a partition fX i0; : : : ; X

i
q�1g of ISuccU .ai / into

disjoint sets each of size p and satisfying that ISuccT .ai / � X ii .
We define a functionG with domain equal to dom.F / satisfying the following properties

for each � 2 dom.F /:
(I) G.�/ is a standard function on U and F.�/ � G.�/;

(II) if � … A, then G.�/ D F.�/;
(III) if � 2 A, G.�/.x/ D y, and x … dom.F.�//, then x and y are in Y and F.�/.x ↾

˛/ D y ↾ ˛.
Let us see what conclusions can be drawn from (I)–(III). Note that for all � 2 dom.F /

and for all ı 2 htŒU � different from ˇ, G.�/ ↾ Uı D F.�/ ↾ Uı . In particular, fG.�/ W
� 2 Ag is separated on .a0; : : : ; aq�1/. Concerning showing that .U;G/ 2 P: Definition
5.1(1,2) are clear, and Definition 5.1(3) holds provided that G is �-separated on Uˇ . For
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showing that .U;G/ � .U; F /, Definition 5.1(a,b) are clear, so it suffices to prove Definition
5.1(c). Assume for a moment that .U;G/ 2 P and .U;G/ � .U; F /, and let us review the
conclusions of the proposition. The first five bullet points of the proposition are clear,
and the sixth follows from the fact that fG.�/ W � 2 Ag is separated on X and Lemma 4.7
(Strong Persistence). So for verifying the conclusions of the proposition, it suffices to prove
the seventh bullet point.

To summarize, in order to complete the proof of the proposition, it suffices to define a
function G with domain equal to dom.F / which satisfies (I), (II), and (III) above for all
� 2 dom.F /, and also has the following properties:

(IV) G is �-separated on Uˇ ;
(V) for all distinct 
 and � in dom.F /, if x 2 dom.G.
//\dom.G.�// andG.
/.x/ D

G.�/.x/, then there exists some z 2 U such that x �U z and F.
/.z/ D F.�/.z/;
(VI) for all � 2 A and for all x; y 2 X , if x 2 dom.G.�// and G.�/.x/ D y, then

ISuccU .x/ � dom.G.�// and ISuccU .y/ � ran.G.�//.
Let us now proceed with the definition of G. For all � 2 dom.F / n A, define G.�/ D

F.�/. So (II) is satisfied. Now consider � 2 A. Define G.�/ ↾ dom.F.�// D F.�/.
Consider x 2 U n dom.F.�//. We let x be in the domain of G.�/ if and only if x ↾ ˛ 2
X \ dom.F.�// and F.�/.x ↾ ˛/ 2 X . In that case, we define G.�/.x/ to be an element
of ISuccU .F.�/.x ↾ ˛//, as described below. In other words, for any i; j < q such that
F.�/.ai / D aj , we define G.�/ on ISuccU .ai / so that it is a bijection between ISuccU .ai /
and ISuccU .aj /. Let us assume for a moment that we succeed in defining G.�/ in this
manner. It is routine to verify thatG.�/ is a standard function on U , so (I) holds. Also, (III)
and (VI) are clear.

So let i; j < q be given such that F.�/.ai / D aj . Since F.�/ is a standard function,
i ¤ j . Recall that fX i0; : : : ; X

i
q�1g is a partition of ISuccU .ai / into disjoint sets each of

size p and satisfying that

dom.F.�// \ ISuccU .ai / � ISuccT .ai / � X ii :

Similarly, fXj0 ; : : : ; X
j
q�1g is a partition of ISuccU .aj / into disjoint sets each of size p and

satisfying that
ran.F.�// \ ISuccU .aj / � ISuccT .aj / � X

j
j :

We define G.�/ extending F.�/ which maps ISuccU .ai / bijectively onto ISuccU .aj /
and has the following properties:

(a) for all k 2 q n fi; j g, G.�/ŒX i
k
� D X

j

k
;

(b) G.�/ŒX ii n dom.F.�//� � Xji ;
(c) G.�/�1ŒXjj n dom.F.�/�1/� � X ij .

Let us see how we can arrange this. By the last paragraph, since G.�/ ↾ dom.F.�// D
F.�/, we have specifiedG.�/.x/ for those x which are in the set dom.F.�//\ ISuccU .ai /,
and hence are in X ii , and the valuesG.�/.x/ for such x are in Xjj . For each k < q different

from i and j ,X i
k

andXj
k

have the same size p, so we can easily arrange that (a) holds. This
defines G.�/ on ISuccU .ai / n .X ii [ X

i
j / and on dom.F.�// \ X ii . We have not defined

G.�/.x/ yet for any x 2 X ij . Also, the values of G.�/ which we have defined so far are not
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in Xji . DefineG.�/ on X ii ndom.F.�// so that it maps injectively into Xji . This completes
the definition of G.�/ on X ii and it satisfies (b). It remains to define G.�/ on X ij so that (c)
is satisfied. We have not defined any values of G.�/ on X ij yet, so we can do so in such a

way that G.�/�1 maps Xjj n ran.F.�// into X ij . Hence, (c) is satisfied. Now extend the
definition of G.�/ injectively to the rest of X ij , mapping to values not already taken (the

remaining values of G.�/ on X ij besides those specified above must be in Xji , since all of
the other values are already taken, although that fact does not matter for us).

This completes the definition of G. It remains to prove (IV) and (V).
(V) Let 
 and � be distinct elements of dom.F /, and assume that x 2 dom.G.
// \

dom.G.�// and G.
/.x/ D G.�/.x/. We prove that there exists some z 2 U such that
x �U z and F.
/.z/ D F.�/.z/. If x 2 dom.F.
// \ dom.F.�//, then we are done by
letting z D x. Otherwise, we can assume without loss of generality that x … dom.F.
//.
Then by (II) and (III), 
 2 A and both x and G.
/.x/ are in Y . Fix i; j < q such that
x 2 ISuccU .ai / and G.
/.x/ 2 ISuccU .aj /.

If � 2 A, then by Lemma 4.6 the equation G.�/.x/ D G.
/.x/ contradicts the fact that
fG.�/ W � 2 Ag is separated on Y . So � … A. By (II), G.�/ D F.�/, so G.
/.x/ D
F.�/.x/. Consequently, x and G.
/.x/ are in T . By the choice of the partitions, x 2 X ii
and G.
/.x/ 2 Xjj . Since x … dom.F.
//, (b) implies that G.
/.x/ is in Xji , which is a

contradiction since Xjj and Xji are disjoint. This completes the proof of (V).
(IV) We now begin the proof that G is �-separated on Uˇ . We need the following three

claims.
Claim 1: Let i; j < q, x 2 ISuccT .ai /, y 2 ISuccU .aj / n T , � 2 A, and m 2 f�1; 1g.

Suppose that G.�/m.x/ D y. Then y 2 Xji .
Proof. Since y … T , x … dom.F.�/m/. On the other hand, x 2 T , so x 2 X ii n

dom.F.�/m/. By (b) and (c), y 2 Xji . □
Claim 2: Let i; j; k < q and let � and � be in dom.F /. Suppose that x; y; z 2 U

are distinct, x 2 ISuccT .ai /, y 2 ISuccU .aj / n T , z 2 ISuccU .ak/, m; n 2 f�1; 1g,
G.�/m.x/ D y, and G.�/n.y/ D z. Then z … T .

Proof. Since y … T , y … ran.F.�/m/ and y … dom.F.�/n/. By (II), it follows that
� 2 A and � 2 A. Applying Claim 1 for x and y, we get that y 2 Xji . Suppose for a
contradiction that z 2 T . Applying Claim 1 to z and y and the equation G.�/�n.z/ D y,
we get that y 2 Xj

k
. Consequently, i D k. Since G.�/�m.y/ D x and G.�/n.y/ D z, it

follows that F.�/�m.aj / D ai and F.�/n.aj / D ai . As fF.�/ W � 2 Ag is separated on
X , � D � and �m D n. But then x D z, which is a contradiction. □

Claim 3: There do not exist tuples .b0; : : : ; bl�1/, .m0; : : : ; ml�2/, and .�0; : : : ; �l�2/,
for some natural number l � 3, satisfying:

� for all j < l , bj 2 Y ;
� m0; : : : ; ml�2 are in f�1; 1g and �0; : : : ; �l�2 are in A;
� G.�j /

mj .bj / D bjC1 for all j < l � 1;
� b0 2 T , bj … T for all 0 < j < l � 1, and bl�1 2 T ;
� b0; : : : ; bl�2 are all distinct;
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� b0, b1, and b2 are distinct.
Proof. Suppose for a contradiction that such tuples exist. Fix i0; : : : ; il�1 < q such that

bj 2 ISuccU .aij / for all j < l . Note that F.�j /mj .aij / D aijC1 for all j < l � 1. By
Claim 2 applied to b0, b1, and b2, we can conclude that b2 is not in T . Since bl�1 2 T , it
follows that l � 4.

We claim that for all j < k < l�1, ij ¤ ik . Otherwise, let k < l�1 be least such that for
some j < k, ij D ik . Since F.�k�1/ has no fixed points in X and F.�k�1/mk�1.aik�1/ D
aik , j < k � 1. If j D k � 2, then we would have that F.�j /�mj .aijC1/ D aij and

F.�jC1/
mjC1.aijC1/ D aijC2 D aik D aij ;

which implies by Lemma 4.6 that �j D �jC1 and�mj D mjC1. SoG.�j /�mj .bjC1/ D bj
would be equal to G.�jC1/mjC1.bjC1/ D bjC2 D bk , which contradicts that bj ¤ bk .
Hence, j < k � 2. But then haij ; aijC1 ; : : : ; aik i is a loop with respect to fF.�/ W � 2 Ag.
By Proposition 4.14 (Characterization of �-Separation), fF.�/ W � 2 Ag is not �-separated
on X , and hence is not separated on X , which is a contradiction.

Since b0 2 T , b0 2 X
i0
i0

. But b0 … dom.F.�0/m0/, for otherwise b1 would be in T . By

(b) and (c) it follows that b1 2 X
i1
i0

. Using the fact that i0; i1; : : : ; il�2 are all distinct, it

follows by induction using (a) that for all k < l � 1, bk 2 X
ik
i0

. In particular, bl�2 2 X
il�2
i0

.

By Claim 1 (letting x D bl�1 and y D bl�2), bl�2 2 X
il�2
il�1

. It follows that il�1 D i0.
So ail�1 D ai0 . Since a0; : : : ; ail�2 are distinct and l � 4, hai0 ; : : : ; ail�2 ; ail�1i is a loop
with respect to fF.�/ W � 2 Ag. By Proposition 4.14 (Characterization of �-Separation),
fF.�/ W � 2 Ag is not �-separated on X , and hence is not separated on X , which is a
contradiction. □

Now we are ready to prove that G is �-separated on Uˇ . We verify properties (1) and
(2) of Proposition 4.14 (Characterization of �-Separation). (1) Since .U; F / 2 P, F is
�-separated on Uˇ . Suppose that c; d 2 Uˇ , .m; �/ and .n; �/ are distinct elements of
f�1; 1g � dom.G/, and G.�/m.c/ D d and G.�/n.c/ D d . We show that �.�; �/ � ˇ.
If c 2 dom.F.�/m/ and c 2 dom.F.�/n/, then F.�/m.c/ D d and F.�/n.c/ D d , so
�.�; �/ � ˇ since F is �-separated on Uˇ . Otherwise, without loss of generality c …
dom.F.�/m/. By (II) and (III), � 2 A and there are distinct i; j < q such that c 2
ISuccU .ai / and d 2 ISuccU .aj /. If � 2 A, then by Lemma 4.6 we have a contradiction to
the fact that fG.�/ W � 2 Ag is separated on Y . So � … A. Hence, F.�/n.c/ D d . So c and
d are both in T , and therefore c 2 X ii and d 2 Xjj . On the other hand, c … dom.F.�/m/,

so by (b) and (c), G.�/m.c/ D d is in Xji , which contradicts the fact that Xjj and Xji are
disjoint.

(2) Suppose for a contradiction that there exists a loop hb0; : : : ; bk�1i in Uˇ with respect
to G. So k � 4, there exist �0; : : : ; �k�2 in dom.G/ and m0; : : : ; mk�2 in f�1; 1g such
that b0 D bk�1, hb0; : : : ; bk�2i is injective, and for all i < k � 1, G.�i /mi .bi / D biC1.
If for all i < k � 1, bi 2 dom.F.�i /mi /, then we have a contradiction to the fact that F is
�-separated on Uˇ . If for all i < k � 1, �i 2 A and bi 2 Y , then we have a contradiction to
the fact that fG.�/ W � 2 Ag is separated on Y .

So we may assume that (i) for some i < k � 1, bi … dom.F.�i /mi /, and (ii) for some
j < k � 1, either �j … A or bj … Y . Note that it follows from (i), (II), and (III) that bi
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and biC1 are in Y . For (ii), in either case bj 2 T (namely, use (II) if �j … A and the fact
that U n T � Y if bj … Y ). We claim that in (i), either bi or biC1 is not in T . If bi … T ,
then we are done, so assume that bi 2 T . Fix s; t < q such that bi 2 ISuccU .as/ and
biC1 2 ISuccU .at /. Then s ¤ t . Since bi 2 T , bi 2 Xss n dom.F.�i /mi /. By (b) and (c),
biC1 2 X

t
s , and hence biC1 … T since otherwise biC1 would be in X tt .

In conclusion, some member of the loop is not in T and some member is in T . Obviously,
this implies that there are adjacent members of the loop where one is in T and the other is
not in T . By shifting the loop if necessary, we may assume without loss of generality that
b0 2 T and b1 … T . Then bk�1 D b0 is in T . Let l � k be the least natural number
greater than 1 such that bl�1 2 T . Since b1 … T , by (II) and (III) it follows that �0 2 A
and b0 2 Y . Similarly, for all 0 < s < l � 1, bs … T implies by (II) and (III) that
�s 2 A and both bs and bsC1 are in Y . In particular, bl�1 2 Y . Since k � 4, b0, b1,
and b2 are all different. As b1 … T , l � 3. Using this information, it is easy to check
that .b0; : : : ; bl�1/, .�0; : : : ; �l�2/, and .m0; : : : ; ml�2/ satisfy the description of the tuples
which Claim 3 states does not exist, which is a contradiction. □

Corollary 6.3. Suppose that .T; F / 2 P, ˛ 2 htŒT � is positive, X � T˛ is non-empty, and
A � dom.F /. Assume that fF.�/ W � 2 Ag is separated onX . Then there exists .U;G/ 2 P
satisfying:

� .U;G/ � .T; F /;
� htŒT � D htŒU � and dom.F / D dom.G/;
� U n T �

S
fSuccU .x/ W x 2 Xg;

� for all � 2 dom.G/ and for all z 2 dom.G.�// n dom.F.�//, both z and G.�/.z/
are in

S
fSuccU .x/ W x 2 Xg;

� for all � 2 A and for all x; y 2 X , if x 2 dom.G.�// and G.�/.x/ D y, then
SuccU .x/ � dom.G.�// and SuccU .y/ � ran.G.�//.

Proof. By induction on the ordinals in htŒT �n .˛C1/, we can build the desired condition in
finitely many steps, where at each step we use Proposition 6.2 to go up one more level. □

Corollary 6.4. Suppose that .T; F / 2 P, ˛ 2 htŒT � is positive, X � T˛ is non-empty, and
A � dom.F /. Assume that fF.�/ W � 2 Ag is separated on X . Let ˇ D max.htŒT �/ and let
b 2 Tˇ be such that b ↾ ˛ 2 X . Then there exists .U;G/ 2 P and Y � Uˇ satisfying:

(1) .U;G/ � .T; F /;
(2) htŒT � D htŒU � and dom.F / D dom.G/;
(3) U n T �

S
fSuccU .x/ W x 2 Xg;

(4) for all � 2 dom.G/ and for all z 2 dom.G.�// n dom.F.�//, both z and G.�/.z/
are in

S
fSuccU .x/ W x 2 Xg;

(5) Y has unique drop-downs to ˛, Y ↾ ˛ D X , and b 2 Y ;
(6) for all � 2 A, X and Y are G.�/-consistent.

Proof. Immediate from Proposition 4.15 (1-Key Property) and Corollary 6.3. □



AN ALMOST KUREPA SUSLIN TREE WITH STRONGLY NON-SATURATED SQUARE 23

7. THE GENERIC TREE IS SUSLIN

We now complete the proof of the main theorem by showing that P is c.c.c. and forces
that T PG is Suslin. These facts will follow from the next theorem (see Corollaries 7.2 and
7.3).

Theorem 7.1. Suppose that h.T ˛; F ˛/ W ˛ < !1i is a sequence of conditions in P and for
each ˛ < !1, x˛ 2 T ˛ n ˛. Then there exist ˛ < ˇ < !1 and a condition .W;H/ such
that .W;H/ extends .T ˛; F ˛/ and .T ˇ ; F ˇ / and x˛ <W xˇ .

Proof. By extending further if necessary using Lemmas 5.4, 5.7, and 5.12, we may assume
that for all ˛ < !1, ˛ 2 htŒT ˛�, T ˛ is normal, and 0 2 dom.F ˛/ (the purpose of the last
assumption is to ensure that different F ˛’s have some common element in their domains).
We abbreviate the tree ordering on T ˛ as <˛.

By a standard thinning out argument, we can fix sets Z, A, T , and functions f˛;ˇ and
g˛;ˇ for all ˛ < ˇ in Z satisfying:

(1) Z is an uncountable subset of the set of � < !1 such that ! � � D �;
(2) A � !2 is finite;
(3) T is a standard finite tree;
(4) for all ˛ < ˇ in Z:

(a) T ˛ ↾ ˛ D T ˇ ↾ ˇ D T and T ˛ � ˇ;
(b) f˛;ˇ is an isomorphism from .T ˛; <˛/ to .T ˇ ; <ˇ /which is the identity func-

tion on T ;
(c) f˛;ˇ .x˛/ D xˇ ;
(d) dom.F ˛/ \ dom.F ˇ / D A;
(e) g˛;ˇ W dom.F ˛/ ! dom.F ˇ / is a bijection which is the identity function on

A;
(f) for all � 2 dom.F ˛/, m 2 f�1; 1g, and x 2 T ˛,

x 2 dom.F ˛.�/m/ ” f˛;ˇ .x/ 2 dom.F ˇ .g˛;ˇ .�//
m/;

and in that case,

f˛;ˇ .F
˛.�/m.x// D F ˇ .g˛;ˇ .�//

m.f˛;ˇ .x//:

Note that by property 4f, for all � 2 dom.F ˛/, F ˛.�/ ↾ T D F ˇ .g˛;ˇ .�// ↾ T , and in
particular, for all � 2 A, F ˛.�/ ↾ T D F ˇ .�/ ↾ T . Let fˇ;˛ and gˇ;˛ denote the inverse
functions of f˛;ˇ and g˛;ˇ respectively. These two inverse functions satisfy properties 4b,
4c, 4e, and 4f when ˛ and ˇ are switched.

By the special property of �, fix ˛ < ˇ in Z larger than maxf�.�; �/ W �; � 2 Ag

such that for all � 2 dom.F ˛/ n dom.F ˇ /, for all � 2 dom.F ˇ / n dom.F ˛/, and for all

 2 dom.F ˛/ \ dom.F ˇ / D A,

�.�; �/ � maxf�.�; 
/; �.�; 
/;max.htŒT �/g:

Note that since 0 2 dom.F ˛/ \ dom.F ˇ /, for all � and � as above, �.�; �/ � max.htŒT �/.
The goal for the rest of the proof is to find a condition .W;H/ which extends the conditions
.T ˛; F ˛/ and .T ˇ ; F ˇ / such that x˛ <W xˇ .

Claim 1: f˛;ˇ .x˛ ↾ ˛/ D xˇ ↾ ˇ.
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Proof. Since f˛;ˇ is an isomorphism, x˛ ↾ ˛ �˛ x˛ implies that f˛;ˇ .x˛ ↾ ˛/ �ˇ
f˛;ˇ .x

˛/ D xˇ . Since f˛;ˇ maps level ˛ of T ˛ onto level ˇ of T ˇ , it follows that
f˛;ˇ .x

˛ ↾ ˛/ D xˇ ↾ ˇ. □
Let X˛ be the closure of the singleton fx˛ ↾ ˛g under the functions in fF ˛.�/m W

� 2 A; m 2 f�1; 1gg, and let Xˇ be the closure of fxˇ ↾ ˇg under the functions in
fF ˇ .�/m W � 2 A; m 2 f�1; 1gg.

Claim 2: There exists an injective sequence hz0; : : : ; zn�1i which lists X˛ satisfying that
for any l < n, there exists a decreasing sequence i0 > : : : > iq such that i0 D l , iq D 0,
and for all j < q, there exists some .m; �/ 2 f�1; 1g � A such that F ˛.�/m.zij / D zijC1 .
Moreover, Xˇ D ff˛;ˇ .zi / W i < ng, so f˛;ˇ ↾ X˛ is a bijection between X˛ and Xˇ .

Proof. We construct the sequence hz0; : : : ; zn�1i by induction. Let z0 D x˛ ↾ ˛.
Now assume that hz0; : : : ; zpi is defined as required. Apply one at a time the functions in
fF ˛.�/m W � 2 A; m 2 f�1; 1gg to the members of fz0; : : : ; zpg until we obtain a new
element not in fz0; : : : ; zpg, which we denote by zpC1. If this process does not result in
any new element, then we are done and in that case X˛ D fz0; : : : ; zpg. This completes
the construction. The first property described of this sequence can be easily proven by
induction, and the statement about Xˇ follows from Claim 1 and property 4f. □

Claim 3: If a and b are distinct elements of X˛, then there exists an injective sequence
hx0; : : : ; xk�1i consisting of elements of X˛ such that k � 2, x0 D a, xk�1 D b, and for
all i < k � 1 there exists some .m; �/ 2 f�1; 1g � A such that F ˛.�/m.xi / D xiC1.

Proof. Fix a sequence hz0; : : : ; zn�1i as described in Claim 2. Fix la; lb < n such that
a D zla and b D zlb . For each c 2 fa; bg fix a decreasing sequence ic0 > : : : > icqc such
that ic0 D lc , i

c
qc
D 0, and for all j < qc , there exists some .m; �/ 2 f�1; 1g � A such that

F ˛.�/m.zic
j
/ D zic

jC1
.

Now consider the concatenation of the sequence hzia0 ; : : : ; ziaqa i with the reverse of the
sequence hzib0 ; : : : ; zibqb�1

i. This sequence starts at a, ends at b, and each of its elements

has some relation to its adjacent elements with respect to fF ˛.�/ W � 2 Ag. So we are done
provided that this concatenated sequence is injective. If it is not, then we adjust it by delet-
ing repetitions one at a time going from left to right: each time we encounter a subsequence
of our current sequence of the form hd; : : : ; d i, chosen as big as possible so that the last
member of this subsequence is the last occurence of d in the current sequence, remove the
elements of this subsequence after its first element. Continue in this manner moving from
left to right until all repetitions are deleted and we obtain an injective sequence. Note that
after every step of this process, the adjusted sequence still starts with a and ends with b,
and adjacent elements are still related as required. □

Claim 4: If a and b are distinct elements of X˛ and there exists some � 2 dom.F ˛/ n A
and m 2 f�1; 1g such that F ˛.�/m.a/ D b, then there exists some � 2 A and l 2 f�1; 1g
such that F ˛.�/l.a/ D b.

Proof. Apply Claim 3 to fix an injective sequence hx0; : : : ; xk�1i consisting of elements
of X˛ such that k � 2, x0 D a, xk�1 D b, and for all i < k � 1 there exists some .m; �/ 2
f�1; 1g � A such that F ˛.�/m.xi / D xiC1. Assume that for some � 2 dom.F ˛/ n A and
m 2 f�1; 1g, F ˛.�/m.a/ D b. If k > 2, then hx0; : : : ; xk�1; x0i is a loop, contradicting
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that F ˛.�/ is �-separated on T ˛˛ . Hence, k D 2, so a D x0 and b D x1, which easily
implies the conclusion of the claim. □

To prepare for the amalgamation of the conditions .T ˛; F ˛/ and .T ˇ ; F ˇ /, we make two
preliminary steps. First, we extend the tree T ˛ to a tree .T ˛/C, and secondly, we extend
the condition ..T ˛/C; F ˛/ to a condition .U;G/. For the first step, for each y 2 T ˇ

ˇ
n Xˇ

we add to T ˛ a chain Cy above y ↾ max.htŒT �/, disjoint from T ˛, consisting of elements
of every possible height in htŒT ˛� n ˛. Moreover, we arrange that any two such chains
are disjoint. Let .T ˛/C be the tree thus formed. It is routine to check that .T ˛/C is a
standard finite tree which is normal and satisfies that htŒ.T ˛/C� D htŒT ˛�. By Lemma 5.2,
..T ˛/C; F ˛/ is a condition extending .T ˛; F ˛/. Note that .T ˛/C ↾ ˛ D T and for all
� 2 dom.F ˛/, the domain and range of F ˛.�/ is disjoint from .T ˛/C n T ˛.

Applying the fact that T ˛ is normal, fix an element z˛ on the top level of T ˛ such that
x˛ �˛ z

˛. Since f�.�; �/ W �; � 2 Ag � ˛, it follows by Lemma 4.9 that fF ˛.�/ W � 2 Ag
is separated on X˛. Applying Corollary 6.4, fix .U;G/ 2 P and XC˛ � Umax.htŒT ˛�/
satisfying:

� .U;G/ � ..T ˛/C; F ˛/;
� htŒT ˛� D htŒU � and dom.F ˛/ D dom.G/;
� U n .T ˛/C �

S
fSuccU .x/ W x 2 X˛g;

� for all � 2 dom.G/ and for all z 2 dom.G.�// n dom.F ˛.�//, both z and G.�/.z/
are in

S
fSuccU .x/ W x 2 X˛g;

� XC˛ has unique drop-downs to ˛, XC˛ ↾ ˛ D X˛, and z˛ 2 XC˛ ;
� for all � 2 A, X˛ and XC˛ are G.�/-consistent.

Note that U ↾ ˛ D T and for all � 2 dom.G/, G.�/ ↾ T D F ˛.�/ ↾ T .
To deal with the complexities of what follows, we split the elements of U n ˛ into three

disjoint sets. Let C denote the set of elements belonging to some chain Cy , where y 2
T
ˇ

ˇ
n Xˇ ; in other words, C D .T ˛/C n T ˛. Observe that for all � 2 dom.G/, the domain

and range of G.�/ is disjoint from C. Let S denote the set of z 2 U n ˛ such that for some
y 2 XC˛ , z D y ↾ ı for some ı 2 htŒU �n˛. In other words, S D

S
fXC˛ ↾ ı W ı 2 htŒU �n˛g.

Finally, let D denote the set of elements in U n ˛ which are not in C or S .
Recall that XC˛ has unique drop-downs to ˛, XC˛ ↾ ˛ D X˛, and for all � 2 A, X˛ and

XC˛ are G.�/-consistent. It follows by Lemma 4.2 that for all ı 2 htŒU � n ˛, S \ Uı D
XC˛ ↾ ı has unique drop-downs to ˛, .S\Uı/ ↾ ˛ D X˛, and for all � 2 A, X˛ and S\Uı
are G.�/-consistent.

Claim 5: If a and b are distinct elements of S of the same height, then there exists an
injective sequence hy0; : : : ; yk�1i consisting of elements of S such that k � 2, y0 D
a, yk�1 D b, and for all i < k � 1 there exists some .m; �/ 2 f�1; 1g � A such that
G.�/m.yi / D yiC1.

Proof. Let ı be the height of a and b. Apply Claim 3 to a ↾ ˛ and b ↾ ˛ to obtain an
injective sequence hx0; : : : ; xk�1i consisting of elements of X˛ such that k � 2, x0 D a ↾
˛, yk�1 D b ↾ ˛, and for all i < k � 1 there exists some .m; �/ 2 f�1; 1g � A such that
F ˛.�/m.xi / D xiC1, that is, G.�/m.xi / D xiC1. For each 0 < i < k, let yi be the unique
element of S \ Uı above xi . Note that y0 D a and yk�1 D b. For all � 2 A, X˛ and
S \ Uı are G.�/-consistent, so the desired conclusion clearly holds. □
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Now we begin the definition of the condition .W;H/. This is done in two steps: first we
construct W , and then we construct H .

Step 1: Constructing W .
We amalgamate the trees U and T ˇ into a treeW with underlying set U [T ˇ as follows.

Since U ↾ ˛ D T ˇ ↾ ˇ D T , it suffices to specify for each y 2 T
ˇ

ˇ
an immediate

predecessor y� of y in Umax.htŒU �/ such that y ↾T ˇ max.htŒT �/ D y� ↾U max.htŒT �/.
Moreover, we can ensure that W a simple extension of T ˇ by arranging that the function
y 7! y� ↾ ˛ is injective. For each y 2 T ˇ

ˇ
nXˇ , let y� be the top element of the chain Cy .

For each z 2 Xˇ , let z� be the unique element of XC˛ which is above fˇ;˛.z/ in U . It is
easy to check that this works.

Note that by definition, for all y 2 Xˇ , y ↾W ˛ D fˇ;˛.y/. Now z˛ is the unique
element of XC˛ which is greater than or equal to x˛ ↾ ˛ in U . By Claim 1, x˛ ↾ ˛ D
fˇ;˛.x

ˇ ↾ ˇ/. So .xˇ ↾ ˇ/� D z˛. Therefore, x˛ <W xˇ as desired.
Note that the elements of D do not have anything above them in W n ˇ. For each z 2 C,

z is in the chain Cy for some y 2 T ˇ
ˇ
n Xˇ , and z <W y by definition. For each z 2 S,

z <W f˛;ˇ .z ↾ ˛/. For every z 2 C [ S, let zC be the unique member of Wˇ above
z. Note that z 2 C iff zC 2 Wˇ n Xˇ , and z 2 S iff zC 2 Xˇ . Also, if z 2 S then
z ↾ ˛ D fˇ;˛.z

C/, that is, f˛;ˇ .z ↾ ˛/ D zC.
For each � 2 dom.F ˇ /, let NF ˇ .�/ be the downward closure of F ˇ .�/ in W . Since W

is a simple extension of T ˇ , it follows by Lemma 3.8 that NF ˇ .�/ is a standard function on
W and NF ˇ .�/ ↾ T ˇ D F ˇ .�/. In particular, NF ˇ .�/ ↾ T D F ˇ .�/ ↾ T . Observe that the
domain and range of NF ˇ .�/ is disjoint from D. Also,

8x; y 2 C [ S . NF ˇ .�/.x/ D y ” F ˇ .�/.xC/ D yC/:

Claim 6: For all � 2 A, NF ˇ .�/ ↾ T D G.�/ ↾ T .
Proof. We have that NF ˇ .�/ ↾ T D F ˇ .�/ ↾ T D F ˛.�/ ↾ T D G.�/ ↾ T (where

property 4f is used for the second equality). □
Claim 7: For all .m; �/ 2 f�1; 1g � A, C and S are both closed under NF ˇ .�/m.
Proof. Assume that NF ˇ .�/m.x/ D y, where x 2 C [ S. Since the domain and range of
NF ˇ .�/ are disjoint from D, y 2 C [ S. So F ˇ .�/m.xC/ D yC by the above. If x 2 S,

then xC 2 Xˇ . Since Xˇ is closed under F ˇ .�/m, yC 2 Xˇ , and hence y 2 S. If x 2 C,
then xC 2 Wˇ n Xˇ . But Xˇ is closed under F ˇ .�/�m, so yC 2 Wˇ n Xˇ . Thus, y 2 C.
□

Claim 8: For all .m; �/ 2 f�1; 1g � A, NF ˇ .�/m ↾ S D G.�/m ↾ S.
Proof. Suppose that x 2 S and NF ˇ .�/m.x/ D y. Then y 2 S by Claim 7, yC 2 Xˇ ,

and F ˇ .�/m.xC/ D yC. We also have that y ↾ ˛ D fˇ;˛.y
C/ D fˇ;˛.F

ˇ .�/m.xC// D

F ˛.�/m.fˇ;˛.x
C// D F ˛.�/m.x ↾ ˛/ D G.�/m.x ↾ ˛/. By G.�/-consistency, it follows

that G.�/m.x/ D y.
On the other hand, assume that x 2 S and G.�/m.x/ D y. Then F ˛.�/m.x ↾ ˛/ D

y ↾ ˛. Since X˛ is closed under F ˛.�/m, y ↾ ˛ 2 X˛. Let y0 be the unique element of S
above y ↾ ˛ with the same height as x. Then byG.�/-consistency,G.�/m.x/ D y0. Hence,
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y D y0 and so y 2 S. By property 4f, yC D f˛;ˇ .y ↾ ˛/ D f˛;ˇ .F
˛.�/m.x ↾ ˛// D

F ˇ .�/m.f˛;ˇ .x ↾ ˛// D F ˇ .�/m.xC/. Hence, y D NF ˇ .�/m.x/. □
The following two claims record for future reference observations which we already

made above.
Claim 9: For all � 2 dom.G/, the domain and range of G.�/ are disjoint from C.
Claim 10: For all � 2 dom.F ˇ /, the domain and range of NF ˇ .�/ are disjoint from D.
By Lemma 5.2, .W;G/ 2 P and .W;G/ � .U;G/. By Lemma 5.3, .W; NF ˇ / 2 P

and .W; NF ˇ / � .T ˇ ; F ˇ /. So it suffices to construct H so that .W;H/ 2 P and .W;H/
extends both .W;G/ and .W; NF ˇ /.

Step 2: Constructing H .
Let the domain of H be equal to dom.G/[ dom.F ˇ /. If � 2 dom.G/ n dom.F ˇ /, then

let H.�/ D G.�/. If � 2 dom.F ˇ / n dom.G/, then let H.�/ D NF ˇ .�/. Now suppose that
� 2 dom.G/ \ dom.F ˇ /. Then � 2 dom.F ˛/ \ dom.F ˇ / D A. We claim that for all
x 2 dom. NF ˇ .�//\ dom.G.�//, NF ˇ .�/.x/ D G.�/.x/. It then easily follows that H.�/ D
NF ˇ .�/ [ G.�/ is a strictly increasing, level preserving, downwards closed partial function

from W to W with no fixed-points other than 0. So let x 2 dom. NF ˇ .�//\ dom.G.�//. By
Claim 6, we can assume that x … T . Also, x 2 dom.G.�// implies that x 2 U . By Claims
9 and 10, x 2 S. By Claim 8, NF ˇ .�/.x/ D G.�/.x/.

Now we show that H.�/ is injective. Since NF ˇ .�/ and G.�/ are each injective, it is
enough to show that for all x 2 dom. NF ˇ .�// n dom.G.�// and for all y 2 dom.G.�// n
dom. NF ˇ .�//, NF ˇ .�/.x/ ¤ G.�/.y/. As NF ˇ .�/ ↾ T D G.�/ ↾ T by Claim 6 and H.�/ is
level preserving, it suffices to consider x and y which are both in Uı for some ı 2 htŒU �n˛.
Suppose for a contradiction that NF ˇ .�/.x/ D z D G.�/.y/. By Claims 9 and 10, z 2 S.
By Claim 7, x is in S. By Claim 8, x is in the domain of G.�/, which is a contradiction.
This completes the proof that H.�/ is injective and hence is a standard function on W .

We need two more claims.
Claim 11: If a; b 2 S , � 2 dom.H/, and H.�/.a/ D b, then there exists some .m; �/ 2

f�1; 1g � dom.F ˇ / such that F ˇ .�/m.aC/ D bC.
Proof. The equation H.�/.a/ D b means that either NF ˇ .�/.a/ D b or G.�/.a/ D b.

In the former case, F ˇ .�/.aC/ D bC and we are done. Suppose that G.�/.a/ D b. By
Claim 8, we may assume that � … A, otherwise we are in the case just considered. Since
G.�/.a/ D b, it follows that G.�/.a ↾ ˛/ D b ↾ ˛, that is, F ˛.�/.a ↾ ˛/ D b ↾ ˛. By
Claim 4, there exists some .m; �/ 2 f�1; 1g � A such that F ˛.�/m.a ↾ ˛/ D b ↾ ˛. By
property 4f, F ˇ .�/m.aC/ D F ˇ .�/m.f˛;ˇ .a ↾ ˛// D f˛;ˇ .F

˛.�/m.a ↾ ˛// D f˛;ˇ .b ↾
˛/ D bC. □

Claim 12: If a; b 2 S, 
 2 dom.F ˇ /, and NF ˇ .
/.a/ D b, then there exists some
.m; �/ 2 f�1; 1g � dom.G/ such that G.�/m.a/ D b.

Proof. By Claim 8, we are done if 
 2 A. So assume that 
 2 dom.F ˇ /ndom.G/. Then
neither 
 nor gˇ;˛.
/ are in A. We have that F ˇ .
/.aC/ D bC, so F ˛.gˇ;˛.
//.a ↾ ˛/ D
F ˛.gˇ;˛.
//.fˇ;˛.a

C// D fˇ;˛.F
ˇ .
/.aC// D fˇ;˛.b

C/ D b ↾ ˛. By Claim 4, there
exists some .m; �/ 2 f�1; 1g � A such that G.�/m.a ↾ ˛/ D b ↾ ˛. By G.�/-consistency,
G.�/m.a/ D b. □
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We have now constructed .W;H/. To complete the proof, we need to show that .W;H/ 2
P and .W;H/ extends both .W;G/ and .W; NF ˇ /. For proving the former, it suffices to
show that for all ı 2 htŒW � greater than 0, H is �-separated on Wı . Once we know that
.W;H/ 2 P, in order to prove that .W;H/ extends .W;G/ and .W; NF ˇ /, it suffices to
verify Definition 5.1(c) in each case.

Fix ı 2 htŒW � greater than 0 and we prove thatH is �-separated onWı using Proposition
4.14 (Characterization of �-Separation). Note that if ı � ˇ, then since W n ˇ D T ˇ n ˇ

and H and F ˇ are the same on W n ˇ, we are done because .T ˇ ; F ˇ / is a condition. So
assume that ı < ˇ.

Verifying property (1) of Proposition 4.14 (Characterization of �-Separation):
Suppose that x; y 2 Wı and .m0; �0/ and .m1; �1/ are distinct pairs in f�1; 1g�dom.H/

satisfying that H.�0/m0.x/ D y and H.�1/m1.x/ D y. We prove that �.�0; �1/ � ı.
Since .W;G/ and .W; NF ˇ / are conditions, without loss of generality we may assume that
G.�0/

m0.x/ D y and NF ˇ .�1/m1.x/ D y.
First, suppose that ı < ˛. ThenWı D T ˛ı . Recall thatG is the same as F ˛ on T and NF ˇ

is the same as F ˇ on T . So F ˛.�0/m0.x/ D y and F ˇ .�1/m1.x/ D y. If for some k < 2,
�k 2 A, then F ˛.�k/ ↾ T D F ˇ .�k/ ↾ T so we are done since .T ˛; F ˛/ and .T ˇ ; F ˇ /
are conditions. So assume that �0 2 dom.F ˛/ n dom.F ˇ / and �1 2 dom.F ˇ / n dom.F ˛/.
Then by the choice of ˛ and ˇ, �.�0; �1/ � max.htŒT �/ � ı.

Secondly, assume that ˛ � ı < ˇ. By Claims 9 and 10, x and y are in S . By Claim
8, we may assume that neither �0 nor �1 are in A, for otherwise we are done since .W;G/
and .W; NF ˇ / are conditions. So �0 2 dom.G/ n dom.F ˇ / and �1 2 dom.F ˇ / n dom.G/.
In particular, �0 … A. As F ˛.�0/m0.x ↾ ˛/ D G.�0/

m0.x ↾ ˛/ D y ↾ ˛, by Claim 4 there
exists some .n; �/ 2 f�1; 1g � A such that G.�/n.x ↾ ˛/ D y ↾ ˛. By G.�/-consistency,
G.�/n.x/ D y. Hence, �.�0; �/ � ı. Therefore, �.�0; �1/ � �.�0; �/ � ı.

Verifying property (2) of Proposition 4.14 (Characterization of �-Separation):
Suppose for a contradiction that there exists a loop ha0; : : : ; an�1i of elements of Wı

with respect to H . So n � 4, the sequence ha0; : : : ; an�2i is injective, a0 D an�1, and for
all i < n� 1 there exists .mi ; �i / 2 f�1; 1g� dom.H/ such thatH.�i /mi .ai / D aiC1. For
each i < n, either G.�i /mi .ai / D aiC1 or NF ˇ .�i /mi .ai / D aiC1.

First, assume that ı < ˛. Since G is equal to F ˛ on T and NF ˇ is equal to F ˇ on T , for
each i < n, either F ˛.�i /mi .ai / D aiC1 or F ˇ .�i /mi .ai / D aiC1. Let i < n. If �i 2 A,
then F ˛.�i / ↾ T D F ˇ .�i / ↾ T , so in either case, F ˛.�i /mi .ai / D aiC1. Suppose that it
is not the case that F ˛.�i /mi .ai / D aiC1. Then F ˇ .�i /mi .ai / D aiC1. By property 4f,
F ˛.gˇ;˛.�i //

mi .ai / D aiC1. It follows that ha0; : : : ; an�1i is a loop in T ˛
ı

with respect to
F ˛, which contradicts that .T ˛; F ˛/ is a condition.

Secondly, assume that ˛ � ı < ˇ. We consider four cases.
Case 1: For all i < n, ai 2 C[S. Consider i < n�1. Then either NF ˇ .�i /mi .ai / D aiC1

or G.�i /mi .ai / D aiC1. If either ai or aiC1 is in C, then we are in the former case by
Claim 9. Hence, F ˇ .�i /mi .aCi / D a

C
iC1. Otherwise, both ai and aiC1 are in S . By Claim

11, there exists some .m; �/ 2 f�1; 1g � dom.F ˇ / such that F ˇ .�/m.aCi / D aCiC1. So

haC0 ; : : : ; a
C
n�1i is a loop in T ˇ

ˇ
with respect to F ˇ , which contradicts that .T ˇ ; F ˇ / is a

condition.
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Case 2: For all i < n, ai 2 D [ S. Let i < n � 1. If either ai or aiC1 is in D, then
G.�i /

mi .ai / D aiC1 by Claim 10. Otherwise, ai and aiC1 are both in S, so by Claim
12 there exists some .m; �/ 2 f�1; 1g � dom.G/ such that G.�/m.ai / D aiC1. It follows
that ha0; : : : ; an�1i is a loop in Uı with respect to G, which contradicts that .U;G/ is a
condition.

Case 3: For all i < n, ai 2 C [ D. By Claims 9 and 10, there are no relations between
members of C and members of D with respect to H . So either for all i < n, ai 2 C, or for
all i < n, ai 2 D. So we are in either Case 1 or Case 2, which were already handled.

Case 4: The sequence ha0; : : : ; an�1i contains at least one member in each of C, D, and
S. Since there are no relations between members of C and members of D with respect toH ,
there do not exist adjacent elements of the loop where one is in C and the other is in D. By
shifting the sequence if necessary, we may assume without loss of generality that a0 2 C
and a1 2 S . Since n � 4, we know that a0, a1, and an�2 are all distinct. Let k < n � 1

be largest such that ak is not in C. So every member of the sequence after ak is in C, and
in particular, akC1 2 C, so ak 2 S. Moreover, a1 and ak are different because the loop
contains at least one element which is in D, and that member of D must be between a1 and
ak . Apply Claim 5 to fix an injective sequence hb0; : : : ; bp�1i of elements of S such that
p � 2, b0 D a1, bp�1 D ak , and for all j < p � 1 there exists .m; �/ 2 f�1; 1g � A such
that G.�/m.bi / D biC1.

Now consider the sequence

ha0; a1; b1; : : : ; bp�2; ak; akC1; : : : ; an�1i:

Note that this sequence has length at least 4, all of the elements of this sequence are in
C [ S, any two adjacent elements of this sequence are related with respect to H , and this
sequence minus the last element is injective. Thus, we have a loop in Wı with respect to H
consisting of members of C [ S. So we are in Case 1, which was already handled.

This completes the proof that .W;H/ is a condition.
It remains to prove that .W;H/ extends .W;G/ and .W; NF ˇ /. In both cases, it suffices

to verify Definition 5.1(c).
Proving that .W;H/ � .W; NF ˇ /:
Suppose that 
 and � are distinct elements of dom.F ˇ /, x 2 dom.H.
//\ dom.H.�//,

and H.
/.x/ D H.�/.x/. We prove that there exists some z 2 W such that x �W z

and NF ˇ .
/.z/ D NF ˇ .�/.z/. If x 2 W n ˇ, then H.
/ D F ˇ .
/ and H.�/ D F ˇ .�/,
so we are done. Assume that x 2 T . For each � 2 f
; �g, H.�/.x/ is equal to either
F ˛.�/.x/ or F ˇ .�/.x/. Moreover, by property 4f we are in both cases when � 2 A.
However, since � 2 dom.F ˇ /, if H.�/.x/ D F ˛.�/.x/, then � 2 A. So no matter what,
H.
/.x/ D F ˇ .
/.x/ and H.�/.x/ D F ˇ .�/.x/, and we are done.

Now assume that x 2 Uı for some ˛ � ı < ˇ. Let y D H.
/.x/. So also y D
H.�/.x/. Suppose that x 2 C. Then by Claim 9, H.
/.x/ D NF ˇ .
/.x/ and H.�/.x/ D
NF ˇ .
/.x/. Therefore, F ˇ .
/.xC/ D yC D F ˇ .�/.xC/ and we are done. If x 2 D,

then by Claim 10, H.
/.x/ D G.
/.x/ and H.�/.x/ D G.�/.x/. So 
 and � are in
dom.G/ D dom.F ˛/, and hence are in A. So �.
; �/ < ˛. Since G is �-separated on Wı ,
the equations G.
/.x/ D y and G.�/.x/ D y imply that �.
; �/ � ı � ˛, which is a
contradiction.
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Finally, assume that x 2 S. If H.
/.x/ D NF ˇ .
/.x/ and H.�/.x/ D NF ˇ .�/.x/, then
F ˇ .
/.xC/ D yC and F ˇ .�/.xC/ D yC and we are done. Otherwise, without loss of
generality, H.
/.x/ D G.
/.x/ and it is not the case that H.
/.x/ D NF ˇ .
/.x/. But
H.
/.x/ D G.
/.x/ implies that 
 2 A, and then Claim 8 implies H.
/.x/ D NF ˇ .
/.x/,
which is a contradiction. This completes the proof that .W;H/ � .W; NF ˇ /.

Proving that .W;H/ � .W;G/:
Suppose that 
 and � are distinct elements of dom.G/, x 2 dom.H.
// \ dom.H.�//,

and H.
/.x/ D H.�/.x/. Let y D H.
/.x/. We prove that there exists some z 2 W such
that x �W z and G.
/.z/ D G.�/.z/. If H.
/.x/ D G.
/.x/ and H.�/.x/ D G.�/.x/,
then we are done. So assume without loss of generality thatH.
/.x/ D NF ˇ .
/.x/ and it is
not the case that H.
/.x/ D G.
/.x/. It follows that 
 2 A. By Claim 6, we may assume
that x … T . Assume that x 2 Wı D T

ˇ

ı
for some ˇ � ı. Then H.�/.x/ D F ˇ .�/.x/ and

also � 2 A. Since F ˇ is �-separated on T ˇ
ı

, �.
; �/ � ı � ˇ. But 
 and � are both in A,
so �.
; �/ < ˛ < ı, which is a contradiction.

Finally, assume that x 2 Wı D Uı for some ˛ � ı < ˇ. If x 2 C, then by Claim 9,
H.�/.x/ D NF ˇ .�/.x/. So 
 and � are both in A, and hence �.
; �/ < ˛. But NF ˇ .
/.x/ D
y D NF ˇ .�/.x/ implies that F ˇ .
/.xC/ D yC D F ˇ .�/.xC/. Since F ˇ is �-separated
on T ˇ

ˇ
, �.
; �/ � ˇ, which is a contradiction. If x 2 D, then by Claim 10, H.
/.x/ D

G.
/.x/, which contradicts our assumption. Finally, assume that x 2 S. By Claim 8,
H.
/.x/ D NF ˇ .
/.x/ D G.
/.x/, which again contradicts our assumption. □

Corollary 7.2. The forcing poset P is c.c.c.

Proof. Let f.T ˛; F ˛/ W ˛ < !1i be a family of conditions. Applying Lemma 5.4, without
loss of generality we may assume that for all ˛ < !1, ˛ 2 htŒT ˛�. For each ˛ < !1, fix
some x˛ 2 T ˛˛ . Now apply Theorem 7.1 to find ˛ < ˇ < !1 such that .T ˛; F ˛/ and
.T ˇ ; F ˇ / are compatible. □

Corollary 7.3. The forcing poset P forces that T PG is Suslin.

Proof. Suppose for a contradiction that some condition p 2 P forces that there exists an
uncountable antichain of T PG . Then we can find a sequence of P-names h Px˛ W ˛ < !1i

for elements of T PG such that p forces that for each ˛ < !1, ht. Px˛/ � ˛, and for all ˛ <
ˇ < !1, Px˛ and Pxˇ are incomparable. For each ˛ < !1, pick a condition .T ˛; F ˛/ � p
and some x˛ 2 T ˛ such that .T ˛; F ˛/ forces that Px˛ is equal to Lx˛. By Theorem 7.1,
there are ˛ < ˇ < !1 and a condition .W;H/ extending .T ˛; F ˛/ and .T ˇ ; F ˇ / such that
x˛ <W xˇ . But this contradicts that .W;H/ forces that Px˛ and Pxˇ are incomparable. □

We have now completed the proof of the main theorem.

We close the article with a question.

Question. Is it consistent that there exists a strongly non-saturated Aronszajn tree and there
does not exist a weak Kurepa tree?
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element linear basis, Israel J. Math. 164 (2008), 1–18.
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